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Quantum generalized Kac—-Moody algebras via Hall algebras
of complexes

Jonathan D. Axtell and Kyu-Hwan Lee

ABSTRACT. We establish an embedding of the quantum enveloping algebra of
a symmetric generalized Kac-Moody algebra into a localized Hall algebra of
Za-graded complexes of representations of a quiver with (possible) loops. To
overcome difficulties resulting from the existence of infinite dimensional pro-
jective objects, we consider the category of finitely-presented representations
and the category of Zz-graded complexes of projectives with finite homology.

1. Introduction

Let A be an abelian category such that the sets Hom(A, B) and Ext'(A4, B)
are both finite for all A, B € A. The Hall algebra of A is defined to be the C-
vector space with basis elements indexed by isomorphism classes in A and with
associative multiplication which encodes information about extensions of objects.
Typical examples of such abelian categories arise as the category rep, (Q) of finite-
dimensional representations of an acyclic quiver Q over a finite field k := IF,. This
category became a focal point of intensive research when C. Ringel [20] realized one
half of a quantum group via a twisted Hall algebra of the category. This twisted
Hall algebra is usually called the Ringel-Hall algebra. The construction was further
generalized by J. A. Green [9] to one half of the quantum group of an arbitrary
Kac—Moody algebra.

Even though there is a construction, called Drinfeld double, which glues to-
gether two copies of one-half quantum group to obtain the whole quantum group,
it is desirable to have an explicit realization of the whole quantum group in terms of
a Hall algebra. Among various attempts, the idea of using a category of Zs-graded
complexes was suggested by the works of M. Kapranov [15], L. Peng and J. Xiao
[I7,18]. In his seminal work [4], T. Bridgeland successfully utilized this idea to
achieve a Hall algebra realization of the whole quantum group. More precisely,
given a Kac—Moody algebra g, he took the category repy(Q) of finite dimensional
representations of an acyclic quiver Q associated with g, and considered the full
subcategory P of projective objects in rep,(Q). By studying the category C(P) of
Zo-graded complexes in P, he showed that the whole quantum group is embedded
into the reduced localization of a twisted Hall algebra of C(P).
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The purpose of this paper is to extend Bridgeland’s construction to generalized
Kac—Moody algebras. These algebras were introduced by R. Borcherds [2] around
1988. He used a generalized Kac—-Moody algebra, called the Monster Lie algebra,
to prove the celebrated Moonshine Conjecture [3]. Since then, many of the con-
structions in the theory of Kac-Moody algebras have been extended to generalized
Kac—Moody algebras. In particular, the quantum group of a generalized Kac—
Moody algebra was defined by Kang [12], and one half of the quantum group was
realized via a Hall algebra by Kang and Schiffmann [13], following Ringel-Green’s
construction.

The main difference from the usual Kac-Moody case is that the quiver Q may
have loops in order to account for imaginary simple roots. A natural question arises:

Is it possible to realize the whole quantum group of a general-
ized Kac—Moody algebra in terms of a Hall algebra of Zo-graded
complezres?

A straightforward approach would run into an obstacle. Namely, when there is a
loop, a projective object may well be infinite dimensional, and the Hall product
would not be defined.

In this paper, we show that this difficulty can be overcome by considering the
category R of finitely-presented representations of a locally finite quiver Q, pos-
sibly with loops, and the category Csin(P) of Zs-graded complexes in the category
of projectives P C R with finite homology. In contrast to Bridgeland’s construc-
tion, however, it is not clear that the corresponding product in the Hall algebra
H(Csin(P)) is associative. Therefore the proof of associativity for the (localized)
Hall algebra is one of the main results of this paper.

Following the approach of [4], we work in the more general setting of a category
R satisfying certain natural assumptions listed in the next subsection (Section [[T])
which we keep throughout Sections PHAl The main theorem (Theorem FG) for
this general setting states that a certain localization DH(R) of the Hall algebra
H(Cin(P)) is isomorphic to the Drinfeld double of the (extended) Hall algebra
of R, generalizing a result of Yanagida [23]. As a corollary (Corollary E.T), the
localized Hall algebra is shown to be an associative algebra.

In Section Bl we show that the category R of finitely-presented representations
of a locally finite quiver satisfies all the assumptions in Section [T under some
minor restrictions on the quiver. As a consequence of the results of Section in the
general setting, we obtain the main result for the quantum group (Theorem [£.12))
which establishes an embedding

Z: U, — DHrea(R)

of the whole quantum group U, = U,(g) of a generalized Kac-Moody algebra g
into a reduced version of the localized Hall algebra DH(R).

1.1. Assumptions. Given an abelian category C, let K(C) denote its
Grothendieck group and write kc(X) € K(C) to denote the class of an object
X ecC.

Throughout this paper R is an abelian category. Let P C R denote the full
subcategory of projectives and A C R the full subcategory of objects A € R such
that Homg (M, A) is a finite set for any M € R. There are several conditions that
we will impose on the triple (R, P,.A). Precisely, we shall always assume that

(a) R is essentially small and linear over k = I,
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(b) R is hereditary, that is of global dimension at most 1, and has enough
projectives,

(c) for any objects P,Q, M € P, the relation M & P =2 M & @ implies P 2 Q,

(d) every element in K(R) is a Q-linear combination of elements in {kx(A) |
Ae A},

(e) the identity kgr(A) = kg (B) implies | Hom(P, A)| = | Hom(P, B)| for all
PeP, A, Be A

It is clear that the category A is Hom-finite, that is Homg (A, B) is a finite
set for all A, B € A. Since R has enough projectives by (b), it follows that the
subcategory A is abelian and hence a Krull-Schmidt category by [16]. It is also
easy to check that A is closed under extensions in R. We note, however, that the
category R is not necessarily Krull-Schmidt in general.

The condition (c) is required in the proof of Proposition to show that the
localized Hall algebra DH(R) is a free module over the group algebra C[K(R) x
K(R)]. Conditions (d) and (e) are needed in Section 23] to ensure that the Euler
form on A can be lifted to a bilinear form on the whole category R, albeit with
values in Q.

The class of categories R satisfying the above conditions (a)-(e) generalizes the
class of categories A satisfying Bridgeland’s conditions, also denoted (a)-(e) in [4],
although our conditions do not correspond precisely. In particular, if the category
R is Hom-finite then A = R so that condition (d) is superfluous, and it is also
clear that (c) holds since R is Krull-Schmidt in this case. One may check using
Proposition 24] that the remaining conditions (a), (b), (e) hold in case A = R if
and only if the conditions (a)-(e) in [4] hold for A.

1.2. Notation. Assume throughout that k = F, is a finite field (¢ > 2) with
q elements. Let v € Rwg be such that v? = ¢. We denote by v'/" the positive real
2n-th root of ¢q for n € Z>,, and write q/™ = v?/". We also write Zy = 7/27.

2. Hall algebras

We assume that the triple (R,P,.A) satisfies axioms (a)-(e) in Section [l
The presentation at the begininning of this section follows [4] up to a suitable
generalization, while Sections [2.3H2.5] contain new material.

2.1. Hall algebras. Given a small category C, denote by Iso(C) the set of
isomorphism classes in C. Suppose that C is abelian. Given objects X,Y, Z € C,
define Ext}(X,Y)z to be the set of (equivalence classes of) extensions with middle
term isomorphic to Z in Exty(X,Y).

Since R has enough projectives, it follows from the definition of A that the set
Ext! (A, B) is finite for all A, B € A. The Hall algebra H(A) is defined to be the
C-vector space with basis indexed by elements A € Iso(A), and with associative
multiplication defined by

(2.1) Aolp)= Y Al
Celso(A) ’

The unit is given by [0], where 0 is the zero object in A.
Recall from [4] that the multiplication (2. is a variant of the usual Hall
product (see e.g. [20]) defined as follows. Given objects A, B,C € A, define the
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number
(2.2) 9Sp=|{B cC:B =B, C/B' = A}|

Writing a4 = | Aut 4(A)| to denote the cardinality of the automorphism group of
an object A, recall that

C _ |EXt}4(A,B)C‘ ) ac
J94.B |Hom 4 (A, B)| aasap’

Hence using [[A]] = [A] - a, as alternative generators, the product takes the form
[AleBl= > g%&-[CI
Celso(A)

The associativity of multiplication in #H(.A) then reduces to the equality
(2.3) Z gg,lB chl,c = Z gg,Dl gg,lc

Cl Dl
which holds for any A, B,C, D € Iso(A).

2.2. Twisted and extended Hall algebras. The Euler form on A is a
bilinear mapping
(—, =) AXA—=Z
defined by
(2.4) (A, B) := dimy Hom(A, B) — dimy Ext' (4, B)

for all A,B € A. This form factors through the Grothendieck group K(.A) (see
Lemma [2T]). We also introduce the associated symmetric form (A, B) = (A, B) +
(B, A).

We define the twisted Hall algebra H,(A) to be the same as the Hall algebra
of A with a new multiplication given by

(2.5) [A] * [B] = v{ka(A).ka(BY 4] o [B].
We extend #H,(A) by adjoining new generators K, for all @ € K(A) with the

relations

(2.6) KoxKg=Kaipg,  Kox[AlxK_ o= vl®*a)) [y

)

where we use the symmetric form (, ). The resulting algebra will be called the

extended Hall algebra and denoted by H,(A).

2.3. Generalized Euler form. Since the category R has enough projectives,
it follows from the definition of A that Extk (M, A) is a finite set for any M € R
and A € A. Define an Euler form (—, —) : R x A — Z by setting

(M, A) := dimy Homg (M, A) — dimy, Ext, (M, A)

for all M € R, A € A. The following lemma shows that the Euler form induces a
bilinear map

(—, =) K(R) x K(A) = Z.

