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We determine the Grobner—Shirshov bases for finite-dimensional irreducible rep-
resentations of the special linear Lie algebra s/, and construct explicit monomial
bases for these representations. We also show that each of these monomial bases
is in 1-1 correspondence with the set of semistandard Young tableaux of a given
shape, © 2000 Academic Press

0. INTRODUCTION

In [10], inspired by an idea of Grobner, Buchberger discovered an effec-
tive algorithm for solving the reduction problem for commutative algebras,
which is now called the Grobner Basis Theory. It was generalized to asso-
ciative algebras through Bergman’s Diamond Lemma [2], and the parallel
theory for Lie algebras was developed by Shirshov [21]. The key ingredi-
ent of Shirshov’s theory is the Composition Lemma, which turned out to be
valid for associative algebras as well (see [3]). For this reason, Shirshov’s
theory for Lie algebras and their universal enveloping algebras is called
Grobner—Shirshov Basis Theory.

For finite-dimensional simple Lie Algebras, Bokut and Klein constructed
the Grobner—Shirshov bases explicitly [5-7]. In [4], Bokut, et al. unified the
Grobner-Shirshov basis theory for Lie superalgebras and their universal
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enveloping algebras and gave an explicit construction of Grobner—Shirshov
bases for classical Lie superalgebras.

The main idea of the Grobner—Shirshov Basis Theory for Lie (super)-
algebras may be summarized as follows: Let L be a Lie (super)algebra
defined by generators and relations. Then the set of relations can be com-
pleted to a basis S for the relations which are closed under composition. We
call S a Grobner-Shirshov basis for the Lie (super)algebra L and the set of
all S-standard monomials forms a monomial basis of L.

The next natural step is to develop the Grobner—Shirshov Basis Theory
for representations. In [15], we developed Grobner—Shirshov basis theory
for representations of associative algebras by introducing the notion of the
Grobner-Shirshov pair. More precisely, let (S, T) be a pair of subsets of
free associative algebra s, let J be the two-sided ideal of ¢ generated by
S, and let I be the left ideal of the algebra 4 = s0/J generated by (the
image of) 7. Then the left A-module M = A/I is said to be defined by
the pair (S, 7) and the pair (S, T) is called a Grébner—Shirshov pair for
M if it is closed under composition, or equivalently if the set of (S, T)-
standard monomials forms a linear basis of M. In [15], we proved the gen-
eralized version of Shirshov’s Composition Lemma for a Grobner—Shirshov
pair (S, T).

In this paper, we apply the Grobner—Shirshov Basis Theory for represen-
tations developed in [15] to the reduction problem for finite-dimensional
irreducible representations of the special linear Lie algebra s/, ;. That is,
we determine the Grobner—Shirshov pairs for finite-dimensional irreducible
51, 1-modules and construct explicit monomial bases for these modules. We
also show that each of these monomial bases is in 1-1 correspondence with
the set of semistandard Young tableaux of a given shape.

Let us describe our approach in more detail. Recall that the finite-
dimensional irreducible s/, ;-modules are parametrized by the partitions
with at most n parts and that each of these partitions corresponds to a
Young diagram with at most n rows. Let A be a Young diagram corre-
sponding to a partition with at most n parts and let ’(A) denote the finite-
dimensional irreducible representation of s/, ; with highest weight A. Then
the s/, ,;-module V(1)) is defined by the pair (S_, T,), where S_ is the set of
(negative) Serre relations and 7, is the set of annihilating relations for the
highest weight vector of 1/(\). First, we derive sufficiently many relations in
I7(A), the set of which is denoted by (¥_, 7, ), and determine the set G(A)
of all (¥_, J,)-standard monomials. We then give a bijection between G(A)
and the set of all semistandard Young tableaux of shape A. Hence we con-
clude that G(X) is a monomial basis of the irreducible s/, -module V(1)
and that (¥_, 7,) is a Grobner—Shirshov pair for V'(X).

The monomial basis G(A) can be given the structure of a colored orien-
ted graph, called the Grobner-Shirshov graph, which reflects the internal
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structure of the representation V' (A). However, the Grobner—Shirshov graph
is usually different from the crystal graph introduced by Kashiwara [17].

