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SPHERICAL HECKE ALGEBRAS OF SL, OVER 2-DIMENSIONAL
LOCAL FIELDS

By Henry H. Kim and Kyu-HwaN LEE

Abstract. In this paper, we study spherical Hecke algebras of SL, over two dimensional local fields.
In order to define the convolution product, we make explicit use of coset decompositions. We
also consider spherical Hecke algebras of the torus of SL, and construct the Satake isomorphism
between two spherical Hecke algebras. In order to define the Satake isomorphism, we use the
invariant measure on two-dimensional local fields with values in R((X)) constructed by I. Fesenko.

Introduction. The Satake isomorphism (or Satake parameters) play an im-
portant role in the Langlands program. Especially, the local L-functions of spher-
ical representations are defined using Satake parameters. More precisely, let G be
a connected split reductive algebraic group defined over a local field F. Then the
Satake isomorphism gives one-to-one correspondence between the set of equiv-
alence classes of spherical representations of G(F) and the set of semi-simple
conjugacy classes in the L-group G(C) (see, for example [Ca]). Let 7 be a spher-
ical representation of G(F) with the semi-simple conjugacy class ¢, in G(C), and
let r : G(C) — GLn(C) be a finite-dimensional representation. Then the local
L-function is defined by

L(s,m,r) = det(I — r(ty)g )",

where ¢ is the cardinality of the residue field of F.

The study of spherical representations is exactly the study of the spherical
Hecke algebras, the set of C-valued compactly-supported functions which are
bi-invariant under the action of the maximal compact subgroup. On the other
hand, there is another important algebra, namely, the Iwahori Hecke algebra; the
one attached to the Iwahori subgroup. It is well known by Bernstein’s theorem
that spherical Hecke algebras are the center of Iwahori Hecke algebras. This fact
plays an important role in the representation theory of p-adic groups.

This paper arose in an attempt to define local L-functions for affine Kac-
Moody groups over a local field, which are attached to extended Dynkin diagrams.
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Kac-Moody groups are infinite dimensional groups which are not locally compact.
Hence there are no Haar measures. Affine Kac-Moody groups over a local field
are closely related to split simple algebraic groups over a 2-dimensional local
field. The class of such fields includes finite extensions of the fields Q,((?)),
F,((t1))((t2)) and Q,{{t}} (for the definition see [LF]). Kapranov [Ka] studied
an analogue of Iwahori Hecke algebras for certain central extensions of split
simple algebraic groups over 2-dimensional local fields. He used an analytic
continuation technique and the residue construction of the Cherednik algebra
which does not use generators and relations. He proved that indeed the algebra
of Hecke operators associated with double cosets is isomorphic to the Cherednik
algebra. By analogy with Bernstein’s theorem, we could consider the center of
the Cherednik algebra. The problem is that the center contains an infinite sum
and so we run into a convergence problem.

In this paper, we study spherical Hecke algebras of SL,(F) with respect to
the “maximal compact subgroup” SL,(0O), where F is a 2-dimensional local field
and O is the ring of integers with respect to the 2-dimensional valuation. There
are several difficulties we need to overcome. First, since the group is not locally
compact, we need to find an analogous notion of “functions with compact support”
in the classical case. We will consider functions which are zero outside certain
union of double cosets, introducing the concept of weight (See (3.6)). Similarly,
we define spherical functions on the torus 7. Second, since there is no Haar
measure, we need to define the convolution product in a combinatorial way. This
will be done by using an explicit coset decomposition of a double coset into right
cosets. Because a double coset of K = SLy(O) is an uncountable union of right
cosets of K, we need to make the convolution product to be zero outside certain
union of double cosets (See (3.9)). Third, when we want to define the “Satake
isomorphism”, imitating the classical construction by using the integral on the
unipotent radical U(F), we need measure on U(F). We use the invariant measure
constructed by I. Fesenko. However, since it is R((X))-valued, we have to define
the integral to be zero outside certain double cosets to make the resulting function
to be C-valued (See (5.5)). We show that the spherical Hecke algebra H(G, K) is
a commutative algebra, “generated” by three elements. (Here “generated” means
that we must allow certain infinite sums.)