LEMMA 2.1. The Euler form (M, A) depends only on the classes of objects
M e R and A € A in the Grothendieck groups K(R) and K(A), respectively.
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PROOF. Suppose 0 = M’ — M — M" — 0 is an exact sequence in R. Then
there is a long exact sequence

0 — Hom(M", A) — Hom(M, A) — Hom(M', A)
— Ext(M", A) — Ext(M, A) — Ext(M', A) = 0
which shows that
<M”7A> - <M7A> + <M/7A> =0.
So the Euler form is well-defined on the class of M. The proof for the class of A is

similar. O

In the remainder, let us write X = kxr(X) to denote the class of an object X
in K(R), and continue to write k_4(—) for classes in K(A). The inclusion A C R
induces a canonical map

(2.7) K(A) = K(R), ka(A)— A.

Write K(A) C K(R) to denote the image of K(.A) under this map.

Suppose that {P;};cr is a complete list of isomorphism classes of indecompos-
able projective objects in P, for some indexing set I. Then define the dimension
vector of an object A € A to be

dim A := (dimy Homg (P;, A));er € Z%.

From condition (e), we have
dim A =dim B

for any objects A, B € A, whenever the classes A = Bare equal in the Grothendieck
group K(R).

LEMMA 2.2. Suppose that A, A’ € A. Then (M, A) = (M, A’) for all M € R if
and only if

dimy Hom(P, A) = dimy Hom(P, A")
for all P € P.

PRrROOF. The only-if-part follows from the fact that (P, A) = dimy Hom(P, A)
for all P € P and A € A. For the if-part, let M € R, A € A, and suppose
00— P — Q — M — 0 is a projective resolution. Then there is a long exact
sequence

0 — Homg (M, A) — Homg (Q, A) — Homg (P, A) — Extgr (M, A) — 0,
which shows that
(M, A) = dimg Hom(Q, A) — dimg Hom(P, A).
The converse statement now follows. (]
The above lemma now has the following consequence.
COROLLARY 2.3. The Euler form on R x A factors through a bilinear form

(—, =) : K(R) x K(A) = Z.
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6 J. D. AXTELL AND K.-H. LEE

Now suppose X,Y € R. Then it follows from condition (d) that there exist
objects Ay, ..., A, € A such that

Y:clfll—l—-~-—|—crflr
for some coefficients ¢; € Q. Define a bilinear form
KR)xK(R)—Q
by setting
(2.8) (X,Y) =) e (X, A).
ar}d AextendAit AthrougAh ljnearity. We again define a symmetric version by setting
(X,Y)=(X,Y)+ (Y, X) for any X, Y € R.

PROPOSITION 2.4. Let A be a nonzero object in A. Then the classes k(A) €
K(A) and A € K(R) are both nonzero.

Proor. Consider a nonzero object A € A. Since R has enough projectives,
there exists a surjection P — A — 0 for some projective P € P. It follows that
Hom(P, A) is a nonzero set. We obtain

(P, A) = dimy Hom(P, A) — dimg Ext(P, A) = dimy Hom(P, A) > 1.
By Lemma and Corollary 23] we obtain
(P, A) = (P, ka(A)) = (P, A) > 1.
Thus neither A nor k A(A) is zero. (]

Denote by K>o(A) C K(A) the positive cone in the Grothendieck group gen-
erated by the classes k4(A) for A € A. Define

(2.9) a<f <= B—-acKsiA).
Then it follows from Proposition [Z4] that < is a partial order on K (.A).

2.4. The extended Hall algebra #,(R). The algebra H,(A) is naturally
graded by the Grothendieck group K(R):

Ho(A)= P HoA@)  HolA) ) = P ClA]L
A:Oé

a€K(R)

We define a slight modification of the extended Hall algebra ., (A) from Section
Starting again from H,,(A) with multiplication (23], the extended Hall algebra
H,(R) is defined by adjoining generators K, for all @ € K(R) with the relations

(2.10) Ko Ks=FKay5  Kox[AxK_o= v®D[A].

The algebra 771,(72) is also K(R)-graded, with the degree of each K, equal to zero.
Note that the multiplication map
#H,(A) ©c CIK (R)] = Hu(R)

is an isomorphism of vector spaces.

Following Green [9] and Xiao [22], we define a coalgebra structure on ’}Q;(R)
We refer to [23] for the definition of a topological coalgebra, which involves a com-
pleted tensor product.
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DEFINITION 2.5 ([0,22]). In the extended Hall algebra H = H,(R) define
A:H — HScH, and € : H — C, by setting

A(AIK) = Y vPD9h - (BIKay,) @ ([C1Ka),  e([A]Ka) = da,
B,C€elso(A)

for all A € Iso(A), « € K(R), where the numbers gg’c are defined in ([Z2) and

H Q¢ H is the completed tensor product. This gives 7,{7,(73) the structure of a
topological coassociative coalgebra.

As noted in [21, Remark 1.6], the coproduct A on H = H,(R) takes values
in H ® H, instead of the completion H & H, if and only if the following condition
holds:

(2.11)  Any fized object A € A C R has only finitely many subobjects B C A.

This condition is satisfied if R is the category of quiver representations considered
in Section .

Now we have an algebra structure and a coalgebra structure on H,(R). It fol-
lows from [91[22] that these structures are compatible to give a (topological) bialge-
bra structure. Below, we simply denote by ’}Q;(R) the bialgebra (771, (R),*,10], A, ¢).
The bialgebra 7,-[:(72) admits a natural bilinear form compatible with the bialgebra
structure called a Hopf pairing.

DEFINITION 2.6 ([9,22123]). Define a bilinear form (-, -) 7 on Hy,(R) by setting
([A]Ka, [BIKg) g = v *Pas 64 p
for a, B € K(R), where ag = | Aut 4(A)| as before.

It is clear that the restriction of this bilinear form to the subalgebra #,(A) C
H,(R) is nondegenerate. The following result was stated for H,(A) in [22]. Tt is
easy to check that it holds for H,(R) as well.

ProrosiTION 2.7 ([21122]). The bilinear form (-,-)u is a Hopf pairing on the
bialgebra H,(R), that is, for any x,y,z € H,(R), one has

(L,z2)g = e(x), (xxy,2)g = (zRy,A(2))m
where we use the usual pairing on the tensor product space:
(I ® Y,z ® U})H = (Ia Z)H (ya w)H~

2.5. The Drinfeld double. We briefly recall the Drinfeld double construc-
tion for Hall bialgebras. A complete treatment of Drinfeld doubles is given in
[10] §3.2] and [21] §5.2].

In [22], Xiao showed that the extended Hall algebra 7,-[:(.,4) is a Hopf algebra
and gave an explicit formula for both the antipode ¢ and its inverse ¢!, provided
that A is a category of quiver representations. It can be shown that Xiao’s formulas
hold more generally provided that A C R satisfies (2.11]).

Athough the formula for ¢ is no longer well-defined in the case where A does
not satisfy (ZI1]), there is a more general condition that ensures the formula for
o~ ! is still defined. Recall from [8] that an anti-equivalence between two objects
A, B € Ais a pair of strict filtrations

0=L,1 CL,C...01 CLo=A, 0=L, ,CL,C...Li CLy=B

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



8 J. D. AXTELL AND K.-H. LEE

such that Lj/L, , = Ly_;/Ly_i11 for all i. Two objects A and B in A are called
anti-equivalent if there exists at least one anti-equivalence between them.
It follows from results in [5] and [8] that Xiao’s formula for the map o~! is still

well-defined provided that the following condition holds for every pair of objects
A, Be A:

(2.12) There are finitely many anti-equivalences (if any) between A and B.

Since the map o' generally takes values in a certain completion of 7,-[:(72), an
extra condition is needed to ensure that corresponding relations in the bialgebra,
such as

mo (o' ®id) o A =joe,
are still well-defined. The required condition can be stated as follows:

(2.13)
Given any A, B € A, there are finitely many pairs (A’, B') of anti-equivalent

objects such that A’ — A and B — B'.

Up to minor modifications, the formulas for (and corresponding properties of) o
and 0!
Ho(A).
If the conditions (ZI2) and (ZI3) are both satisfied by the category A C R,
then the Drinfeld double of H = ?T-[VU(R) is the vector space H ® H equipped with

the multiplication o uniquely determined by the following conditions:
(D1) The maps

continue to hold, respectively, in 771,(72), whenever they are defined in

H—HRXCH, a—a®l
and
H—HOcH, ar—1Ra

are injective homomorphisms of C-algebras;
(D2) For all elements a,b € H, one has

(e®1)o(1®b) =a®b;
(D3) For all elements a,b € H, one has
(1®b)o(a®l) = (buy,aw)m(o " (b)), aw)m - a) @ b
where A?(a) =3 ag) ® a2) @ agg) and A%(b) = 3" b1y ® biay ® bes).
The last identity is equivalent to
(2.14) Y (a@),ba)) - aq) @be) = > (a@),be) - (1@ba) o (4@ @1)

for all a,b € H, where A(a) = > aq) ® ay and A(b) =D ba) @ bea).
An argument similar to the proof given in [10, Lemma 3.2.2] shows that the
multiplication o is associative.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



QUANTUM GKM ALGEBRAS VIA HALL ALGEBRAS OF COMPLEXES 9

3. Hall algebras of complexes

The material at the beginning of this section is based on [4] with a suitable
generalization. The main new material is contained in Lemma B3] Proposition
and Sections and 371

Assume that R is an abelian category for which the triple (R, P,.A) satisfies
axioms (a)-(e) of Section[[.Il We now introduce certain categories of complexes over
R and define corresponding Hall algebras and their localizations. The associativity
of multiplication in the localized Hall algebras will be established later in Section

]

3.1. Categories of complexes. Define a Zs-graded chain complex in R to
be a diagram

My — M,
do

such that d; od;; = 0 for al}i € Zs.
A morphism s,: M, — M, consists of a diagram

with Si+1 © dz = Ji O S;.

Let Cz,(R) denote the category of all Zs-graded chain complexes in R with
morphisms defined above. Two morphisms s,,t,: M, — M, are homotopic if there
are morphisms h;: M; — ]\NL-_H such that

t; —s; = dit1 0hi + hiy1 0 d;.