1. GROBNER-SHIRSHOV BASIS THEORY FOR
REPRESENTATIONS

In this section, we briefly recall the Grobner—Shirshov Basis Theory for
the representation of associative algebras which was developed in [15]. We
present the theory in a slightly different way so that it may fit into a more
general setting.

Let X be a set and let X* be the free monoid of associative monomials
on X. We denote the empty monomial by 1 and the length of a monomial
u by I(u). Thus we have /(1) = 0.

DEFINITION 1.1. A well-ordering < on X* is called a monomial order if
x < y implies axb < ayb for all a, b € X*.

Fix a monomial order < on X* and let s/y be the free associative algebra
generated by X over a field F. Given a nonzero element p € sy, we denote
by p the maximal monomial (called the leading term) appearing in p under
the ordering <. Thus p = ap+ > B,w; with o, B; € F, w; € X*, o # 0, and
w; < p. If a =1, pis said to be monic.

Let (S, T') be a pair of subsets of monic elements of s{y, let J be the two-
sided ideal of sy generated by S, and let I be the left ideal of the algebra
A = sy /J generated by (the image of) 7. Then we say that the algebra
A = sy /J is defined by S and the left A-module M = A/I is defined by
the pair (S, T). The images of p € sfy in A and in M under the canonical
quotient maps will also be denoted by p.

DEerINITION 1.2.  Given a pair (S, T) of subsets of monic elements of
sly, a monomial u € X* is said to be (S, T)-standard if u # asb and u # ct
for any s € S, t € T, and a, b, c € X*. Otherwise, the monomial u is said
to be (S, T)-reducible. If T = J, we will simply say that u is S-standard or
S-reducible.

Using the same argument as that in the proof of Theorem 3.2 in [15], we
can prove:

THEOREM 1.3. Every p € siy can be expressed as

P =Y ;b Bicit; + D Vi, (1.1)

where ai’ B/, ')/k (S [F, ai, bi’ Cj’ uk S X*, Si S S, tl S T, al‘s_ibi 5 ﬁ, C}E f ﬁ,
and u;, < p; and uy, are (S, T)-standard.
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The term ) y,u, in the expression (1.1) is called a normal form (or a
remainder) of p with respect to the pair (S, T) (and with respect to the
monomial order <). As an immediate corollary of Theorem 1.3, we obtain:

PROPOSITION 1.4.  The set of (S, T)-standard monomials spans the left
A-module M = A/I defined by the pair (S, T).

DEFINITION 1.5. A pair (S, T) of subsets of monic elements of siy is
a Grobner-Shirshov pair if the set of (S, T')-standard monomials forms a
linear basis of the left 4-module M = A/I defined by the pair (S, T'). In
this case, we say that (S, T') is a Grobner-Shirshov pair for the module M
defined by (S, T). If a pair (S, &) is a Grobner—Shirshov pair, then we also
say that S is a Grobner—Shirshov basis for the algebra A = s(y/J defined
by S.

Let p and g be monic elements of /y with leading terms p and g. We
define the composition of p and g as follows.

DEFINITION 1.6. (a) If there exist a and b in X* such that pa = bg =
w with I(p) > I(b), then the composition of intersection is defined to be
(p, @), = pa — bq. Furthermore, if a = 1, the composition (p, g),, is called
right-justified.

(b) If there exist @ and b in X* such that a # 1, apb = ¢ = w, then
the composition of inclusion is defined to be (p, q),, = apb — q.

Remark. The role of w is important since there can be different choices
of overlaps for given p and g, which does not occur in commutative case.
Also, we do not consider a composition of the type (p, q),, = p — agb with
b # 1, p = agb = w. This point will become critical when we consider the
notion of closedness under composition for a pair (S, T).

Let p,g € sly and w € X*. We define a congruence relation on sy as
follows: p = g mod (S, T;w) if and only if p — q = > aa;5:b; + 3 Bjc;t;,
where «;, B; € F; a;,b;,¢c; € X*; 5, € S5 1; € T; a;5:b; < w; and cjt_j < w.
When T = J, we simply write p = ¢ mod (S; w).