We explain briefly the contents of this paper. In Section 1, we briefly review
the theory of an invariant R((X))-valued measure on F constructed by I. Fes-
enko. We note that the additive group of a 2-dimensional local field is not locally
compact with respect to its topology and therefore by Weil’s theorem, there is
no nontrivial Haar measure on it. In Section 2, we generalize the Cartan Decom-
position to the case of groups over 2-dimensional local fields. In Section 3, we
define the spherical Hecke algebra of SL,(F) with respect to the subgroup SL,(O),
and its convolution product. Since we have not yet constructed an invariant mea-
sure on SLy(F), we need to define the convolution product in a combinatorial
way. However, we hope to construct an invariant measure so that we may define
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the convolution product as an integral. In fact, our definition of the convolution
product was motivated by such a formula (See Remark 5.13). In Section 4, we
construct the spherical Hecke algebra of the torus of SL,(F). The final section is
devoted to the construction of the “Satake isomorphism” between two spherical
Hecke algebras in Sections 3 and 4. In the definition of this algebra isomorphism,
we use Fesenko’s measure and integration theory in Section 1.

There are many questions to be answered such as determining the structure of
spherical Hecke algebras, the study of spherical representations of G(F), and an
analogue of the semi-simple conjugacy classes. We hope to generalize our results
such as spherical Hecke algebras and the Satake isomorphisms to any split semi-
simple algebraic groups over 2-dimensional local fields in the near future.

Acknowledgments We would like to thank Professor Fesenko for many
useful remarks and explanation of his measure. Thanks are due to Dr. J. Gordon
and Professor M. Kapranov for their help. Thanks are also due to the referee for
many comments.

1. Invariant measure on 2-dimensional local fields. In this section, we
briefly review the theory of the invariant measure on 2-dimensional local fields
defined by I. Fesenko [Fe]. We refer the reader to [LF] for the definition and
properties of a 2-dimensional local field.

Let F( = F») be a two dimensional local field with the first residue field F}
and the last residue field Fo( = ) of ¢ elements. We denote by ¢, the discrete
valuation of rank one of F' and by »; the discrete valuation of Fy. Also fix a
discrete valuation v : F* — Z? of rank two. Recall that Z? is endowed with the
lexicographic ordering from the right. Let #1,#, be local parameters with respect
to the valuation »v. With respect to the 2-dimensional valuation v, we have the
ring of integers O of F, its maximal ideal M and the group of units U. These do
not depend on the choice of v. Similarly, for the field F|, we use the notations
O, M, and Uy, respectively. Also, we denote by O,; the ring of integers of F
with respect to the discrete valuation 2 of rank one, so f, generates the maximal
ideal M5, of O;;. There are natural projections

p: 0 — O/M =F(), p21 - 021 — 021/M21 = F1 and
Pl :01 — 01/M1 =F().

Example 1.1. Assume that F = Q,((r)) with local parameters #; = p and
t, =t. Then

Fi = Qp’ Fo = Fp’ 0= Zp + t@p[[l]]v M =pr + t@p[[t]],
U=Z;+tQplltll, 021 =Qpllrll, Mar = tQpll11l, 01 = Zy,
M] =pZ , U] = Z;(
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In the following definition, we specify a family of measurable sets.

Definition 1.2. A subset of F is called distinguished if the set is of the form
a+titj0, a€F,ijecl.
We denote by A the minimal ring containing all distinguished subsets of F.

Alternatively, distinguished sets are shifts of fractional principal O-ideals of
F, and A is the minimal ring which contains sets o + tép{ll (S), j € Z, where S is
a compact open subset in F.

A sequence {)_; sl(.m)Xi bmen in C((X)) converges to 0 if sgm) — 0 for each i
and there is iy such that sf."“ =0 for all i < iy and for all m. We define a linear
map res; : C((X)) — C by Zanj — a;. A series > ¢, ¢, € C((X)), is called

absolutely convergent if it converges and ) |res;(c,)| converges for every i.

Lemma 1.3. [Fe] There is a unique measure i on F with values in R((X)) which
is shift invariant and finitely additive on A such that () = 0 and

utio)=q~'x  fori,j e Z.

If S is a compact open subset in Fj, and p; is the normalized Haar measure
on Fy such that u(0;) = 1, we get ,u(tépz_ll(S)) = X1 (S). We define a two
dimensional module | - | on F by

0| =0, titdu| = q~'X'  forue U.

Then we see that u(aA) = |a|u(A) for A € A and « € F*.