We write Hogz, (R) for the category obtained from Cz, (R) by identifying homotopic
morphisms.
The shift functor defines an involution

Cz,(R)  «—  Cz(R)
which shifts the grading and changes the sign of the differential

*

dl 7d0
M, <T My — My <T M.
0 —dy

The image of M, under the shift functor will be denoted by M. Every complex
M, € Cz,(R) defines a class M, := My — M; € K(R) in the Grothendieck group of
R.

We are mostly concerned with the full subcategories

CZQ (P), CZ2 (.A) C sz (R) and I‘IOZ2 (P) C HOZ2 (R)

consisting of complexes of objects in P and A, respectively.
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10 J. D. AXTELL AND K.-H. LEE

3.2. Root category. Let D’(R) denote the (Z-graded) bounded derived cat-
egory of R, with its shift functor [1]. Let Rt(R) = D’(R)/[2] be the orbit category,
also known as the root category of R. This has the same objects as Db(R), but the
morphisms are given by

Hompg(r)(X,Y) = @ Hompy () (X, Y[2i]).
i€z
Since R is an abelian category of finite global dimension (< 1) with enough pro-
jectives, the category DY(R) is equivalent to the (Z-graded) bounded homotopy
category Ho®(P). Thus we can equally well define Rt(R) as the orbit category of
Ho’(P).
LEMMA 3.1 ([]). There is a fully faithful functor
D: Rt(R) —s Hog, (P)
sending a Z-graded complex of projectives (P;);cz to the Za-graded complex

0
Dicz Prit1 <T> Dicz Pai-

3.3. Decompositions. From now on, we omit Zs in the notations for cate-
gories and write
C(P) = Cz,(P), C(A) = Cz,(A), C(R) = Cz,(R),
Ho(P) = Hog, (P), Ho(R) = Hoz, (R).
The homology of a complex M, € C(R) will be denoted

(
(

H.(M.) = (Hi(M.) 7= Ho(M.)) € C(R).

To each morphism f : P — @ in the category P, we associate the following com-
plexes
! N 0
(3.1) Cr=(PE2Q),  C=Qe2P)
in C(P).

LEMMA 3.2. Every complex of projectives M, € C(P) can be decomposed
uniquely, up to isomorphism, as a direct sum of complexes of the form

M, =Crel,

for some injective morphisms 1,9 n P such that
Ho(M,) = coker(f) and Hy(M,) = coker(g).

PRrOOF. Consider the short exact sequences
0 — ker(dy) —— M; -2 im(d;) — 0,
0 — ker(do) — My —% im(do) — 0.

Since the the category R is hereditary by assumption, all the objects appearing in
these sequences are projective. Thus the sequences split, and we can find morphisms

r: My — ker(dy), k: im(dy) = My, [: im(dy) = My, s: My — ker(dp)
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such that roi =1id, go k =1id, pol =id, and s o j = id. This yields the following
split exact sequence of morphisms of complexes

ker(dy) # im(dp)

LT

M, > My

L)

im(d; ) m? ker(do)

where m,m’ denote the obvious inclusions. (Note that dy = iomoq and d; =
jom' op.) The desired decomposition of M, is thus given by setting: f = mogq,
g=-m'ol.

Now suppose there is an isomorphism M, = Cy & Cy, for some other pair fg
of injective morphisms in P. Then one can easily define corresponding isomorphisms
of complexes C'y» =2 Cy and Cy = Cy, showing uniqueness. O

/

Given M, € C(P), it will be convenient to write the decomposition in Lemma
as
M, =M+ o M-
where M}t = Cy and M = C}. Let the sign map
€: %y — {—1—, —}
be defined by £(0) = +, (1) = —.
LEMMA 3.3. Let M,, N, € C(P). Then there is an isomorphism
Home g (M., N.) = Homer) (H,(M.), H.(N.)) @{ D HomR(Mf(”,Njﬁf)}
1,j €L
of k-vector spaces.
PROOF. First suppose that P ER Q, P’ 2 @' is a pair of injective morphisms
in P. We note that there is a short exact sequence
(3.2) 0 — Homg (Q, P") — Home(z)(Cf, Cy) — Homp (X,Y) — 0
for X = coker f, Y = coker g. One may also check directly that
(3.3) Home () (Cy, C;) = Homg (P, Q).

The decomposition of Home ) (M., N,) now follows easily by applying Lemma
to both M, and N,, respectively, and by using the involutive shift functor
together with (B2]) and B3). O

3.4. Acyclic complexes. Given a projective object P € P, there are associ-
ated acyclic complexes

id, 0
(3.4) Kpi=(P2P), Kp:=(PZ2P)

Notice that M, € C(P) is acyclic precisely if M, = 0 in Ho(P).

LEMMA 3.4. If M, € C(P) is an acyclic complexes of projectives, then there
ezist objects P, Q) € P, unique up to isomorphism, such that M, = Kp @ K.
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12 J. D. AXTELL AND K.-H. LEE

Proor. If M, is acyclic, then by Lemma we have M, = Cy & Cj for
some isomorphisms f : P = P’ and g : Q = @’ of projectives. It follows that
M, = Kp @ K. Since the complexes Kp and K, are unique up to isomorphism,
the objects P, () are unique up to isomorphism as well. |

LEMMA 3.5. Suppose that P ER Q and P’ AN Q' are injective morphisms in
P. Then coker f = coker f' in R, if and only if there is an isomorphism
CroKp =Ko Cyp
of complezes in C(P), for some objects L, L' € P.

ProOOF. This is a reformulation of Schanuel’s lemma. We refer to [7, Theorem
0.5.3] for the proof. O

PROPOSITION 3.6. Suppose M,, M. € C(P). Then there exists an isomorphism
M, oK. =K, o M!

for some acyclic complezes K,, K. € C(P), if and only if H,(M,) = H,(M]) in
C(R).

ProoOF. This follows directly from Lemmas and [3:5] and by applying * to
the latter. O

3.5. Extensions of complexes. Given any morphism s, : M, — N, of com-
plexes in C(P), we can form a corresponding exact sequence

0 — N} — Cone(s,) — M, — 0

of complexes in C(P), where the middle term is defined by
d
Cone(s,) = (No & M, T; Ny & M)
0

with . .
— |=di o — |=do s
I T s
This leads to the following result.
LEmMA 3.7 ([M]). Let M,,N, € C(P). The mapping s, — Cone(s,) defines an

isomorphism
Homyy,g) (M., N}) = Extér) (M., N,).

We also have the following.
LeEMMA 3.8. Suppose P i> Q, P'LQ are injective morphisms in the category

P. Let X,Y € R denote the cokernels: X = coker f, Y = cokerg. Then the
following hold.

(1) HomHo(R) (Cf7 Cg) = HOHl'R(X, Y)7
(if) Hompo(r)(Cy, C) = Exty (X,Y).

PROOF. The category R can be identified as a full subcategory of D’(R) by
considering any object in R as a complex concentrated in degree 0. It follows that

HOHIR (X, Y) = Home(R) (X, Y) = HOHlRt(R) ()(7 Y)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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The objects X,Y have the projective resolutions

0Pl x o, 0P LQ Y 0.

So the complexes Cy,C, are quasi-isomorphic to X,Y respectively, and isomor-
phisms (i), (ii) thus follow by Lemmas Bl O

Note that the isomorphism in Lemma 3.8 (i) may be given explicitly by s, — s,
where s : A — B is the unique morphism making the diagram

0 P Q X 0
(3.5) lsl lso l
0 P o Y 0

commutative.

3.6. Hall algebras of complexes. We denote by Csin(P) the full subcategory
of C(P) consisting of all complexes with finite homology, i.e. complexes M, such
that

0
H,(M,) = (H1(M,) == Ho(M.)) € C(A).
The following result will be crucial for our definition of the Hall algebra of Cg, (P).
LEMMA 3.9. The set Exté(R)(M,,N,) is finite for all M,, N, € Csin(P).

Proor. This follows by using the involution * together with Lemma and
combining with Lemmas and 3.7 a

Since the category Csn(P) is not necessarily Hom-finite, we must consider a gen-
eralization of the coefficients appearing in the definition ([Z1) of the Hall product.
First define a bilinear map, p : C(P) x C(P) — Q, given by

(36)  p(M,N.) = (Mg, NF) + (M, NT) + (M, N + (M, Ny)

= > (MY, NE)

]
where {, ) : K(R) x K(R) — Q denotes the generalized Euler form (Section 23)).
Then for any M,, N,, P, € Cs,(P), we define

(37) h(M., N, = g0 | Homegry (L (M.), Ha (V)|
where ¢ is the cardinality of k, and we also write

e(M., N,)p, = | Exte(r) (M., N.)p, |

which is well-defined by Lemma [3.91
In the remainder, let us write X = Iso(Cin(P)) for the set of isomorphism
classes in Cgin(P).

DEFINITION 3.10. The Hall algebra H(Csin(P)) is defined to be the C-vector
space with basis elements [M,] indexed by isoclasses M, € X, and with multiplica-
tion defined by

(M) @ [N,] = vMo:No)+ (30,8 5=
PocX

G(M., N-)P.

h(M”N.) [Po]7

for all M,, N, € Csn(P).
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14 J. D. AXTELL AND K.-H. LEE

REMARK 3.11. Suppose there are complexes M,, N, € Cgn(P) such that
Home (g (M., N,) is a finite set. Then it can be checked using Lemma and
the definition of Euler form that

|H0mC(R)(M.,N.)\ = h(M.,N.).

The above definition thus generalizes the (twisted) Hall algebras of complexes of
projectives defined by Bridgeland in [4].

3.7. Localization. As before, let us write M, = My — M, € K(P), for each
M, € C(P). The following result shows that the acyclic complexes Kp introduced
in Section B4l define elements of H(Cn(P)) with particularly simple properties.