DErFINITION 1.7. A pair (S, T') of subsets of monic elements in sy is
said to be closed under composition if

i) (p,q)p =0 mod(S;w) for all p,q € S, w € X*, whenever the
composition (p, q),, is defined;

(i) (p,q), =0 mod(S, T;w) for all p,q € T, w € X*, whenever
the right-justified composition (p, g),, is defined;

(iii) (p,q)y =0mod (S, T;w) forall p e S, g €T, we X* whenever
the composition (p, q),, is defined.

If T =, we will simply say that S is closed under composition.
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In the following theorem, we recall the main result of [15] which is a gen-
eralized version of Shirshov’s Composition Lemma for representations of
associative algebras. The definition of a Grobner—Shirshov pair in this paper
is different from the one given in [15]. But, as we will see in Proposition
1.9, these two definitions coincide with each other.

THEOREM 1.8 [15]. Let (S, T) be a pair of subsets of monic elements in
the free associative algebra siy generated by X; A = siy/J the associative
algebra defined by S; and M = A/I the left A-module defined by (S, T). If
(S, T) is closed under composition and the image of p € sy is trivial in M,
then the word p is (S, T)-reducible.

As a corollary, we obtain:

PROPOSITION 1.9.  Let (S, T') be a pair of subsets of monic elements in sly.
Then the following are equivalent:

(@) (S, T) is a Grobner-Shirshov pair.
(b) (S, T) is closed under composition.

(c) Foreach p € sy, the normal form of p is unique.

Proof. (a) = (b). Consider a composition (p, q),,- By Theorem 1.3,
we obtain a normal form of (p, q),,. Since (p, q),, is trivial in M, any nor-
mal form of (p, q),, must be zero. Moreover, (p, q),, < w, which implies
(P @) =0 mod (S, T; w).

(b) = (c). Given p € sy, assume that we have two normal forms
> viup and Yy u, of p, where vy, vy, € F. Then Y (v, — v, )uy is trivial
in M, and by Theorem 1.8 we must have vy, = v, for all k.

(c) = (a). By Proposition 1.4, we have only to check the linear inde-

pendence of (S, T)-standard monomials, which follows immediately from
the uniqueness of the normal form. 1

Remark. Part (b) of Proposition 1.9 gives an analogue of Buchberger’s
algorithm as we have shown in [15]. However, in general, there is no guar-
antee that this process will terminate in finite steps. Still, such an algorithm
works in many interesting cases as we can see in the following examples.

Before focusing on finite-dimensional irreducible s/, ;-modules, we give
a couple of examples of the general Grobner-Shirshov basis theory for
associative algebras and their representations. In the examples given below,
we take the field F to be the complex number C and the monomial order
< to be the degree—lexicographic order. That is, we define u < v if and only
if I(u) < I(v) or /(1) = I(v) and u < v in the lexicographic order (cf. [15]).
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ExampLE 1.10. Let X = {d, u} with u < d and
S d’u — adud — Bud® — vyd,
“ | du? - audu— Butd —yu |’
where «, B, y € C. The algebra A(e, B, v) defined by S is called the down-

up algebra (cf. [1]). There is only one possible composition among the ele-
ments of S, which turns out to be trivial:

(d*u — adud — Bud* — yd, du* — audu — Bu’d — yu) .
= —Bud*u + Bdu’d
= —Bu(d*u — adud — Bud® — yd) + B(du* — audu — Bu*d — yu)d
= 0 mod (S; d*u?).
Hence § is a Grobner—Shirshov basis for the down-up algebra A(«a, B, v)
and the monomial basis of A(«, B, y) consisting of S-standard monomials
is given by
{u'(du) d*|i, j, k > 0}.
Let T = {du — A,d} with A € C and let M(A) be the left A(«, B, v)-
module defined by the pair (S, 7). Note that there is no right-justified

composition among elements of 7. Then the only possible composition
between the elements of S and T is trivial:

(d*u — adud — Bud® — yd, du — ) 2,
= —adud — Bud® — yd + Ad = 0 mod (S, T; d*u).

Therefore (S, T') is closed under composition, and by Proposition 1.9 the
pair (S, T) is a Grobner-Shirshov pair for the A(a, B, y)-module M(A).
Hence we obtain the monomial basis of M(A) consisting of (S, T')-standard
monomials, {u'|i > 0}.