Let Rr be the vector space generated by functions f = > ¢, charys,, with
countably many disjoint distinguished sets A,, and ¢, € C such that > c,u(Ay)
converges absolutely, and by functions g which are zero outside finitely many
points. Then we define the integrals

/fdu = Z cnpi(Ap) and /gd,u =0.

See [Fe] for the well-definedness.

Remark 1.4. The measure p is countably additive in the following sense.
Assume that A € A is a disjoint union of A; € A (i = 1,2,...). Then we have
WA) =>" u(A;), whenever Y u(A;) is absolutely convergent in R((X)). For more
properties of the measure p on F, we refer the reader to [Fe], where one can
also find the definition and discussion of local zeta integrals on topological K-
groups of F. A generalization of the measure and harmonic analysis to higher
dimensional local fields has been developed in [Fel].
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2. Cartan decomposition of G. We prove the Cartan Decomposition with
respect to the 2-dimensional local field structure for a connected split semi-simple
algebraic group.

Let G be a connected split semi-simple algebraic group defined over Z. We
fix a maximal torus T and a Borel subgroup B such that T C B C G, and then
we have U = [B,B], the unipotent radical of B and Wy = Ng(T)/T, the Weyl
group of G. We consider the groups

G=G(F), K=G(), Ky =G(0y) and T=T(F).

Let

N=Ng(T), I={xeK:px) €BFp} and W =N/T(0).

We call I double Iwahori subgroup of G and W double affine Weyl group of G.
We define the characters and cocharacters of T by

X" =X*(T) =Hom(T,G,) and X, =X.(T)=Hom(G,,T).

We denote the set of roots of G by @ C X*, the set of positive roots by ®*
and the set of simple roots by A C ®*. The positive Weyl chamber P* in X, is
defined to be

P ={XeX.: (\a)>0forall oA}

Recall that there is a partial ordering on X,: A > p if A — p can be written as a
nonnegative linear combination of simple coroots. We denote by p the half sum
of positive roots. We put X, = X, ® X, and let P* be the set of all (A1, \r) € X,
such that A, € P* and (A}, @) > 0 whenever (\, @) =0 for a € A. We define a
partial ordering on X, to be the lexicographic ordering from the right, i.e.

Q2.0 ALA) > (pLp) S A >, or Apy=pup and Ap > py.

LEMMA 2.2. The set B+ is a fundamental domain for Wy-action on X, where
the action is given by w(\, A2) = (WA, wAp) for w € Wy and (A1, \p) € X..

Proof. Given (A, ;) € X,, we can find wy € Wy such that wo, € P .
Assume that (woAp, ) = 0 for some a € A. If (woAj,a) > 0, then we put
wi = wp. Otherwise, let o, be the simple reflection corresponding to «. In this
case, we put wi = o,Wwp, and then

(Wi, @) = (Ga(WoA2), @) = (woAp, ) =0,
and <W1)\1,0¢> = <UQ(W0/\1),04> = —<W0)\1,0é> > 0.
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Continuing this process, we can find an element w of Wy such that (WA, wh,) €
P

Now assume that (A, \2), (11, p2) € P+ and (WA, whz) = (1, o) for some
w € Wy. Since A2, p12 € P™ and wha = p1p, we see that Ay = i and w is a product
of simple reflections fixing Ay, say w = 0q, - -+ 0q4,. Then A; := {aq,..., a5}
forms a root system with the Weyl group W; generated by the simple reflections

Tays- - - » Oag. Furthermore, (Aj, ;) > 0 and (u1, ;) > 0 for all 1 <i < s. Now
a standard argument tells us that wA; = p; actually implies A; = u;. See, for
example, [Hu]. O

Given (A, \y) € X,, there is a w € W, such that (wA;,wh;) € Bt by
Lemma 2.2, and we define

DAL, A) ={p € Xi 0 (wu,whp) € BF and wu < whi }.

PRrROPOSITION 2.3. The group G has the following decompositions.

(1) (Bruhat Decomposition) [Ka]

G=]] mI.

wew

and the resulting identification I\G /I — W is independent of the choice of repre-
sentatives of elements of W.