LEMMA 3.12. For any projective object P € P and any complex M, € Csn(P)
the following identities hold in H(Csin(P)):

(3.8) [Kp)® (M) = oPMe) - [Kp @ M.,
(3.9) (M.]® [Kp] = v~ MeP) . [Kp @ M,).
PROOF. It is easy to check directly from (B.6) that
w(Kp, M,) = <P7M1+> + <P7 Mf>7 w(M,, Kp) = <M(;F7P> + <M(;7P>
so that o o
h(Kp, M,) = ¢""M0 - w(M,, Kp) = ¢!Mo-P),

The complexes Kp are homotopy equivalent to the zero complex, so Lemma [3.7]
shows that the extension group in the definition of the Hall product vanishes. Tak-
ing into account Definition [B.I0] gives the result. O

LEMMA 3.13. For any projective object P € P and any complex M, € Cpin(P)
the following identities are true in H(Csin(P)):
(3.10) [Kp] ® [M.] = oMM, @ [Kp],
(3.11) (K5 @ [M.) = v~ [M,) @ (K.
PrOOF. Equation [BI0) is immediate from Lemma BI2 Equation (BII) fol-
lows by applying the involution . |
In particular, since Kp = 0 € K(R), we have for P,Q € P,
(3.12) [Kp]® [Kq]l = [Kp @ Kq], [Kp]®[Kj]=[Kp® Kg,
(3.13) [[Kpl, [Kol] = [[Kp], [K5]] = [[Kp], [Kp)] =0,

where [z,y] := z ® y — y ® . Note that any element of the form [Kp] ® [K}] is
central.

Let us write Cog C Cgn(P) to denote the full subcategory of all acyclic com-
plexes of projectives. It then follows from (BI2) and (BI3) that the subspace
H(Co) C H(Csin(P)) spanned by the isoclasses of objects in Cy is closed under the
multiplication ® and has the structure of a commutative associative algebra.

The following result is also clear.

LEMMA 3.14. The left and right actions of H(Co) on H(Csin(P)) given by re-
stricting multiplication make the Hall algebra H(Chn(P)) into an H(Co)-bimodule.
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Notice that the basis Z := {[M,] € H(Cp)} is a multiplicative subset in H(Cyp).
Let us write DHo(R) = H(Co)z to denote the localization of H(Cy) at Z. More
explicitly, we have
DHo(R) = H(Co)[[M.]™" : M, € Co].
The assignment P +— Kp extends to a group homomorphism
K: K(R) — DHy(R)™.
This map is given explicitly by writing an element o € K(R) in the form a = P— Q
for objects P,@Q € P and then setting K, := Kp ® Kél. Composing with the
involution * gives another map
K*: K(R) — DHo(R)*.

Taking these maps together and extending linearly defines a C-linear map from the
group algebra

C[K(R) x K(R)] = DHo(R),
which is an isomorphism by Lemma[3.4l It follows that the set {K, ® K3 | a, 8 €
K(R)} gives a C-basis of DHo(R)

DEFINITION 3.15. The localized Hall algebra, DH(R), is the right DHo(R)-
module obtained from H(Cin(P)) by extending scalars,
DH(R) := H(Ciin(P)) @2(cy) PHo(R).
That is, DH(R) is the localization H(Cin(P))z. We also consider DH(R) as a
DHy(R)-bimodule by setting
(3.14) (Ko ® K5) @ [M.] := 0@ B (M) ® (K, @ K3)
for all M, € Cn(P) and o, 8 € K(R). We thus have a well-defined binary operation
—® — : DH(R) x DH(R) — DH(R)
which agrees with the map induced from the multiplication in Definition B.I0] by
restricting along the canonical map H(Csin(P)) = DH(R).
Given a complex M, € Csn(P), define a corresponding element F, in DH(R)
given by

Ey. = U<M1+7M07’M’>K_Ml+ ®Ki]\}[* ® [M-]
0

Then we claim that

(3.15) Eveer, = Eu,
for any acyclic complex of projectives K, € Cp. Indeed, suppose that K, = Kp® K,
for some P, Q € P. Then clearly M,&K, = M,, and it follows by Lemma 312 that

Evm.ok, = (M EP—My $Q, Me®K,) K yiap® KiM_é}Q ® [Kp @ K @ M,]
0

o i}
— M =My, M) .KiM1+ ®K7MO— ® [M,],

so we get the same element E)jy, .

We note that a minimal projective resolution of A € A need not be unique
because the category C(P) is not Krull-Schmidt in general. However, it will be
convenient to fix a (not necessarily minimal) resolution for each object A € A.
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16 J. D. AXTELL AND K.-H. LEE

DEFINITION 3.16.
(i) For each object A € A, fix a projective resolution

(3.16) 0—Ps 2% Qs —A4—0

and the complex Cy is defined to be C, € C(P).
(ii) Given objects A,B € A, write E4 p to denote the element Ec,gcy in
DH(R).

The next lemma shows that the definition of F'4 g is independent of the choice
of resolutions defining C'4 and Cg.

LEMMA 3.17. Suppose A,B € A, and let M, € Cqn(P) be any complex such
that A= Ho(M,) and B = H1(M,). Then Ey, = Eap.

Proor. Let M, be such a complex. By Proposition there exist acyclic
complexes K,, K. in Co(P) such that [M, & K,] = [Ca & C} @ K], and the result
follows from (BI5). O

The following result provides an explicit basis for the localized Hall algebra.

PROPOSITION 3.18. The algebra DH(R) is free as a right DHo(R)-module, with
basis consisting of elements E4 g indexed by all pairs of objects A, B € Iso(A).

PROOF. Suppose M, € X, and set A = Hy(M,), B = H(M,). Then Ey;, =
E 4 p by Lemma 317, and one may check using (3.I4)) that

[M,] =o' QPMIE, 5w [Kp @ K,
for P = M;" and Q = M, . This shows that the elements E4 g span DH(R) as a
DHo(R)-module.
It remains to check that the elements E4 g are DH(R)-linearly independent.

Notice that the Hall algebra H(Csn(P)) is naturally graded as a C-vector space by
the set Iso(A) x Iso(A):

H(Cin(P)) = EB Ha,B); Ha,p) = @ ClM,)].

(A,B)€lso(A)? Ho(Me)~A, Hi(Mo)~B

Since the action of H(Co) on H(Csin(P)) is Iso(A)2-homogeneous, it follows that
DH(R) also has an Iso(A)?-grading. It is thus clear that the elements E4 g span
distinct graded components of DH(R). To see that each component is a free
DHy(R)-module of rank one, it remains to check that for each y € DH(R), we
have £y p ® y = 0 implies y = 0.

Let us write M, = C4®C%. Then it will suffice to show that for any x € H(Cy),
the element

[M.} ®x e H(Cﬁn(P))

is a Z-torsion element only if x = 0. Suppose that
T=cC121+ -+ Cpzn

for some constants cy, ..., ¢, € C and distinct elements z1, ..., z, € Z. One may
check using Lemma B4] and condition (¢) in Section [T} that for any z € Z the
elements z1 ® z, ..., z, ® z are also distinct. Next suppose that [M,]® (x® z) =0
in H(Csin(P)). This gives an equation

- [M®z1®@z+-+cp [M]®z,®2z=0.
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One may again use condition (c) together with Lemmas and [3.4] to check that
the terms appearing in this dependence relation are unit multiples of distinct basis
elements in X. So the relation must be trivial: ¢; = .-+ = ¢, = 0, which gives
x = 0. This completes the proof. O

4. Associativity via the Drinfeld double

In this section we prove that DH(R) is the Drinfeld double of the bialgebra

7:17,(7%) under suitable finiteness conditions. As a corollary, we show that DH(R) is
an associative algebra with respect to the multiplication described in the previous
section.

4.1. Multiplication formulas. Suppose A, B € A and recall the element
E4 p in DH(R) defined in Definition B.16] Notice that the image under the invo-
lution «* is given by £} 5 = Ep 4. Let us write

Ey = FEap, Fp:=Eyp
so that Fly = E7.
LEMMA 4.1. Suppose A, B € A. The following equality holds in DH(R).

Exty, (A4, B)¢|
E Ern — (A,B) E | R )
A®Lp=v | Homp (A4, B)]
Celso(A)

PRrROOF. Let C4,Cp be the complexes associated to A, B in Definition
Then using the formula
h(Ca,Cp) = ¢94T#) .| Homg (4, B)|

together with the relations A= Q A — ISA and B = Q B — PB in the Grothendieck
group K(R), we have

Ec

(Cal & Cp) = oPaPor+@adn 3~ ATty

M.ex h(Ca, Cp)

\ EXté(R) (Ca, CB) |
| Homg (A, B)|

:v(A,B)—(A,PBH(PA,B) Z

MeeX

[Mo]

It follows by (BI4) that
Ep® Ep = o LA+ Po Bt (Pad) g oo @ [Ca] @ [C]

| Extéry(Ca, C) |

4.1 _ o (AB)+(Pa+Pp, A+B) o -

o ' Mze:;\f‘ | Homp (A, B)| _paépy ® [M.]
Consider an extension

(4.2) 0 s Cy s M. —s Cr 30,

By Lemma [B.7] we may assume M, = Cone(s,) for some morphism s, : C4 — C5,
so that

dy
M.:PB@PATQB@QAv
0
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=5 7) a=(%)

Since fa, fp are monomorphisms, so is d;. Thus dy o dy = 0 implies that sqg = 0.
Setting C' = Hy(M,), it follows that ([A2]) induces an extension

where

0—B—C—A—0.

One may check that this extension agrees with the corresponding image of (£2)
under the isomorphism

Extery(Ca, Cp) = Exty (A, B)
given by Lemma [37] and Lemma (ii). It follows that

> |Extéry(Ca,Cp)m.| = |Extk(4,B)ol.
Ho(My)=C

Finally, notice that C = A+ B for any extension C' of A by B. Putting
everything together shows that equation (LIl becomes

1
Ey®Ep = o8 N~ pPatPo fo(Me)) | Exter) (Ca, Cp)au,|

K_p,ep, ® [M.]

Mo | Homg (4, B)|
1
_ (A,B) ‘EXtR(A,B)C|E
Y 2 [Hompg (4, B)| " ©
C€lso(A)
which completes the proof. |

LEMMA 4.2. Let A, B € A. The following equations hold in DH(R),

. B-B,,A-B) B A *
(i) Ea® Fp = E vt ! >gBl,ngB2,A1aBz 'Kg_gl ® EA, B s
A1,B1,B>

. _ A—A,,B-A) A B
(ii) Fp® Es = E v ! >9A1,A29A2,BlaA2 K 4, ®FEa, B,
A1,A2,B1

where each sum runs over classes of objects in Iso(A).