ExAMPLE 1.11.  Let #,(S,) be the Iwahori-Hecke algebra of type A with

q € C*. Thus 7,(S,) is the associative algebra over C generated by X =
{T\,T5, ..., T,_;} with defining relations

S: T? —(g— DT, —q forl<i<n-1, (1.2)
IiTT - TT,T; forl<i<n-—2.
Define 7; < T; if i < j. We claim that § can be completed to a
Grobner-Shirshov basis & for #,(S,,) given as

T,T; - T,T, fori>j+1,
S TP~ (q— 1T, —q forl<i<n-—1, (1.3)
Tiy,jTi — TiT fori>j,
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where T; ; = T;T;_; --- T; for i > j (hence T; ; = T;). Since T;;; commutes
with 7, for j < k <i—1, we have

Tipy,iTiy1 = T T jTiy = T TTin T
=TT, TiTiy ;=TT

Hence all the relations in & hold in #,(S,). Note that the set B of
&-standard monomials is given by

B = {Tlrle2>j2T3?j3 T Tn_l’jn—l | l S ]k S k +1
forall k =1,2,...,n—1},

where T; ;.; = 1. Then the number of elements in B is n! which is equal
to the dimension of #,(S,,). Therefore, by Proposition 1.4, the set B is a
linear basis of #,(S,), and hence the set & is a Grobner-Shirshov basis for
the Iwahori-Hecke algebra 7,(S,,).

For the representations of #,(S, ), we only consider one special example.
The general Grobner—Shirshov basis theory for Iwahori-Hecke algebras
and their representations will be investigated elsewhere [16].

Let n = 4 and let M be the #,(S,;)-module defined by the pair (¥, T),
where

T={T'T,),+T,+TYI,+T,+ T +1}.

It is clear that there is no right-justified composition among the elements
of T. As for the compositions between the elements of & and T, there are
three possibilities:

(LT -1/, T\, + T, + T+ T, + Ty + 1)T3T|T2)]

=-N'T, - - TGLhTL-T5, -1, - 1;

=-TNT,—T:; —T\T;, = T;, - 115 — T; mod (¥, T; ;11 T, ,);
(T{ — (¢ - DT, — g, 'L+ L+ T L+ T+ T+ Dy,

=—q(iT+ L+ T/ T, + T, + Ty +1) =0 mod (¥, T; T1 T 4 );
(I, =TT, ' T + o+ T L+ T+ T+ Dy

=-N\LT} -G - LT, -T; - T, - T)

=—q(T) )+, + T/ T, +T,+ T, +1)=0mod (¥, T; T, 1 15, 1)-

Thus T can be extended by adding the nontrivial composition
T=TU{NT;+ T3, + T)/T5,+ T3, + T\ T3 + T3}

Then it is straightforward to verify that there is no additional nontriv-
ial composition between the elements of & and 7. Hence (¥,7) is a
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Grobner-Shirshov pair for the left #,(S,)-module M defined by the pair
(<, T). It is now easy to see that the monomial basis of M consisting of
(<, J)-standard monomials is given by

B=AT\ T, T;,|1<j<2,1<k<3,1=<1<4}
{1, T\Ts1, To1 T30, 1 To 1 T 0}
and that dim M = 20.

2. GROBNER-SHIRSHOV PAIRS FOR
IRREDUCIBLE s, ;-MODULES

We now turn to finite-dimensional irreducible representations of the spe-
cial linear Lie algebra s/, , the Lie algebra of (n + 1) x (n + 1) matrices
with trace 0. In this section, the base field will be the complex field C and
our monomial order will be the degree-lexicographic order.

Recall that the Lie algebra s/, is generated by {e;, h;, fi | 1 < i < n}
with the defining relations

W [hihj] (i > ), leifi] = 8hi,
leih;]+aje;, [hifi] + aiif;s
Syt [eileiel]s [leiieile;] (I<i<n-1), (2.1)
[eiej] (i>j+1), )
S_ ¢ [filfin il Wi filfi (I=i=n-1),
[fifi] (i>j+1),

where the Cartan matrix (a;;)<; j<, is given by
a; =2, ajp1;=0a; ;1 =-1, a; =0 for|i—j|>1 (2.2)

Let U be the universal enveloping algebra of s/, ; and let U, (resp.
U_) be the subalgebra of U generated by E = {e;, ..., e,} (resp. F =
{fi,--.5 fu}). Then the algebra U, (resp. U_) is the associative algebra
defined by the set S, (resp., S_) of relations in the free associative algebra
g on E (resp. sip on F).