(2) (Cartan Decomposition I)

G= [] KuA@)Ka.
AEP

(3) (Cartan Decomposition II)

G= JI EKnMEX@K.
(A1, )EP*

Especially, we will use the fact that

KndoKn = [[  K\@)hm)K
(>\1.>\);€‘J3*

Proof. For the proof of part (1), see [Ka]. The part (2) is a classical result.
We can choose representatives of Wy to be elements of K, and see that
W ~ Wy x (T /T(0)). Thus, given w € W, we can write

w=wA1(t1)A\2(12)
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with (A1, \2) € X, making a suitable choice of a representative of w' € W,
such that w' € K. By Lemma 2.2, each (A, \;) € X, has one and only one
Wo-conjugate in B+ . Combining these results with part (1), we obtain part (3).

O

Remark 2.4. The Cartan Decomposition II is proved by A. N. Parshin in [Pa]
for G = SL,. He also proved Bruhat and Iwasawa decompositions for PGL,.

3. Spherical Hecke algebras of SL,. We define spherical Hecke algebras
of SL, and its convolution product after investigating the decomposition of a
double coset into right cosets.

In the rest of this paper, we assume that G = SL,. We make the identification
X« = Z @ Z and the partial ordering on X, corresponds to the lexicographic
ordering from the right on Z @ Z. We will denote by the same notation < the
corresponding ordering on Z & Z. Then we have the identification

Pr={G.j) € ZSL: (i.j) > (0,0)}
and we have

D) = (ke Z: k<il(kj) > 007} ifGj) > 0,0),
POEV ke Z k> i, (kj) < (0,00} if (i,j) < (0,0).

In the following lemma, we present an explicit formula of the Cartan De-
composition II for SL(F).

LEMMA 3.1. Assume that if Z € Gandlet(—k, —1) = min{ v(a), v(b), v(c),

a b tked 0
v(d)}. Then ek .1 | K, (k) > (0,0). Namely,
c d 0 't

thkel 0
SLFY =[] K o k1)K
1

(k.)=>(0,0)

Proof. We can check the assertion of the Lemma using column operations
and row operations of matrices, and we omit the detail. O

Lemma 3.2. For (i,j) > (0,0), we have
© ti 0 K-T]x
0 '’ - &

where the disjoint union is over g in the following list.
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L (T 0 (g0
@ ( 0 ) A 1,7 )

o (177 iR

(iii) ! 02 ;i?j for (—1i,—j) < (k, 1) < (i,j), where u € U are units
172

4

belonging to a fixed set of representatives of O/ tlifkt"- ~'o,

. tke! 17
(iv) 102 t‘_ki_l for (—i,—j) < (k,1) < (i,j), where u € U are units
)

belonging to a fixed set of representatives of O/ tffkté'_lO.

. tid 0 .
Proof. Consider elements g, g’ € ( 102 t_it_j> K and write
1 b

_(td 0 \fa b ,_(tid 0\ (d ¥
£=1 o 17,7 ) \e d)’ £=1 o t7, )\ d)’

/ /
where (Z b) , (Z, b ) € K. We see that the condition Kg = Kg' is equivalent

d d
to
(3.3) cd—dcetf)o.
We write (c,d) ~ (c’,d") if c'd —d'c € t12it22j0. Note that if (Ccl Z) € K then

either ¢ or d is a unit. Let C be the set of pairs (c,d) € O? such that either ¢
or d is a unit. Then it is easy to check that ~ is an equivalence relation on C.
Thus in order to determine different cosets, we need only to determine a set of
representatives of the equivalence relations ~.

Assume that (c,d) € C. If ¢ is a unit then (c,d) ~ (1,d/c). We write d/c =
1y for some (k,I) > (—i,—j) and u € U U {0}. If (k,]) > (i,j), then
(c,d) ~ (1,t7*e]"u) ~ (1,0). Assume that ( — i, —) < (k,]) < (i,j). If (K, 1) #
(k,D) and ( — i,—j) < (K, I') < (i.j), then (1,17*e*uy % (1,67 *" ') for any
W € UU{0}. If (K. 1I') = (k. 1), then (1,1} eJ*u) ~ (1, ¢ ™" ') if and only if
u—u' € tl"*kt'zj_lO. Thus if ¢ is a unit, a set of representatives of the equivalence
relation is given by

(1,0) and (1,8/*"w),

where (—i, —j) < (k, 1) < (i,j) and u are units belonging to a fixed set of represen-
tatives of O/ tf_kté_IO. The representative (1,0) corresponds to the matrix of the
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part (i). We consider the other representatives. Through elementary operations,