PRrOOF.

(i) Again let Cy, Cp be complexes associated to A, B as in Definition 316 By
definition, the product [C4] ® [C%] is equal to

o(QuPe)+(PaQs) 5 e(Ca, Cg)m, M)

shoex P(Ca,Cp)

Then using u(Ca,Cr) = (]5,4, QB>, it is easy to check that
h(Ca, Cp) = g9,
This gives

[Ca) ® [Cp] = v AP =(PAB) N™ o(Cy, O, - [M.],
MeeX
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where we have used the equalities QA = P4+ A and QB = Pg+Bin K(R). It
thus follows by (BI4) that

Ey® Fp = o P (PeB=(Ped) | o @ K* ) @ [Ca] ® [CF)]
(4.3) = oPaPeA-B) K L @K, ® Y e(Ca.Chu, - M.
MeeX

Now suppose that M, is an extension of Cy by C%. By Lemma B.7 we may
assume that M, = Cone(s,) for some s, € Homy,z)(Ca,Cp). The extension thus
takes the form

0
@B <_—> Py

fB

z{ Jio

f1
QB ® Pa 4’<T Pp@®Qa

0

PlJ JPO
fa

Py > Qa

“——
0

where fy = (_{)B S(;)), fi= (8 ]Sc; ), and fa, fp are defined in ([BIG]). This extension
induces an exact commutative diagram

0 ——— Ho(M,) —— Ho(Ca)

| !

Pp — s My/imfi 2% Qu/imfs — 0

(4.4) ,fBl Jfo
0 Qp —— ker f —2

| |

Hl(Cg) — Hl(M,) EE—

—

— o —

=)

3

Wy

where “i9” denotes the map induced by i, etc.

Since the map induced by 41 in (4] is an isomorphism, it follows that the
direct summands in the decomposition M, = M} & M of Lemma have the
form

N i . B 0 _
M, :(PA?MO ), M7 =(Qs— M)
0
where the maps f;, f1+ are obtained from fy, f1 by restriction.
The objects Ay = Ho(M,) and By = H;(M,) thus have projective resolutions

i + - _fo
Py M Ay 0, M ()% B 0
respectively. This gives relations
M;FZPA, M(;ZQB—BlzpB-‘rB—Bl
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in K(R). Substituting in ([@3]), we have

Eo® Fp
= Y oW MBI AE) (O Cpgy Ky ® KT g ® M)
MeeX O
(4.5)

= Z VP BLA=E) Lo(Cy, O%) K} 5 ® B,
MoeX
One may check directly using (@4 that the map s : A — B induced by

B3) coincides with the connecting homomorphism Hq(Cjy) 2 H,(Cp) in the
long exact sequence of cohomology. In particular, note that Hy(M,) ~ ker s, and
Hy(M,) ~ coker s.

Hence, we may conclude that

(4.6) 3 e(Ca,C)p, - Ep,
PoeX
Ho(Po)~A1, Hi(Py)~B1

= |{h € Homg (A, B) | ker h ~ Ay, coker h ~ B1}| - Ea, B,
By the equality on [23] p.984], the preceding equation may be rewritten as

(47) Z e(CAv CE)P. ’ EP. = Z ggl,nggz,Al an, - EAlvBl'
H()(P.)’ZAl, BQEISO(.A)
Hl(P.)’ZBl

The equality in part (i) is now obtained by combining (@3], [@7) and (23]
(ii) This follows by interchanging A and B in (i) and taking * on both sides. [

4.2. Embedding 71:(7%) in DH(R). In this subsection we make some more
precise statements about the relationships between the various Hall algebras we
have been considering. .

Consider the injective linear map I, : H,(R) — DH(R) defined by

[A] * Ko = Eq ® K,
and let DH'(R) C DH(R) denote the image of this map.

PROPOSITION 4.3. The restriction of multiplication in DH(R) makes the sub-

space DHT(R) into an associative algebra, and the embedding I : H,(R) —

DH(R) restricts to an isomorphism Hy(R) = DH(R) of (unital) associative al-
gebras.

PRrOOF. The result follows from Lemma[£1] together with a comparison of the
relations (2.6) defining the extended Hall algebra with the relation ([BI4) in the
localized Hall algebra. (Il

Composing with the involution * gives another embedding
I_: Hy(R) — DH(R),

defined by [B] x Ky — Fp ® Kj, whose image DH ™ (R) is again an associative
algebra such that I_ restricts to an algebra isomorphism Q:,(R) ~DH™ (R).
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4.3. Drinfeld double of ,(R).

LEMMA 4.4. The multiplication map V:a ® b — Ii(a) ® I_(b) defines an
isomorphism of vector spaces

Vi Hy(R) @c Ho(R) — DH(R).
PROOF. It follows from Proposition B.I8 that the algebra DH(R) has a C-basis
consisting of elements
Eap® K, ®Kj, A Belso(A), «,f€K(R).

Recall the partial order on K (.A) defined in (Z3)) and define DH <, for v € K(A) to
be the subspace of DH(R) spanned by elements from this basis for which k4(A) +
k4(B) <. We claim that

(4.8) DH<y ®DH<s C DH<r4s, v,6 € K(A),

so that this defines a filtration on DH(R).
Suppose that M,, N, € Cqn(P) and let

v = ka(Ho(M.)) + ka(Hi(M.)), 6 = ka(Ho(N.)) + ka(Hi(N.)).
Then consider an extension of complexes
0O—M, — P, — N, — 0.

The long exact sequence in homology can be split to give two long exact sequences

0 — K — Hy(M,) — Hy(P,) — Ho(N,) — L — 0,

0— L— H(M,)— H(P,) — H1(N,) — K —0
for some objects K, L € A. It follows that there is a relation in K (A),

v+ 08 =ka(Ho(P.)) + ka(Hi(P.)) + 2(ka(K) + ka(L))

which proves ([@.8).
Suppose now that N, = C4 and M, = Cj for some objects A, B € A. Then
K =0, and by Lemmas B.1] 3.7, and

Exte gy (N, M,) = Homg (A, B),

and the extension class is completely determined by the connecting morphism
Ho(N,) — Hy(M,). By Proposition [2:4] we therefore know that k(L) = 0 exactly
when the extension is trivial. It follows that in the graded algebra associated to
the filtered algebra DH(R), one has a relation

V([A] * Ko ® [B] x Kg) = p=(B) . Eap® Ko ® Kj.
It follows that V takes a basis to a basis and is hence an isomorphism. ([l
As a corollary, we have
COROLLARY 4.5. The algebra DH(R) has a linear basis consisting of elements
Ea®K,®Fp®Kj, A ,Beclso(A), o, € K(R).
Now we state the main result of this section.

THEOREM 4.6. Suppose that A C R satisfies conditions (ZI12) and ZI3).
Then the algebra DH(R) is isomorphic to the Drinfeld double of the bialgebra

Ho(R).
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PROOF. Because of the description of the basis of DH(R) (Corollary 5] and
the definition of Drinfeld double, the proof of the theorem is reduced to check

equation (ZI4) for the elements consisting of the basis of H,(R).
Let us write equation ([2I4]) in the present situation:

(4.9) S (a2, b)n - Le(a) ® I-(b) =Y (a1,b2) - I-(by) ® I (az).
Now let A,B € A and o, 8 € K(R). Let us write

A(A]KL) = Y v 2gh - ([AK 4, ) © ([A2]Ky),
A1,A2

A(BIEg) = Y v'P2Pgp 5 - ([Bo)K g, 5) ® ([Bi]Kp).
B,B;

By the Hopf pairing (Definition and Proposition 27) and BI4), the left
hand side of (@3] becomes

LHS of {@J) = Z ,U(Al7A2>g£1’A2U(BQ7B1>ggz7BI([Az]KO“ [BalK g 5)i
A1,A2,B1,B>
-EA1 ®KA2+04®FBI @KE

—p(aB) Z ,U<A1,A2>+<BQ,BI>91121)A29§2)31([AQL [Ba]) &
A1,A2,B1,B2

-Ey, ®KA2 ® Fp, ®KQ®K§.
Similarly, the right hand side becomes

RHS of @3)

= U(Omﬁ)zrU<A1,A2>+<Bz,Bl>gﬁ17Azggz7Bl([Al], [B1])H'F32®K§1 ®EA2®Ka®KE-

A1, Az,
B1,B2

After removing the term v(*#) . K, ® K j from both sides, equation (.9 reduces
to

(4.10)
Z U(Al,A2>+<Bz,31>g£1ﬂ29§231([A2]’ [Bo))p - Ea, ® K;, ® Fp,
A1,A2,B1,B>
? *
= Z v(Al,A2>+<Bz,Bl>gﬁl,Azggz,Bl (A1), [B1)) & -Fa, ®K31 ®E,,.
A1,A2,B1,B2
By Definition and (B.I4), the left hand side of ([@I0) becomes

LHS of (£.10)

A1,A2)+(Bs,B1) A B
— § (A1 A2)+(B2 1>9A1,A2932,31GA25A2,B2'EA1®KA2®F31
A1,A2,B1,B2
o A1, A2)+(As,B1) A B R
_ E p{ALA2)+H(A2 1)9A1,A29A2,BIGA2'EA1®KA2®F31
A1,A2,B

_ § (Az,B1)—(Az,A1) A B R
- v 9A1,4,945,B,FA2 - KAz ® EAl ® FBl'
Ay1,A2,B1
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Thus by Lemma [£.2] (i) we have

_ BQ—A27A—B Al A B Bl
LHS of (£10) = E vl >932,AggAl,AggAg,BlgB3,B2'aA2a’Bz
A1,A2,A3,B1,B2,B3

. KA2 ®Kg2 ®EA37B;3-
Similar computations using Lemma (ii) show that the right hand side of

(@I0) becomes
_ A,—B,,B—A) A, Bs B A
RHS of [.I0) = E ol >9A3,A19A1,33932,31931,A2 "aB, a4,
A1,A2,A3,B1,B2,B3
%
KAI @KBI ®EA3,B'3'

It follows by associativity (Z3]) that this can be rewritten as
Ay—By, B-A Ay A B B;
RHS of {@I0) = Z pidi=B ) Z 9B;,4,94,,A,94,,B,9B,.B, * @B, 0A,
A1,A3,B1,Bs A5, Bj
'KA1 @Kgl ®EA3733'

One may check that this expression agrees with the LHS of ([@I0), which completes
the proof. 0

Tt is now possible to verify that the multiplication in DH(R) is associative.