For i > j, we define

[eij] = [eilei—i[- - - [ejr1e)]1], €jj =€;€i_1--¢€j, (2.3)
] = Ufilfial - Ui 510 fy = fifica - £ '
(Hence [e;] = e; = ¢; and [f;] = f;; = f.) We also define ¢; < e, f; < f;
ifand only if i < j, and (i, j) > (k,/)ifand only if i > kor i =k, j > L.
In [5], Bokut and Klein extended the set S, to obtain a Grobner—Shirshov
basis &, for the algebra U, as given in the following proposition.
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ProposITION 2.1 ([5, 19]) Let

Sy =Alley), lewll| (¢, 7) > (k. D), k#j—1}, (2.4)
S =Kyl Vel G ) > (K, 1), k #j—1}. '

Then &, is a Grobner—Shirshov basis for the algebra U, . In addition, in U_,
[[eij]a [6/’71,1(]] = [ex] and [[fij]> [fjfl,k]] = [fic]- (2.5)

Remark. The Grobner-Shirshov bases for classical Lie algebras were
completely determined in [5-7]. There is another answer to this problem
given by Lalonde and Ram [19]. (See also [13].) For classical Lie superal-
gebras, the Grobner—Shirshov bases were determined in [4]. 1

Recall that the finite-dimensional irreducible representations of s/, are
indexed by the partitions with at most n parts and that each of these par-
titions corresponds to a Young diagram with at most n rows. Thus we will
identify a partition with the corresponding Young diagram.

Let A =(A; = Ay > --- > ), > 0) be a partition with at most n parts and
let V(A) denote the finite-dimensional irreducible representation of s/,
with highest weight A. Set

mi:)\i_Ai+1 fori=1,2,...,n. (26)

(Here, A, .4 = 0.) Then it is well-known (see [14], for example) that the
sl,.1-module V(1) can be regarded as a U_-module defined by the pair
(S_, T)), where

:{fimi-&-l | [ = 1, “"n}‘ (27)
For convenience, we define
k i—1 s
Hio= T (T2 )ittt T,
s=i+1 “t=1 (=it2

for i, k and a, ,,r; € Z.,.

We will say that a relation R = 0 holds in U_ whenever R belongs to
the two-sided ideal of sy generated by S_. Similarly, we will say that a
relation R = 0 holds in V' (\) whenever R is contained in the left ideal of
U_ generated by T,.

We now can state the main theorem of this paper.

THEOREM 2.2. Let A = (Ay > Ay > --- > A, > 0) be a partition with at
most n parts and let V (A) denote the finite-dimensional irreducible represen-
tation of sl, | with highest weight \. Then the relations

ay, J j+] J

;! b et g
)IREEEDS m i1t Hi,,=0, (2.8)

r,=0 ri1=0
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Ait1,j b;

SO ol i LR/

r,=0 rig=0r=—k itk

| (2.9)
X [ﬁ,j]b”jri[ﬁ,j+1]ri+k( [1 [fi,t]a"’>Hi+1,n =0,

t=j+2
where sz - m + 1+Z:l z+1(as Jj+1 = s;) B/ i+1 = Ha 1+l( 3) |r|l
Y15, and the summand is 0 whenever |r|; < 0, hold in V ()).

The proof of Theorem 2.2 will be given in the next section. In the rest
of the section, assuming that Theorem 2.2 is proved, we will determine the
Grobner-Shirshov pair for the irreducible representation V' (A) of s/, | with
highest weight A.

Let J, be the subset of s{y consisting of the elements from (2.8)
and (2.9),

Ajy1,j b.

n, j Al

JJ* bj j+Irlj1
Yoo Y i Bl Hipy
=0 rjy=0 (bj,j + Irlj0)! o e

5 i' ZJ ,~,,~+1(b +k)f|r,

no0 romon—k Tl \ itk

< Lo P ’*k( 1/ ) i

1=j+2

Note that the maximal monomials in the relations (2.8) are of the form
b; n Soa
ij l_[ H o
s=j+11=1

with 7, = - -+ = r;;; = 0. Similarly, the maximal monomials in the relations
(2.9) are of the form

n N
i, k A ¢
zljzj+1 l_[ fl l_[ Hf&f
t=j+2 s=i+1 t=1
withr, =---=r ;=r=0.
Our observation yields the first half of the following proposition.

