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ABSTRACT. In this paper we give some branching rules for the fundamen-
tal representations of Kac—Moody Lie algebras associated to T-shaped
graphs. These formulas are useful to describe generators of the generic
rings for free resolutions of length three described in [7]. We also make
some conjectures about the generic rings.

1. Introduction

Let T}, 4, be a T-shaped graph defined as follows.

Tp—1—— Tp2— "I U Y= T Yg—2 7 Yg-1

21
[

Zr—2

Zr—1

There are two other notations for vertices that we will be using. Sometimes the
indices will be indexed by the set {0,1,...,p—1,1,...,(¢—1),1",...,(r—=1)"}
corresponding to the vertices u,z1,...,Tp—1,¥Y1,---,Yq—1,21,- -, Zr—1, I€SpPEC-
tively. Sometimes we denote vertices by natural numbers from [1,p+q+r—2],
in the order listed above.

The main result of [7] associates to every graph T, ., the format of free
resolutions of length three over commutative rings, and constructs a particular
generic ring Rgen for the resolutions of that format which deforms to a ring
Ripee on which the Kac-Moody Lie algebra g(T), ) associated to T} ., acts.
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The correspondence is as follows. For the free resolutions of format (r1,r; +
r9,To +13,73), i.e., those with the ranks of differentials given by (ry,r2,73), we
have

(p7Q7r) = (Tl + 1,7’2 - 1,7’3 + 1)

In this context it is important to consider the grading on g(T} 4,) associated
to the simple root corresponding to the vertex z1; more precisely

8(Tpqr) = Gagi(Tp,q,T')a
=4
where g,(T},4,-) is the span of roots where the simple root corresponding to
vertex z; occurs with multiplicity 4.

The generators of the ring Rgen involve the fundamental representations of
the algebra g(7} 4.-). Especially important are those corresponding to extremal
vertices p_1, Yq—1, 2r—1. Thus it is important to find the restrictions of these
representations to the Lie subalgebra of g(7}, 4) corresponding to the graph
we obtain from 7}, , ,» by omitting the vertex z;.

In this note we calculate these restrictions. Note that the graph T}, ;. with
the node z; removed is a disjoint union of two Dynkin graphs of types A,4q-1
and of type A,_o. We denote these Lie algebras by sl(F}) and s[(F3) where
F is a vector space over C of dimension p + ¢ and F3 is a vector space over
C of dimension r — 1. We also denote by gl(Fy) and gl(F5) the corresponding
general linear Lie algebras.

This paper is organized as follows. In Section 2 we recall the results of [7],
and list the formulas for the restrictions of representations we need for the
tables in the following sections, and state some conjectures. We employ the
Bourbaki notation, but always present the graph T, ;, as above. In Section 3
we deal with the graphs of type D,,. In Section 4 we deal with Fjg, in Section 5
with F7 and in Section 6 with Eg. In the last section we illustrate the usefulness
of the tables by observing some general patterns from the tables and discussing
some plausible conjectures.

Acknowledgments. We thank the anonymous referee for useful comments
and suggestions. J. Weyman would like to thank Lars W. Christensen and
Oana Veliche for helpful discussions regarding the material of this paper. K.-
H. Lee would like to thank Ben Salisbury and Travis Scrimshaw for their help
with SageMath.

2. The free resolutions of length 3 and Kac—Moody algebras
related to T-shaped graphs

The problem motivating calculations presented in this note has to do with
generic rings for finite free resolutions. For a partition A, we denote by S\
the Schur functor associated with A. In particular, S,, denotes the symmetric
power. The exterior power will be denoted by A".
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We consider the free acyclic complexes F, (i.e., complexes whose only (pos-
sible) nonzero homology group is Hy(F,)) of the form

Fe: 0= F3 > F, - Fy = F

over commutative Noetherian rings R, with rankF; = f; (0 < i < 3), rank(d;) =
r; (1 < i< 3). The quadruple (fo, f1, f2, f3) is the format of the complex F,.
We always have f; = r; + 741 (0 <1 < 3).

For the resolutions of such format (fo, f1, f2, f3) we say that a pair (Rgen, F3°")
where Ry, is a commutative ring and Fe" is a free acyclic complex over Rye,
is a generic resolution of this format if two conditions are satisfied:

(1) The complex Fe" is acyclic over Rgep;
(2) For every acyclic free complex G4 over a Noetherian ring S there exists
a ring homomorphism ¢ : Rge, — S such that

Go =F§" @p,.. S.

Of particular interest is whether the ring Rge, is Noetherian, because it
can be shown quite easily that a non-Noetherian (non-unique) generic pair
always exists. For complexes of length 2 the existence of the pairs (Rgen, Fo ")
was established by Hochster ([2]). He also proved that this generic ring is
Noetherian.