COROLLARY 4.7. If the category R is Hom-finite (so that A = R) or if the
subcategory A C R satisfies conditions (212) and ZI3), then the algebra DH(R)
18 associative.

ProOF. If R = A, then it follows by Remark B1I1] that the algebra DH(R) is
isomorphic to the localized Hall algebra DH(A) defined in [4]. It follows by results
in [4] that the category C(A) is Hom-finite, so that H(C(P)) and DH(A) are both
associative in this case.

The remaining statement is a consequence of Theorem since the multipli-
cation in the Drinfeld double is associative. g

REMARK 4.8. From the above result we can only conclude that the algebra
H(Cin(P)) is “locally associative” in general, in the sense that given z,y,z €
H(Csin(P)) we have

u®(r®(y®z) - (r@y)®z2) =0
for some element u € Z.
4.4. Reduction. Define the reduced localized Hall algebra by setting [M,] = 1

in DH(R) whenever M, is an acyclic complex, invariant under the shift functor.
More formally, we set

DHred(R) = DH(R)/([M.] — 1: H,(M,) =0, M, = M}).
By Lemma [3.4] this is the same as setting
[Kp] @ K] = 1

for all P € P. One can check that the shift functor * defines involutions of
DHred(R).

We have the following triangular decomposition.
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PROPOSITION 4.9. The multiplication map [A] ® a ® [B] — E4 ® K, ® I
defines an isomorphism of vector spaces

H(A) ®c C[K(R)] @c H(A) — DHred(R).

PROOF. The same argument given for Lemma [£4] also applies here. O

4.5. Commutation relations. In this subsection, we prove commutation re-
lations among generators that are important to understand DH,eq(R).

LEMMA 4.10. Suppose A1, Ay € A satisfy
HOHIR(Al, A2) =0= HOInR(AQ, Al)
Then [EAI 5 FAz} =0.

PrOOF. It follows from (L3]) and (0) that E4, ® Fa, = E4, 4,. Exchanging
A; and A in this equation and taking * on both sides gives Fa, ® Ea, = Eq, a4,
as well, and the result follows. O

LEMMA 4.11. Suppose A € A satisfies End 4(A) =k. Then
[Ea, Fal = (¢ —1) - (K3 — Ky ).

ProOOF. Using formulas [@5) and (L0]) again, we have Eq4 ® F4 = E4 4+ (¢ —
1)- K. Taking * on both sides gives the equation Fy ® B4 = Eg 4+ (q—1)- Ky,
since E4 4 is #-invariant. The result follows by subtracting these equations. (]

5. Realization of quantum groups

5.1. Quivers. Let Q be a locally finite quiver with vertex set I and (oriented)
edge set Q. For o € 2 we denote by h(c) and ¢(o) the head and tail, respectively,
and sometimes use the notation t(c) % h(c). We will denote by ¢; the number of
loops at i € I (i.e., the number of edges o with h(c) = t(c) = ¢). A (finite) path
in Q is a sequence o,y - - - 07 of edges which satisfies h(c;) = t(o;41) for 1 <i < m.
For each i € I, we let e; denote the trivial path. We again let h(z) and ¢(x) denote
the head and tail vertices of a path x.

Consider the sub-quiver @ C Q with vertex set [ = I and edge set Q =
O\{o|h(c) = t(c)}. We make the following assumptions throughout:

(A) There are no infinite paths of the form iy — i; — i3 — --- in Q. In
particular, Q is acyclic and Q has no oriented cycles other than loops.

(B) Each vertex of the quiver Q has either zero loops or more than one loop,
ie. ¢;#1foralliel.

It follows from (A) that [ is partially ordered, with ¢ < j if there exists a path x
such that ¢(z) = j and h(z) = ¢, and the set (I, =) satisfies the descending chain
condition.

From now on, we assume that the quiver Q satisfies the conditions (A) and

(B).

ExaAMPLE 5.1. Write LL,, to denote the quiver consisting of a single vertex
I = {1} and n loops. If n > 2, then the quiver Q@ = L, trivially satisfies the
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assumptions (A) and (B). Below is a diagram for Ly.

. é\@ > o1
o3 Q4

Let R = k@ denote the path algebra, with basis given by the set of paths and
multiplication defined via concatenation. The elements e; are pairwise orthogonal
idempotents. It follows from (A) that the subring e;Re; is isomorphic to a free
associative k-algebra on ¢; generators. (If ¢; = 0 then e;Re; = k.) Hence each left
ideal P; := Re; is an indecomposable projective R-module. It can then be checked
that R splits as a direct sum

(5.1) R=PP
iel
of pairwise non-isomorphic projective left R-submodules.

A representation of Q over k is a collection (V;, 24 )icr.0eq, where V; is a (pos-
sibly infinite dimensional) k-vector space and z, € Homy(Vi(s), Vi(s)). We let
Repy(Q) denote the abelian category consisting of the representations of Q over
k which are of finite support, i.e. such that V; = 0 for almost all 7. A representa-
tion (V;, z,) € Rep,(Q) is called finite-dimensional if each V; is finite-dimensional.
For such a representation, set dim(V;,z,) = dim(V;) = (dimy V;) € N®I. We
denote by rep,(Q) the full subcategory of R consisting of the finite dimensional
representations of Q.

Any representation of @ is naturally an R-module for the path algebra R.
Whenever it is convenient, particularly in the next subsection, we will consider
representations of Q as R-modules. It follows from the decomposition (5I) that
any left R-module M has a decomposition into k-subspaces, M = ier M (i), with
M (i) = e;M. Then we have dim(M) = (dimy M (7)) € N®! for a finite dimensional
R-module M, which is equal to the dimension vector as a representation. We say
that an R-module is of finite support if the associated representation is.

Recall that any M € Rep,(Q) has the standard presentation of the form

(5:2) 0 — P Piio) @k €)M AN PP @xeiM 5 M — 0.
ocl i€l

Let Proj,(Q) denote the full subcategory of Repy(Q) whose objects are finitely-
generated, projective R-modules. Let R be the full subcategory of Rep, (Q) whose
objects are finitely presented representations of Q, i.e. the full subcategory consist-
ing of all objects M for which there exists a presentation

P—-Q—->M-—=0

for some P, Q € Proj, (Q).

As in Section [Tl define P C R to be the full subcategory of projectives in R
and A C R the full subcategory of objects A € R such that Homg (M, A) is a finite
set for any M € R. It is easy to see that P = Proj,(Q). For the category A, we
have the following characterization.
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LEMMA 5.2. The category A is equal to the full subcategory of R consisting of
all finite-dimensional representations, i.e. A = rep,(Q).

PRrROOF. Assume that A € rep,(Q). From the standard resolution (5.2]), we see
that A € R. Clearly, A is finite as a set. Since any M € R is finitely generated, the
set Homg (M, A) is also finite. Thus A is an object of A. For the converse, assume
that M € Rep,(Q) is infinite dimensional. Then there is a vertex ¢ € I such that
e; M is infinite dimensional. For each a € e; M, we have a homomorphism P; — M
given by e; — a. Thus Homg (P;, M) is an infinite set and M does not belong to
A. |

5.2. Krull-Schmidt property for Proj,(Q). Since the endomorphism ring
Endg(F;) is not local in general, the usual Krull-Schmidt theorem does not hold
in the category Proj,(Q). In this subsection, we describe a suitable analogue.

First note the following.

LEMMA 5.3. Suppose i,j € I are distinct vertices such that (Re;R) N (Re;R) #
0. Then eithert < j or j < i.

Proor. It follows from the stated condition that there are paths z,z',y,1
such that ze;y and 2’e;y’ are both nonzero and

vy =zey =2'ejy =2’y

We then have zy = 2’y = o1 -0y, for some o1, ..., 0, € Q. Let 1 < [,I' <n
be such that v = oy---0;, y = op41--0p, ' = 01---0p, and y = opiq--0on.
Suppose without loss of generality that [ < I’. Then z = 0,41 --- oy is a path such
that h(z) =i and t(z) = j. Thus i < j. O

Let R-Mod denote the abelian category of all left R-modules of finite support.
We identify R-Mod with Repy(Q), and consider P = Proj,(Q) as a full subcategory
of R-Mod. We write supp(M) := {i | M (i) # 0} for M € R-Mod. Recall that
for any idempotent e € R there is an exact functor from the category R-Mod to
(eRe)-Mod given by M +— eM. Now suppose M € P. Then M(i) is a finitely-
generated, projective (e;Re;)-module. Since e; Re; is a free associative k-algebra,
M (i) is a free (e;Re;)-module of finite rank, say r;(M). (See, for example, [7].)
Write rkp (M) = (1;(M));er € N®! to denote the vector formed by these ranks.
Notice that r;(P;) = 1 and r;(P;) = 0 unless j < 4. It follows that the vectors,
rkp(P;), form a basis for Z®1.

Given a subset J C I, consider the set J<x = {i € I | i < j for some j € J}. If
J is finite then so is J< by (A), and there are corresponding idempotents

eJ:E e; and e<j = E e;.
JjeJ ieJ<

LEMMA 5.4. Suppose J C I is a finite subset and write e = e<;. Then there is
an equivalence between (eRe)-Mod and the full subcategory of R-Mod consisting of
modules M such that supp(M) C J.