PROPOSITION 2.3. (a) The set G(A) of (¥_, T, )-standard monomials is
given by

G(A)={]_[]_[ﬁ 0<a;, b,.,,—1}, (2.10)

i=1j=1

where b; J=m + 1+ 3 1(ag 11 — ay ;). Note that, since b; ; involves
those ag ,’s wlth s > i+ 1only, the a; ;’s can be determined recurszvely
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(b) The set G(A) is in 1-1 correspondence with the set of all semistan-
dard Young tableaux of shape A.

Proof.  We need only to prove part (b). Let Y* = {(i,j) |1 <i<n, 1<
j < A;} be the Young diagram corresponding to A. (Note that A; = m; +
miq + -+ -+ m,.) A semistandard Young tableau of shape A is a function 7
from the set Y* into the set {1,2,...,n,n+ 1} such that

(i, j)) <7(i,j+ 1) and (i, j) <7(i+1,)) for all i and ;.
As usual, we can present a semistandard Young tableau by an array of

colored boxes. The following are examples of semistandard Young tableaux
of shape 2A, 3A,, and A + 2A;, respectively.

1]2]2 1]1]2
2103

Let %(A) denote the set of all semistandard tableaux of shape A. We
define a map ¥: G(A) — %(A) as follows:

(a) Let W(1) be the semistandard Young tableau 7* defined by
(i, j) =i for all i and j.

(b) Let w = [T [T\ f,a’]’ be an (¥#_, 7,)-standard monomial in
G()A). We define W(w) to be the semistandard Young tableau 7 obtained
from 7 by applying the words f; ; successively (as a left U_-action) in the
following way:

The word f; ; changes the rightmost occurrence of the box | | in the jth
row of ™™ to the box .

For example, for the word w = f1f22f3, 3 in G(Ay + Ay +2A3), W(w) is
the semistandard Young tableau

124\

It is now straightforward to verify that W is a bijection between G(\) and
Y. 1
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By Proposition 1.4, G(A) is a spanning set of V/(A), and since
dim V' (A) = #%(A) (see, for example, [18]), it is actually a linear basis of
V' (A). Therefore, we conclude:

THEOREM 2.4.  The pair (¥_,9)) is a Grobner—Shirshov pair for the irre-
ducible sl,  -module V (A) with highest weight A, and the set G(A) is a mono-
mial basis for V()).

3. THE RELATIONS IN V(A)

In this section, we will derive sufficiently many relations in V/(A) in a
series of lemmas so that we would get a proof of Theorem 2.2. Recall that
we say that a relation R = 0 holds in U_ whenever R belongs to the two-
sided ideal of 54 generated by S_, and that a relation R = 0 holds in V(1)
whenever R is contained in the left ideal of U_ generated by 7).

We start with some relations in U_ which will play an important role in
deriving the other relations in V().

LeEMMA 3.1.  The following relations hold in U_:
Fllfimr ol = mlfio o U + o k] (m= 1), (30)

Proof.  If m = 1, then there is nothing to prove. Assume that the rela-
tions in (3.1) hold for some fixed m. Since [fyl[fji_1, k] = [fj—1, £ ][fi] in
U_, Proposition 2.1 yields

Ullfimn 1 = mlfi " U U k) 4 Lo, U1 o, k]
= m[fi_1 "] + Uj—r, "] + U=, 105D
= (m+ D[fj_1, 1" [fia] + [fj—l,k]m+1[ﬁj],

as desired. I

For i, j,k > 0 and a, ,, r; € 7., we define

Fre= 11 (inl[fs,,rs’f)( I 15.1).

S=i+1 t=1 t:i+2
k i—1 K

Ginx= Tl (H[fs,,l%f)( 1 [fs,,]““>,
s=i+1 t=1 t=i+1

nola n
Bj,izl_[(;’j)a |r|i=era
s=i

s=i s

n
bij=mj+1+ Y (a5 —ay;)

s=i+1
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Then we can derive the following set of relations in V' (A):

LEMMA 3.2. In V(A), we have

1T (ﬁ[ﬂ,;]“*’)( [150) = [ Giia =0 (32)

s=i+1 M=1 t=i+1
where a; , € Zogand ¢; =m; + 14+ 37, ag ;..