In [7] the particular generic rings Rgen were constructed for all formats
(fo, f1, f2, f3). The main result of [7] is (Theorem 9.1 there):

Theorem 2.1. For every format (fo, f1, f2, f3) there exists a generic pair

(Rgen,IFfe”) = ((jgen)*ngm\Dg,aF(.l R, (jgen)*oxgen\Dg)-

The generic ring ]%gen deforms to a ring Rspec which carries a multiplicity free
action of §(Tp q.r) X gl(Fa) % gl(Fy), where fs=r—1, fo=q+7, fi =p+q,
r1 =p—1. If the defect Lie algebra L(r1+ 1, F3, F}) is finite dimensional, then
the generic ring Ryen s Noetherian.
It is natural to call the format (fo, f1, f2, f3) Dynkin if the diagram T}, , , is
a Dynkin graph. The rings Rgen have an explicit decomposition to representa-
tions of H?:o GL(F;) which we now describe.
For a sextuple u = (a,b,c,a, 8,7) with a > 0, where « is a partition with
< r3—1 parts, [ is a partition with < ry parts and -~ is a partition with < ry —1
parts, we define
o(p)=(@—-b+c+ay,...,a—b+c+ar,_1,a—b+c),
T(M) = (C+’)/1,...,C+7¢171,C7C—b,C—b—BTQ,l,...7C—b—ﬁ1)7
Op):=0b—c+pP1,....,0—c+Br—1,b—c,—a+b—c,—a+b—c— ap,_1,
o, —a+b—c—ay),

(b(u) = (Of[)irlafca —C—=Yri—1y---, —C— 71)
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The Buchsbaum-Eisenbud multipliers ring (see [7]) has a decomposition
Ra = @uSe(u) o @ Sy F1 @ S F2 © So () Fs.

For given «, 3,t we define the weight (o, 7,t) of g(T,4) as follows. We
label the vertices of T}, 4 on the third arm by the coefficients of fundamental
weights in o, i.e.,

Ap+q+1’ =0r—1—i — Or—j

fori=1,...,7 — 2. We also label the vertices at the center and the first two
arms by coefficients of fundamental weights in 7, i.e.,

)\0 = Tp — Tp+1,

Ai = Tp—i — Tp—it1

for1<i<p-—1,and

Ai =Ti — Tit1
fori=p+1,...,p4+ q— 1. Finally, we put

Aptq = @

Finally we set ¢t :=a + 1.

Then we have ([7], Proposition 9.3):

Proposition 2.2. We have a gl(Fy) x gl(F2) x g(T} q,r) decomposition of a
deformation Rpec 0f Rgen

Rspee = DpSo() Fo @ So(u) F2 @ V(o (u),r(u).a)

where Vy is the irreducible lowest weight module of weight A\ for g(T) q.r). The
module V) is the highest weight representation for the opposite Borel subalgebra.
1t is also irreducible. The ring Rgen has a decomposition as a representation

of H?:o GL(F)
Rgen = ©8() Fo ® So(u)F2 @ res(Va(o () (1.0
where res denotes the restriction from g(Tp q.r) to gl(F1) % gl(F3).
Let us denote by W (u) the isotypic component
So(u) Fo @ Sp( F2 @ res(Va(o(u),r(w),0))-
The representation W(u) is equipped with the grading
W(p) = SizoW (1)(2)
induced by the grading
Vi () 7(w),0) = @iz0Va(o () 7(0),a) (0)-

Notice that the graded summand W (u)(0) gives the corresponding summand
in R,. R
One also has the description of the generators of Rgc,, ([7], Proposition 10.1).
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Proposition 2.3. The generators of the semigroup of weights in Rgen are as
follows:

(1) a=(1",=y=a=b=c=0for1<i<rs—1,
(2) a=1,a==v=b=¢c=0,
3) B=),a=vy=a=b=c=0for1<j<ry—1,
4)b=1,a=8=vy=a=c=0,
(5) y=0"),a=B=a=b=c=0for1<k<r —1,
6) c=1,a=0=vy=a=b=0.
The rings I:{spec and Rg n are generated by the corresponding representations

W ().

In fact we expect that the ring égen is generated by much smaller set of
representations (see [7] for motivation).

Conjecture 2.4. The ring Ry, is generated by the six representations W (1)
corresponding to the following weights.

(1) a=(1),8=v=a=b=c=0, corresponding to ¢ = 1 in Proposition

(2) a=1l,a=p=7y=b=c=0,

(3) B=(1),a=y=a=b=c=0, corresponding to j = 1 in Proposition
2.3(3),

4 b=1l,a==7y=a=c=0,

(5) v=01),a=p=a=b=c=0, corresponding to k¥ = 1 in Proposition
2.3(5),

For the formats with r; = 1, i.e., resolutions of cyclic modules, we actually
have even stronger expectation.