He, 0 0o -1 0 it 7'tk
K 0 i)\ gkt | T K\ - x| =K 0 i |-
H' e 17t tftdu e

So we obtain the matrices in the part (iii).
If ¢ is not a unit, then d is a unit. In this case, a set of representatives of the
equivalence relation is given by

0,1) and (%" u)

where (—i,—j) < (k,) < (i,j) and u are units belonging to a fixed set of
representatives of O/ tl’_kt{lO. The representative (0, 1) corresponds to the matrix
of the part (ii). For the other representatives, through elementary operations, we
obtain

t 0 w0 tu=' 0 thed 17 u
K 0 ¢oip T ]\ pirkgit =K1 % —i—j | =K 0 —k,—1 | -
't gt thed 17 u 175,

So we get the matrices in the part (iv). O

Remark 3.4. If j # I, then the cardinality of O/tli_ktéflO is uncountable.

tey, 0 . :
_; —j | K is an uncountable union
0 't

of right cosets of K. This is very different from the classical p-adic case of
SL>(Q,) where any double coset of SL(Z,) is a finite union of right cosets of
SLy(Zp).

Hence in general, the double coset K

Now we begin our construction of Hecke algebras.

Definition 3.5. A C-valued function f on G is called spherical if f satisfies
the following properties:

(1) f(kixky) =f(x) for ki, ky € K and x € G,
(2) there exists (i,j) € P* such that

, el 0

meD(ij) 0

If f is spherical, then we can always find the minimal (i,j) € P+ satisfying
(3.6) with respect to the ordering (2.1) on X,. The minimal (7,;) will be called
the weight of f.
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For each (i, /) > (0,0), we let x;; be the characteristic function of the double

coset
k(8 0\
0 '’

Then a spherical function of weight (i,j) can be written as

(3.7) > arxu, for some (i,/) > (0,0) and a; € C.
k<i

Definition 3.8. We define the convolution product of two characteristic func-
tions by

e 0
>oxijroh ifxe I KT K,

_ —m, —j—1
(XiJ*Xk,])(x) = z mED(i+k j+1) t] mtz
0 otherwise,
(3.9
et 0 et 0
where r()= ' 2 _ " )forxek (12 ", |K, and the sum

is over the representatives z of the decomposition

Even though a double coset of K is generally an uncountable union of right
cosets of K, we show in the following lemma that given x, there are only finitely
many nonzero terms in (3.9). Hence the convolution product is well-defined. Now
we prove:

ProposITION 3.10. The convolution product x;; * Xk is a spherical function.
Moreover, we have the following explicit formulas:

(1) Ifi >0, then

1 : 1
Xio * Xio = X2i0+ (1= =) > ' x2i—ro+q" (1 + —> X0,0-
0<r<2i 4

() If(i,0) < (k,1), then

1 .
Xi0 * Xkl = Xkl * Xi,0 = Xi+k,] + (1 - —> Z q Xivk—r1 + q21X7i+k,l-
0<r<2i
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(3) Ifj>0andl >0, then

1
Xij * Xkl = Xithj+ + (1 - 5) > G Xivk—r sl
r>0

Proof. We may let

e 0 o
x=7(x)= 0 fmtz_j_l , meDGi+k,j+1).
1

We consider
tke! 0
K|'?2 K=[]k

where the disjoint union is over z in the list (i)-(iv) of Lemma 3.2. We need to
determine the conditions under which y; J(xz_l) =1.

Since the other cases are similar, we prove only the part (3) of the lemma.
So we assume that j > 0 and / > 0. In this case, m € D(i + k,j + /) if and only if
m<i+k.