Proof. Note that F;,, , involves only [f; ,] such that (s, t) > (7, ) and

t # i+ 1. Hence, by Proposition 2.1, F; , ,, commutes with f;. Since f["iﬂ
belongs to T,, we have

m;+1 _
fi Fi+1,n =0.

Thus the relation (3.2) holds when a ;,; =0 for all i + 1 < s < n. Assume
that the relation (3.2) holds when a; ; .y =0fori+1<s <k andq;;, €
Z are arbitrary for k + 1 < s < n with some fixed k. Then we have

Ci
Ji'Fis1 kGryr,n =0.
Furthermore, assume that, for some fixed a; ;.4 = > 0, we have

k

fﬁ”FiH,k1(;111[fk,,1“kn)[fk, (T U0 ) Gena =0, 33)

t=i+2

Multiplying by [f; ;1] from the left and using Lemma 3.1, we obtain

0= [fk,m]f,-“‘*’F,-H,k1(ﬁ[fk,t1“k-f)[fk,iﬂ]f( I Ui )G

t=1 t=i+2
i—1

k
e+ D o (n i 1) Uil ,~+1]l( I [fk,zJ“w) G

t=1 t=i+2
¢+l i1 1 k
e Fm,k1(H[fk,,1“kvt)[fk,m]“( 1 [fk,J“kvf)GkH,n.
=1 t=i+2
It follows that
k

i—1
7 Erpa (T 0 e MWl T Uil )G 34

t=1 t=i+2

== e (T Yot ( T1 0 )G

¢ +1 t= t=i+2
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Now, by multiplying the left-hand side of the relation (3.3) by [f; ;] and
using the relation (3.4) obtained in the above, we get
i-1

0= et Frvn T 0% ) e ( I Ui )G

t=1 t=i+2
fc+lF+1 k- I(H[fk J% ‘> [fe, il fx, i1] <t l;[Lz[fk % ’)Gk+1 n
— = B (T 1(t:1i2[fk,t1“k~f)GkH,n,

which is the relation (3.3) for a; ;,, = [+ 1. Hence, by induction, we obtain
the relation (3.2) when a, ;. =0 for i+1 <s < k-1 and a, ., are
arbitrary for k < s < n. By applying the induction once more, we obtain
the desired relations. |

We now derive the relations in (2.8).
LemMA 3.3. In V(A), we have

p, j A1,

)IRIEDS

=0 1y =0 (bj,, + |r|]+ Y

Proof. 1If a, ;= 0 for j+1 < s < n, then the above relations are just
the relations proved in Lemma 3.2. Assume that the relations hold when
a, ;=0for j+1 <s <k and a, ; are arbitrary for k +1 < s < n with k
fixed. Then we have

Ay, j Ay, j

2 X

=0 1 =0 (bj + |r|k+ )!

Furthermore, for some fixed a; ; = [ > 0, suppose that we have the
relations

+‘r|]+l

By Hi =0, (35)

bj i+l
s i + _
B; k+1fj G, kHiy1,, =0.

[ /JH’|/< J-1 “
L= mf z+w—1(1‘[[fk,t] )

Typseees Tk+1 rk—O =1

k
S T R () 0 )

t=j+2
Multiplying by [ fk i +1] from the left, we get

i'Bjk b j-1 .
0= 2 Z (b“+|r| )v[fk j+ilfi P j+1,k—1(1_[[fk,t] ‘*’)

Ty weosTieqn =0 t=1

k
e [fk,jﬂlawk( 1 [fk,,J“kvt)HkH,n

t=j+2
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I b; 'B; by 41 j-1 »
— Z > mf j+1,k1(1_[[fk,t] )

T oesTh 1 1= =1

k
. [fk,,-]’“’k[fk,j+11“k’f+l+rk( 1 [fk,,]“kﬂ)HkH,,,

t=j+2

il L
+ X me” ‘G ;+1,k1(n[fk,t]a"">

Ty eoosTiqr 17 =0 t=1

k
x [fk,,]lrk[fk,j+1]“k>f+l+m+l( 1 [fk,,]“k«')HkH,,,

t=j+2

]](B k+B]k)

b+ .
-y ¥ G G (M)

Fus weesTst 7 =0

k
. [fk,jl’“—’k[fk,,-H]“w*’k( I [fk,trkvf)HkH,n,

1=j+2

where

[ l
Bj« =Bj,k+1(rk>, },k = Bj’k+1<rk _ 1) forl<r, <l
Bj,kZOifrk:l+1> and B}7k=0ifrk:0.