PrOOF. Consider the functor R-Mod — (eRe)-Mod : M + eM. Then eRe =
Re, and an inverse functor is given by extending the action of Re on M € (eRe)-
Mod to all of R by letting €B,¢;_ Fi act by zero. O

LEMMA 5.5. Suppose a is a finitely generated left ideal of R. Fori,j € I, the
following hold.
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(i) The ideal a is a projective left R-module.
(ii) Any nonzero R-module homomorphism, ¢ : P; — a, is injective.
(ili) Suppose ¢; : P; — a and ¢; : P; — a are homomorphisms such that
im(¢;) Nim(¢;) # 0. Then either im(¢;) C im(¢;) or im(¢;) C im(¢;).
(iv) As a left R-module, a is isomorphic to a finite direct sum of copies of the
modules {P; }icr.

PROOF.

(i) Suppose a C R is a left ideal with S C a a finite set of generators. Then
S C Rey for some finite set J and it follows that supp(a) C J<. If we set e = e<y,
then a C eRe, which shows that a is a left ideal of a hereditary ring and thus
projective as an eRe-module. It follows that a is a projective R-module by Lemma
b4

(ii) The image im(¢) C a is a projective left R-module by (i). So the exact
sequence

0 — ker(¢) — P; — im(¢) = 0

splits. Since P; is indecomposable, it follows that ¢ is injective.

(iii) Letting ¢;(e;) = v and ¢;(e;) = w, we have im(¢;) = Rv and im(¢;) =
Rw. We thus have (Re;v) N (Rejw) # 0. It follows by Lemma B3] that ¢ < j or
j = 1. Assume without loss of generality that j < 7. It then follows from the proof
of Lemma [53] that there exists a path z such that w = ejw = ejze;v = av. It
follows that im(¢;) = Rw = R(zv) C Rv = im(¢;).

(iv) First set J' := supp(a), and choose a maximal vertex j; € J'. Then
a;, is an e;, Re;,-module with a finite set, say St, of free generators of size ny :=
r;,(a) # 0. It follows from (ii) that for each generator v € S' the mapping,
P;, — a:ej, — v, defines an injective R-module homomorphism. By (iii), we thus
have a corresponding isomorphism

(Pj,)®™ = RS' Ca.
Next choose a maximal vertex js belonging to the subset
J2 = {j e gt [rj(a) = ni-ri(Py) > 0}

It follows that a;, = e;,a is a free ej, Re;,-module of rank n; - r;(Pj, ) +nq, for some
ng > 0. Let 8% = S§1US3 be a set of free e, Re;,-generators such that S7 generates
e;,(RS'). Then S has size no, and it follows as in the previous paragraph that we
have an embedding

(P;,)®" =5 RS2 Ca.

By the maximality of j; we have j; £ jo. It is also clear that RS3 ¢ RS!'. It
follows by (iii) that (RS*) N (RS3) = 0. We thus obtain an embedding

(P;,)®™ @ (P;,)®" =5 RS' + RS? C a.

Continuing in this way the process eventually terminates, since supp(a) is finite,
yielding the desired decomposition. O

The following is an analogue of the Krull-Schmidt theorem for the category of
finitely-generated projective R-modules.
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PROPOSITION 5.6. Given any finitely-generated, projective left R-module M €
Proj, (Q), there is an R-module isomorphism

~ Dn;
v=@r
il
for some nonnegative integers n;, only finitely many of which are nonzero. More-

over, given another such decomposition, M = @, ; PP™, we must have m; = n;
for all i.

PROOF. Since M is finitely generated, J = supp(M) is finite. Letting e = e<y,
we see that M is a projective module of the hereditary ring eRe. It follows from
[6] Theorem 5.3] or [14] that M is isomorphic to a finitely generated left ideal of
eRe. Hence Lemma yields a decomposition

M= P
iel
It follows that
I‘kp(M) = Zni . I‘kfp(Pl)
el
Since the vectors {rkp(P;)};c; form a basis for Z®!, the decomposition must be
unique. O

5.3. Assumptions (a)-(e). Let S; be a simple module supported only at
i € I. Then we obtain from (5.2) the standard resolution

0— P — P, — S; — 0,

where P} =D, ¢; Pj@nj for some integers n;. Then clearly n; = 0 unless j < 4. In
particular, if 4 is a minimal vertex then P/ = Pchi and hence
(5.3) (1-c) P =S5

which is non-zero by assumption (B). Now if ¢ € I is not minimal, then by assump-
tion (A) the set {j | j < i} is finite. We may thus use (5.2)) and (B.3) inductively
to write P; as a linear combination

~ 1 ~ ~
(5.4) P, = S; + ZTiij7 rij € Q.

1—¢
g j=i

The following proposition makes it possible to apply the results in the gen-
eral setting of the previous sections to the category R of finitely-presented quiver
representations.

PROPOSITION 5.7. The triple (R, P, A) satisfies the assumptions (a)-(e) in
Section [L1]

PRrROOF.

(a) Tt is clear.

(b) Since the path algebra R is hereditary, the category R is hereditary as well.
Furthermore, R has enough projectives by definition.

(c) It is clear that P = Proj,(Q), so this condition follows easily from Propo-
sition

(d) Tt follows from the expression (B.4).
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(e) If kr(A) = kr(B) for A, B € A, the standard resolution (5.2)) tells us that
e;A and e; B have the same number of elements for each ¢ € I. Then | Hom(P;, A)| =
| Hom(P;, B)| for each ¢ € I, and thus |Hom(P, A)| = |Hom(P, B)| for P € P by
Proposition |

It is also clear that the subcategory A C R satisfies the finite subobjects
condition (2.IT]), since each object A € A is a finite dimensional vector space by
Lemma 52l Thus A also satisfies conditions (212) and 213).

REMARK 5.8. The quiver IL; is called the Jordan quiver, and its path alge-
bra is isomorphic to the polynomial algebra k[z]. For each A € k, there is the
one-dimensional simple modules Sy over k[x] where = acts as A. Considering the
standard resolution (5.2), we see Sy = 0, and the assumptions (d) and (e) are not
satisfied. Nonetheless, the Jordan quiver is related to classical examples of Hall
algebras. One can find details, for example, in [21].

5.4. Quantum generalized Kac-Moody algebras. In this subsection we
recall the basic definitions concerning quantum generalized Kac—Moody algebras.
We keep the assumptions on the choice of v as in Section

Let I be a countable index set, and fix a symmetric Borcherds—Cartan matrix
A = (as5)ijer whose entries a;;, by definition, satisfy (i) a;; € {2,0,—-2,—4,...}
and (ii) a;j = aj; € Z<o for all 4,5. Put ["* = {i € I | a;; = 2} and I'™ = I\I"®,
and assume that we are given a collection of positive integers m = (m;);cy, called
the charge of A, with m; = 1 whenever ¢ € I"¢. We put

" — T n [n]!
=S5 = ] =
The quantum generalized Kac—Moody algebra associated with (A, m) is defined to
be the (unital) C-algebra U, generated by the elements K, Ki_l7 E;, Fy, fori e I,

k=1, ..., my, subject to the following set of relations: for i,j € I, k=1, ..., m;
and [ =1, ..., my,
(5.5) KK '=K 'K, =1, KK;=K;K,
(5.6) K,EuK ' =v"Ey,  K;FjK;'=v "Fy,
K, —K;!
(5.7) EyFj — FjEy, = 5lk5z‘jv_4v_’1’
(58) EikEjl — Eleik: = Fik:Fjl — Fleik =0 if Q5 = 0, and
170.”‘ 1
— Q4 l—a;;—n
> v [ B
n=0
l—aij
n|l— g5 l—a;j—n n i re . .
= > | Y Ey FpFjp=0 ifi€l™ andi# j.
n=0

The algebra U, is equipped with a Hopf algebra structure as follows (see [IL12]):
A(K;) = K; @ K,
A(Eg) =Ep @ K, ' +1® Eyy, A(Fy) = Fi, @ 1+ K; ® Fy,
e(K;)=1, e(Ey)=¢€(Fy)=0,
S(K;)=K; ", S(By)=—-EuK,;, S(Fy)=-K; " Fy.
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We have an involution 7 : U, — U, defined by E;x — Fj, Fip — E;; and
K, — K;l fori € I and k = 1, ..., m;. We denote by UY the subalgebra
generated by K iﬂ, and by U} (resp. U ) the subalgebra generated by Fyj (resp.
Fiy,). Similarly, we define U2 (resp. US?) to be the subalgebra generated by K
and Ej; (resp. Kiil and Fy) fori € I and k=1, ..., m;. Then

UY = C[K; M jer,

and the involution 7 identifies U} with U, .
The following result provides a triangular decomposition for U,.

PropPOSITION 5.9 ([I]). The multiplication maps
U ec Ul — U UlecU, — U,
and
Ul ®c U ®c U, — U,
are isomorphisms of vector spaces.

5.5. Embedding of U’ into a Hall algebra. Let A = (a;;)i jer be a
symmetric Borcherds—Cartan matrix such that each row has only finitely many
nonzero entries and a;; # 0 for any 7 € I. Fix a locally finite quiver Q associated
to A satisfying conditions (A) and (B): each vertex ¢ has 1 — a;;/2 loops, and two
distinct vertices ¢ and j are connected with —a;; arrows for ¢ # j. Then, since
a;; # 0 for any ¢ € I, the condition (B) is satisfied, and we can always choose an
orientation for Q so that (A) is satisfied.

If + € I"®, then there exists a unique simple object S; € Repy(Q) supported
at i. On the other hand, if i € I then the set of simple objects supported
at ¢ is in bijection with k®: if oy, ..., o, denote the simple loops at ¢ then to
A= (A1,..., ) € k% corresponds the simple module S; x = (V}, %) er,0c with
dimij = 5ij and Lo = /\k -id for k = 1, ooy Cie

Let us now assume that the charge m = (m;);cs satisfies

m; < |k“| =¢“ for each i€ I.

We choose A(l) e k% forl =1, ..., m; in such a way that A(l) # A(l/) for I # 1.
Then we set S;; = Si,A(” forie I" and | =1, ..., m;, and simply set S;1 = .5;
for i € I"*. Since S;; have the same projectives in the standard resolution (&.2]) for
alll =1, ..., m;, they define a unique class in K(R). We will denote this unique
class by S; for any ¢ € I.