—k,—1
G Ifz= (tl h t,g,) then we have
1h

0
j+21
o tmrke]* 0
- (xz — .. L =0
Xt,/( ) Xij < 0 tl_m_ktzj 21
forall m <i+k.
tke!
i) Ifz= ( 102 t_’?t_l> then we have
1 b
m—k,j
_ t t 0 .
Xij(xz l)=Xi,j (1 2 itk J-> =1 & m=i+k
7kt K
i) Ifz= {12 2% for (—k—) < ®.0I) < (kD) and u € U
12

k—k'

belonging to a fixed set of representatives of O/t tzl*l/O, then we get

. o
1 tlyn_}.kté+21 —t{”+kl té+l+l u i O
Xij(Xz2" ) = Xiyj k=2l | =
0 1"

forall m <i+k.
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L
(iv) z = 102 tl_k,;_l, for (— k,—I) < (K,I') < (k,0) and u € U
1 2

belonging to a fixed set of representatives of O/ tlk_k/tzl_l/ O, then
T —k,j
1K g —t"*tJu
—1y _ 1 2 1 b -
Xij(x27") = Xij ( 0 R 1
1

I
& =l m=i+k and K <k

Note that for each &’ < k the number of different u’s is (1 — é)qk_k/.

Since there is only finite number of z’s for which ; J(xzfl) # 0, we have

1 if m=i+k,
(Xij * Xi)(X) = Z xijzH =1 - é)qk_k/ if m=i+k for each K’ <k,
z 0 otherwise.

Therefore,

1 Y
Xitkj+l + (1 — —) Z gt Xitk! j+
q k' <k

1
Xitkj+l + (1 - —) quXi+k—r,j+l- O
q r>0

Xij * Xk,

For example, we have the following identities:

X1.0 % X1,0 = X2,0 + (¢ — Dx1.0 + (4% + ©)X00,
(3.11) X1.0 * X0.1 = X1.1 + (g — Dx01 +¢>X—1.1
X0,1 * Xo,1 = Xo2+ (1 — é) S ko0 4 X -k

Assume that f =3 ; apxp; and g = > <4 bgX 4, are spherical functions. We
define the convolution product f * g by

(B12)  frg= | D apxpi | * [ Dobaxar | = D @pbyXps * Xqu-
p<i <k p<i, q<k

It follows from Proposition 3.10 that we can write

fxg= Z CrXrj+ls

r<i+k

and note that x, j;; appears in the expansion of x,; * x4 only if p+¢g > r. Since
the number of such pairs (p, g) is finite, the coefficient ¢, is well defined for each
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r < i+ k. Therefore the convolution product f * g is a well defined spherical
function of weight (i + k,j + ).

THEOREM 3.13. The convolution product is commutative. Namely, f x g = g x f
for spherical functions f and g on G.

Proof. Note that we have x;; * xx; = Xk, * Xij in the part (3) of Proposi-
tion 3.10. With this observation, the proposition follows from Proposition 3.10
and definitions. O

Now we are ready to introduce the main object of this paper.

Definition 3.14. We define the spherical Hecke algebra H(G, K) of G (rela-
tive to K) to be the C-algebra whose elements are finite linear combinations of
spherical functions on G with the multiplication given by the convolution product
(3.9) and (3.12).

ProposITION 3.15. (@) The elements x;o,i > 0 and x;1,i € Z are con-
tained in the subalgebra generated by x1,0, X0,1 and X—1.1.

(b) The element x;; for each (i, ), j > 1 is given by the formula

Xij = (XiJ—l —(qg— 1)2Xi—r,j—l> * X0,1-

r>0

Proof. Using Proposition 3.10, one can check the assertions and we omit the
detail. O

Remark 3.16. If we allow infinite sums of the form (3.7), an induction argu-
ment using the above proposition shows that the algebra H(G, K) is “generated”
by three elements X1, x0,1 and x—1,1.

4. Spherical Hecke algebra of 7. In this section, we construct the spherical
Hecke algebra of T relative to T(O) for G = SL(F).

Definition 4.1. A C-valued functions f on T is called spherical if f satisfies
the following conditions:

(1) f(xz)=f(x)forz€ T(O) and x € T,

(2) there exist (i,j) € X, such that

o g0
4.2) fo=0 ifx¢ ] i | TCO).

meD(i,j) 0 hh

We can find (i,)) € X, satisfying (4.2), which is minimal in the sense that if
another (k,j) satisfies the condition then i € D(k,j). A minimal (i, ) is uniquely
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determined, and will be called the weight of f. For each (i,j) € Z & Z, we define
cij to be the characteristic function of the (double) coset

i
i 9 ) 10,

Then a spherical function on 7' can be written as one of the following:

ZakaJ, Zakc_k,_j, Z aiCr.0, Z arC—k0 (ax € (C,] > 0).

k<i k<i 0<k<i 0<k<i

4.3)

Definition 4.4. We define the convolution product c¢;; * cx; by

. _ ) Cirngjr  if j1 >0,
@ i * Okl = {0 otherwise.