Dividing out by the leading coefficient b; ;, we get the relation (3.5) for
ar,j = I + 1. Using the induction twice as in Lemma 3.2, we obtain the
desired relations. 1

Finally, we can derive the relations in (2.9), which completes the proof
of Theorem 2.2.

LEMMA 3.4. The relations
Ait1,j b;

z Dol (AT

=0 ra=0r—k rl! \ i+ k
< U Ui (T ) Hia =0, GO
1=j+2
where the summand is 0 whenever |r|; < 0, hold in V(A).

Proof. In Lemma 3.3, set a; ; = b; ; = m; + 1+ 30, (a, ;41 — 4, ),
a; iy1 =0, andas,j+1_a,-_0for]~|—1§s§z—1 Then b; ; = 0 and
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we have

1S}

' i] i Bj i1 b, ; f!r|[
r )

t+1_0r_0 |r|l!

\
Il
=)

< U Aol (T U0 )i =0,
t=j+2
which is just a scalar multiple of the relation (3.6) for k£ = 0. Assume that
the relations in (3.6) hold for some fixed k. Multiplying by [f; ;] from the
left, we get

i’j+k
r,'+k

S T

Tps o5 r_*k |r| '

)mmm

Lmywmmw(ﬁmmﬁmﬂn

t=j+2

-y Z /z+1 (,]+k>f|r,1

LITRRI !+1r_7k (|r|l - 1)' r + k

< Ly, P ’“@Tmmﬁmﬂn

t=j+2

J, i+1 l}+k |7];
> Z |r|'(r+k)f

Ty e lig1 1j=—

~

umwwmwwm(nm

1=j+2

]a"")HiH,n

bij B
_ Z Z Js H'-lB//fj\rli

Ty eeoslig1 ri=—(k+1) |I’|[.

[ﬁ]'mwwm(nmmﬁmﬂm
=j+2
where

a; i+k a; i +k a;  +k+1
B//: b L = L f > —k
<ri+k+1>+<r,-+k> (r,»—i—k—i—l) orti =

and
B"=1 ifr;=—(k+1).
By induction, we obtain the desired relations. 1
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FIG. 1. The Grobner-Shirshov graph G(A, + A;).

4. GROBNER-SHIRSHOV GRAPH

Let G(A) be the monomial basis of the irreducible s/, -module V()
consisting of (¥, 7,)-standard monomials. We define a colored oriented
graph structure on the set G(A) (and hence on the set of semistandard
Young tableaux of shape A) as follows: for each i = 1, 2, ..., n, we define

w—>w' if and only if w' = fiw.
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FIG. 2. The crystal graph B(A, + A3).

The resulting graph will be called the Grobner—Shirshov graph for the
irreducible s/, ;-module V'(A) (with respect to the monomial order <).
However, the Grobner-Shirshov graph G(A) is usually different from the
crystal graph introduced by Kashiwara [17, 18]. In most cases, the crystal
graph B(\) has a vertex receiving more than one arrow, whereas the
Grobner-Shirshov graph G(X) (with respect to any monomial order) can-
not have such a vertex. It would be an interesting problem to investigate
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the behavior of a Grobner-Shirshov pair and a Grobner-Shirshov graph
with respect to various monomial orders.

In Fig. 1 we give an example of the Grobner—Shirshov graph G(A) of the
irreducible sl,-module V' (A) with highest weight A = A; + A3 = (2,1, 1),
where A; are the fundamental weights. We draw the graph in such a way
that it may reveal the weight structure of I/(A). If we avoid the crossings in
drawing the Grobner-Shirshov graph, we will always obtain a tree as one
can see easily from the definition. For comparison, we also give the crystal
graph B(A) of 1V (A) in Fig. 2.
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