The following lemma will be used in the proof of Theorem B.111

LEMMA 5.10. Let K(A) denote the image of the map K(A) — K(R) defined
in @1). Then the map dim : K(A) — Z%! is well-defined and is an isomorphism.
That 1is,

7% ~ K(A) = K(R).

PROOF. The map dim : K (A) — Z%! is well-defined by condition (e) which is

verified in Proposition 5.7} Clearly, the map is surjective. As noted already, there

is a unique class S; which represents all simple modules Sy in A for each i € 1.
Thus the map is injective. |

The following theorem, due to Kang and Schiffmann, is an extension of well-
known results of Ringel [20] and Green [9] from the case of a finite quiver without
loops to a locally finite quiver with loops:
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THEOREM 5.11 ([13]). Suppose k = F, is such that |k*
Then there are injective homomorphisms of algebras

> m; for alli € 1.

Ul — H,(A) and  UZ%— 1, (R)
defined on generators by Kiil — Ksjfil foriel,
By [Sa]l-(g—1)"'  foriel,
where Sy and S; are defined right before Lemma .10,

PROOF. Let %(Q) be the extended, twisted Hall algebra defined in [13]. It
is shown in [13] that

U < H,(A) and U205 74,,(Q).

Thus we have only to check that there exists an injective algebra homomorphism
Hox(Q) — Hy(R). The only difference between the two algebras is that, while

H,(R) is extended by K(R), the algebra %(Q) is extended by Z®!. Thus the

embedding of %(Q) into H,(R) follows from Lemma 510l O

5.6. Embedding of U, into DH,4(R). We keep the notations in the previ-
ous subsection. In particular, the matrix A is a Borcherds—Cartan Matrix and Q is
a fixed quiver corresponding to A. Suppose that U, is the quantum group of the
generalized Kac-Moody algebra associated with A.

Now we state and prove the main result of this paper.

THEOREM 5.12. There is an injective homomorphism of algebra
=: U, — DH,ed(R),
defined on generators by

E(Eu)=(q—1)""- Eg,,

(1]

(F’Ll) = (_U) : (q - 1)_1 ’ qu‘,l7

2(K:) = Kg,, E(KY) =K},
where | =1, 2, ..., m; and S; is the unique class representing Sy in K(R) for
each i€ I.

PROOF. We have a commutative diagram of linear maps

U oU2@U; —2—— H,(A) @ CIK(R)] ® Hy(A)

| |

Uv DHred (R)

[1

where the vertical arrows are the isomorphisms described in Propositions and
(9] respectively, and the homomorphism © is constructed out of the homomor-
phisms of Theorem B.11l The map = is a well-defined algebra homomorphism by
Theorem BTIT] and by Lemmas 10l ETT] and Corollary B7] which show that the
generators satisfy the defining relations of the quantum group. It is clear from this
diagram that = is injective. ([l

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



32 J. D. AXTELL AND K.-H. LEE

References

[1] Georgia Benkart, Seok-Jin Kang, and Duncan Melville, Quantized enveloping algebras for
Borcherds superalgebras, Trans. Amer. Math. Soc. 350 (1998), no. 8, 3297-3319, DOI
10.1090/S0002-9947-98-02058-3. MR1451594

[2] Richard Borcherds, Generalized Kac-Moody algebras, J. Algebra 115 (1988), no. 2, 501-512,
DOI 10.1016,/0021-8693(88)90275-X. MR943273

[3] Richard E. Borcherds, Monstrous moonshine and monstrous Lie superalgebras, Invent. Math.
109 (1992), no. 2, 405444, DOI 10.1007/BF01232032. MR1172696

[4] Tom Bridgeland, Quantum groups via Hall algebras of complexes, Ann. of Math. (2) 177
(2013), no. 2, 739-759, DOI 10.4007/annals.2013.177.2.9. MR3010811

[5] Igor Burban and Olivier Schiffmann, On the Hall algebra of an elliptic curve, I, Duke Math.
J. 161 (2012), no. 7, 1171-1231, DOI 10.1215/00127094-1593263. MR2922373

[6] Henri Cartan and Samuel Eilenberg, Homological algebra, Princeton University Press, Prince-
ton, NJ, 1956. MR 77480

[71 P. M. Cohn, Free ideal rings and localization 1in general rings, New Mathe-
matical Monographs, vol. 3, Cambridge University Press, Cambridge, 2006, DOI
10.1017/CB09780511542794. MR 2246388

[8] Tim Cramer, Double Hall algebras and derived equivalences, Adv. Math. 224 (2010), no. 3,
1097-1120, DOI 10.1016/j.aim.2009.12.021. MR 2628805

[9] James A. Green, Hall algebras, hereditary algebras and quantum groups, Invent. Math. 120
(1995), no. 2, 361-377, DOI 10.1007/BF01241133. MR1329046

[10] Anthony Joseph, Quantum groups and their primitive ideals, Ergebnisse der Mathematik und
ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], vol. 29, Springer-
Verlag, Berlin, 1995, DOI 10.1007/978-3-642-78400-2. MR 1315966

[11] Victor G. Kac, Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, Cam-
bridge, 1990, DOI 10.1017/CB09780511626234. MR1104219

[12] Seok-Jin Kang, Quantum deformations of generalized Kac-Moody algebras and their modules,
J. Algebra 175 (1995), no. 3, 1041-1066, DOI 10.1006/jabr.1995.1226. MR1341758

[13] Seok-Jin Kang and Olivier Schiffmann, Canonical bases for quantum generalized Kac-Moody
algebras, Adv. Math. 200 (2006), no. 2, 455-478, DOI 10.1016 /j.aim.2005.01.002. MR2200853

[14] Irving Kaplansky, Modules over Dedekind rings and valuation rings, Trans. Amer. Math.
Soc. 72 (1952), 327-340, DOI 10.2307/1990759. MR46349

[15] M. Kapranov, Heisenberg doubles and derived categories, J. Algebra 202 (1998), no. 2, 712—
744, DOI 10.1006/jabr.1997.7323. MR1617651

[16] Henning Krause, Krull-Schmidt categories and projective covers, Expo. Math. 33 (2015),
no. 4, 535-549, DOI 10.1016/j.exmath.2015.10.001. MR3431480

[17] Liangang Peng and Jie Xiao, Root categories and simple Lie algebras, J. Algebra 198 (1997),
no. 1, 19-56, DOI 10.1006/jabr.1997.7152. MR 1482975

(18] Liangang Peng and Jie Xiao, Triangulated categories and Kac-Moody algebras, Invent. Math.
140 (2000), no. 3, 563-603, DOI 10.1007/s002220000062. MR 1760751

[19] I. Reiten and M. Van den Bergh, Noetherian hereditary abelian categories satisfying Serre
duality, J. Amer. Math. Soc. 15 (2002), no. 2, 295-366, DOI 10.1090/S0894-0347-02-00387-9.
MR1887637

[20] Claus Michael Ringel, Hall algebras and quantum groups, Invent. Math. 101 (1990), no. 3,
583-591, DOI 10.1007/BF01231516. MR1062796

[21] Olivier Schiffmann, Lectures on Hall algebras (English, with English and French summaries),
Geometric methods in representation theory. II, Sémin. Congr., vol. 24, Soc. Math. France,
Paris, 2012, pp. 1-141. MR3202707

[22] Jie Xiao, Drinfeld double and Ringel-Green theory of Hall algebras, J. Algebra 190 (1997),
no. 1, 100-144, DOI 10.1006/jabr.1996.6887. MR 1442148

[23] Shintarou Yanagida, A note on Bridgeland’s Hall algebra of two-periodic complezes, Math.
Z. 282 (2016), no. 3-4, 973-991, DOI 10.1007/s00209-015-1573-x. MR3473652

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=1451594
https://mathscinet.ams.org/mathscinet-getitem?mr=943273
https://mathscinet.ams.org/mathscinet-getitem?mr=1172696
https://mathscinet.ams.org/mathscinet-getitem?mr=3010811
https://mathscinet.ams.org/mathscinet-getitem?mr=2922373
https://mathscinet.ams.org/mathscinet-getitem?mr=77480
https://mathscinet.ams.org/mathscinet-getitem?mr=2246388
https://mathscinet.ams.org/mathscinet-getitem?mr=2628805
https://mathscinet.ams.org/mathscinet-getitem?mr=1329046
https://mathscinet.ams.org/mathscinet-getitem?mr=1315966
https://mathscinet.ams.org/mathscinet-getitem?mr=1104219
https://mathscinet.ams.org/mathscinet-getitem?mr=1341758
https://mathscinet.ams.org/mathscinet-getitem?mr=2200853
https://mathscinet.ams.org/mathscinet-getitem?mr=46349
https://mathscinet.ams.org/mathscinet-getitem?mr=1617651
https://mathscinet.ams.org/mathscinet-getitem?mr=3431480
https://mathscinet.ams.org/mathscinet-getitem?mr=1482975
https://mathscinet.ams.org/mathscinet-getitem?mr=1760751
https://mathscinet.ams.org/mathscinet-getitem?mr=1887637
https://mathscinet.ams.org/mathscinet-getitem?mr=1062796
https://mathscinet.ams.org/mathscinet-getitem?mr=3202707
https://mathscinet.ams.org/mathscinet-getitem?mr=1442148
https://mathscinet.ams.org/mathscinet-getitem?mr=3473652

QUANTUM GKM ALGEBRAS VIA HALL ALGEBRAS OF COMPLEXES 33

UNIVERSITY COLLEGE, SUNGKYUNKWAN UNIVERSITY, 2066 SEOBU-RO, JANGAN-GU, SUWON-
SI, GYEONGGI-DO 16419, REPUBLIC OF KOREA
Email address: jaxtell@skku.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CONNECTICUT, 341 MANSFIELD ROAD U1009,
STORRS, CONNECTICUT 06269-1009
Email address: khlee@math.uconn.edu

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



	Quantum generalized Kac–Moody algebras via Hall algebras of complexes
	1. Introduction
	2. Hall algebras
	3. Hall algebras of complexes
	4. Associativity via the Drinfeld double
	5. Realization of quantum groups
	References