Assume that f =3 ;a,cp; and g = > 4 bycy are spherical functions of
T of weights (i,)), (k, [), resp. where j,[ > 0. We define the convolution product

S *gby

(4.6) fxg= (Z apcpJ> * (Z chq,l) = Z apbycp; * cq.

p<i q<k p<i, q<k

Then

fxg= Z apchp+qJ+l: Z Z apbq Crj+l-

p<i, q<k r<itk \ p<ig<k
r=p+q
Hence f * g is a well-defined spherical function of weight (i + k,j + ). If f, g are
of the forms Zkﬁi agC—k,—j» ZOS/{S[ aiCk,0, O Zogkgi arC—k.0, then f * g is
defined in a similar way. Note that if f, g have weights (i,)), (k,[) resp. where
jl < 0, then by (4.5) the convolution product f * g is identically zero.

Definition 4.77. We define the spherical Hecke algebra H(T, T(O)) of T to be
the C-algebra whose elements are finite linear combinations of spherical functions
on T with the multiplication given by the convolution product (4.5) and (4.6).

We need the notion of Wy-invariant subalgebra of H(T, T(0)); the algebra
H(T, T(0)" is defined to be the subalgebra of H(T, T(O)) consisting of the
elements f satisfying the condition

f(wxw_l) =f(x) for w € Wj.
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Remark 4.8. If we allow infinite sums of the forms in (4.3), the Wy-invariant
subalgebra H(T, T(0)" is “generated” by three elements cj o+c_1,0, co,1 +€0.—1
and c_11+C1,—1.

5. Satake isomorphism. In this section, we define the “Satake isomor-
phism” for SL,, namely, the isomorphism between H(G, K) and H(T, T(0)"°.
For the classical p-adic groups, 1. Satake [Sa] constructed such isomorphism. We
follow his construction, using the measure and integration in Section 1. We hope
to generalize our results to arbitrary split semi-simple algebraic groups.

Definition 5.1. A group homomorphism 6 : T — R((X))* is defined to be

o i
(5.2) 5 =g iXY  forx e (’ i 0 _j> T(O).
0 't
We identify F with U(F) through
(5.3) u:F—UF), ua)= (é i‘) .

Let du(a) be the invariant measure on U(F), given by the invariant measure on
F as in section 1 and the isomorphism u.

Definition 5.4. We define a map S : H(G, K) — H(T, T(O)) by

Sxi : )0
S(f)(x) = 602X [ fxu(a))dp(a), if x € ke]_[Z ( 0 tlkt2¢1> T(0),

0 otherwise,
(5.5)
for f whose weight is (i,j) € P*, and by extending it to the whole H(G, K)
through linearity.

It is clear that S(f) is T(O)-invariant. However, it is not clear a priori that
S(f) is a C-valued function since the measure takes value in R((X)). We show
in the next two propositions that S(f) is a C-valued function and the map S is
a well-defined map.

PROPOSITION 5.6.

Sxij) =4 {ci,,- +eoi— (1= D) e+ c_k,_j)} for (i,j) > (0,0),

k<i

—i<k<i

and S(xip) = qi {Ci,O +c_io+(1— %) Z Ck,O} fori> Q0.
5.7)
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Proof. From the definition, we need only to consider

k] 0 th, 70
€ _i | T(O)U | T(O).
X H ( 0 ¢ kl2J (0) 0 l_ktj 0)

1

k€Z 1 2
: : o : thked 0
Since S(f) is T(O)-invariant, it is enough to consider x = 0 ket
1 B

k € Z and [ = £j. From the definition, we get 6(x)% =g *X' If u(a) = <1 a) €

thel  arktl
U(F), then xu(a) = 12 412 ).

We first consider the case (k,I) > (0,0), i.e., [ =J. If v(a) > (— 2k, —2)),

ke
then it follows from Lemma 3.1 that xu(a) € K t10tz t_]?t*j K; otherwise,
1 b
—1,—k,—J
xu(a) € K ahh 2 i | K. We obtain
0 ati’t,
S0t = 4% | i u@)duca)

= ¢ XY / N I P
ww>2-2) T\ 0

—1,—k,—J
—kv2i a 't 'L 0
+q kX% / i | dua).
1 u(u><(—2k,—2j>X”< 0 atfty :

In the second integral, note that v(a_ltl_kt{j ) > (k,j). So if (i,j) = (k,j), then
the second integral is zero. Also {a € F|v(a) > (— 2k,—2j)} = tl_Zktz_zj O in
the notation of Definition 1.2. Hence |, @)>(—2k—2j) dp(a) = ¢**X~%. Therefore
if (i,)) = (k. )),

S(xij)x) = q " X¥g* X H = 4.
If (i,j) > (k.)), i.e., k < i, then the first integral is zero. The second integral is

nonzero only when v(a) = (— i — k, —2j). Here {a € F|v(a) = (—i—k,—2))} =

tf"*ktz_zj U and the measure of U is 1 — é. Hence f (@y=(—i—k—2j) du(a) = q”kX_zj

(a- }1). Therefore, if (i,j) > (k, ),

S(xij)(x) = g *XF gt X <1 - _> =q (1 - _> .
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Next we consider the case (k,[) < (0,0). A similar calculation as in the above
gives us

) g if (i,j) =(—k, =),
S(xij)x) = {qi(l _ é) if (i,j) > (—k,—1).

Combining these results we obtain the equalities in (5.7). O
PRrOPOSITION 5.8. For each (i,j) > (0,0),

S( Z agXrj) = Z arS(Xi,)-

k<i k<i

Proof. 1t is enough to prove that the right hand side is well defined. From
(5.7), we only need to check the well definedness of the double sum

Z arg* Z (crj+c—i—j).

k<i 1<k

It is equal to

i
S ey+emi—p)Y ad".

I<i k=l
Here Y.i_; a;q* is a finite sum and well defined. O
Hence, by Proposition 5.6 and Proposition 5.8, the map S is well defined and

the image of the map S is contained in the Wy-invariant subalgebra H(T, T(0))"o.
LEMMA 5.9. We have

S(Xij * Xk = S(Xij) * S(Xk)

for (i,j) > (0,0) and (k,1) > (0,0).

Proof. Using Proposition 3.10, Proposition 5.6 and Proposition 5.8, one can
straightforwardly check the identity and we omit the detail. O

THEOREM 5.10. Assume that G = SL,. Then the map S : H(G,K) —
H(T, T(0)W0 is an algebra isomorphism.

Proof. In the formula (5.7) we see that the maximal weight of the terms in
the right-hand side is the same as the weight of x;;. Thus S is weight-preserving
and so injective. Since an element of H(T, T(0))"° is a finite linear combination
of the elements of the form

(5.11) 8= ar(crj+ k), a; € C,(i,j) > 0,
k<i
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we need only to find an element f of H(G, K) such that S(f) = g. If j =0, then
(5.11) is a finite sum and it is easy to find such an f using (5.7). So we assume
that j > 0. By Proposition 5.8 and (5.7), we obtain

S (Xi,; —(@-D) Xir,j> = q'(cij+c—ij).

r>0

Thus we put

(5.12) f=> q"a (ka —@-D Zm—m) :

k<i r>0

If we rewrite (5.12) as ' = >, «; bixx,, then each by € C, k <1, is well defined.
Now Proposition 5.8 enables us to have S(f) = g. Hence, S is surjective. It
follows from Proposition 5.8 and Lemma 5.9 that S is an algebra homomorphism.
Therefore, S is an algebra isomorphism. O

Remark 5.13. We expect in the near future (See [K-L]) to construct an in-
variant R((X))-valued measure dvy on G(F) for G a connected split semi-simple
algebraic group. (We follow [Go], namely, we define an additive invariant mea-
sure on the product space F" and obtain the transformation rule. Then using the
big cell decomposition, we can extend it to an invariant measure on G(F).) Then
we can define the convolution product of two spherical functions f and g on G(F)

by

Jofay™Dg(ydy(y) if x € I  KetnOe+m)0)K,
(f*g)x) = HED +it1. Ao +112)

0 otherwise.

The definition of the convolution product (3.9) was motivated by this formula. We
need to define the convolution product in this way so that given x, the function
y — f(xy~1g(y) is a finite linear combination of characteristic functions of right
cosets of K. Then f % g becomes a C-valued function, even though the measure
d~ takes values in R((X)).
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