Conjecture 2.5. Let us assume that r; = 1. The ring Rgen is generated by
the five representations W () corresponding to the following weights.
(1) a=(1), =7v=a=>b=c=0, corresponding to i = 1 in Proposition
2.3(1),
(2) a=1l,a=8=y=b=
(3) f=().a=y=a=b
2.3(3),
) b=1l,a==y=a=c=0,
5) c=l,a=f=y=a=0b=0.
Moreover, the first representation is redundant if r3 = 1, and the second one
is redundant if r3 > 1. The last representation is just a variable aj, so it is
completely understood.

c=0,

¢ = 0, corresponding to j = 1 in Proposition

Particularly important are three critical representations. The first one is the
one corresponding to « = (1), f=y=a=b=c=0(ortoa=1,a ==
vy=b=c=0if r3 = 1). We denote it by W(d3). Similarly, the representation
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W (dz) is the one corresponding to 8 = (1), « = v =a = b = ¢ = 0. Finally,

W (dy) is the representation corresponding to v = (1), a =8=a=b=c=0

(in the case r; = 1 we replace it by W(asz), e, b=1, a==v=a=c¢=0).
All representations W (u) have a grading

W(p) = @izoWi(n).

So in order to understand the generators of Rgen in the case r1 = 1 we need to
understand the restrictions to gl(F5) x gl(F1) of three fundamental representa-
tions of g(T} q,r) corresponding to extremal nodes of the diagram Tj, , . This
is carried out case by case in the following sections.

We end with some remarks about the tables. For each situation we list
the representations in graded components of representations V(w.,), V(wy,),
V(ws, ). The bold-faced first column of a table shows degrees in the graded
decomposition, and the middle and last column with numeric values have de-
composition multiplicities. Note that each table actually serves two formats,
as p and ¢ can be swapped. But this amounts to changing Fi to F}. Some
of the representations are very big, so in some cases we list just half of the
representation. The other half then can be read off by duality.

3. The type D,

The first format is (1,n,n,1). The graph T}, 4 , is:

Ty ——U——Y1——Y2— "~ Yn-3

Z1

We number the vertices as follows:

n n—2 n—3
o Ie)

b

The Lie algebra g(T}q.+) is 9(Dy) = s0(2n) = so(Fy & F}) (dim Fy = n),
with the grading

Oor

9(Dn) = g-1 D go D g1,
where gy = sl(F3) x sl(F}) x C = sl(F}) x C and g, = Ff ® A\>F;. The
orthogonal space is U := F; @ FY.
It is not difficult to see that
V() = Ff @ F3 ® Fy,
. 2%k
V(wn-1) = ®_S1-1F5 @ J\ Fi,

" 2k+1
V(wn) = @Ezoskog ® /\ Fl.
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The next format is (1,4,n,n — 3). The graph T, ,, with the distinguished
root z; and the labeling of the vertices are as follows:

n—1 n—2
Uu—Y e}

O
21 ln?)

n
X1 0}

Zn—3

Zn—4 lg
The corresponding Lie algebra is

9(Tp.q,r) = 50(2n).

The orthogonal space in question is

2
U:&@AE@@,

with dim F3 = n — 3 and dim F; = 4. We have

2 4
V(w1) :Fg@/\ﬂEBF;@/\Fh

even odd

Viwn1)= N\ (F)® R @ /\(F) e Fy,
even odd
Viwn) = N\ (F)e R e \F;)eF
Finally we have the format (n — 3,n,4,1). The graph T}, ,, is:

TIpn—3 —— Tp—2— """ L1 ——U—Y1

21

We number the vertices as follows:

1 2 n—3 n—2 n—1
o e

A
The orthogonal space is U = F; & Fy*. This case can be obtained from the first
format (1,n,n,1) with F; and F} swapped.

@]
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4. The type FEg
4.1. Eg graded by as
This format is (1, 5,6, 2).

° ° o z 1 Y1 Y2
2 14 3 1 ! j Y Y
1 X
; )

4.1.1. V(we). This representation is of dimension 27 and has 4 graded com-
ponents.

o F; (0,0) (0,0,0,0,—1) [ 1
1 FeR (1,0) (1,0,0,00) |1
2 [ NN R [ (11) (1,1,1,00) |1
3 SeaFro N R | (21) A,1,1,1,1) |1

4.1.2. V(w1). This representation is of dimension 27 and has 4 graded com-
ponents.

0 Fs (0,—1) (0,0,0,0,0) [ 1
1| AR 0,00 (1,1,0,0,0) | 1
2 FFeo N R (1,00 (1,1,1,1,0) | 1
3 AN Ff@Soqa0.F | (L) (2,1,1,1,1) [ 1

4.1.3. V(w2). This representation is of dimension 78 and has 5 graded com-
ponents.

0 Fl (070) (170707030) 1

LK eN R (1,0) (1,1,1,00) |1

2| SoFy @ N°Fy 2,00 LLLLY) [T APFEFeN A1) 1,5511) |1
N Ff®8Sy1sF | (1L,1) (2,1,1,1,0) | 1

3 52‘1F3* X 522A’13F1 (2,1) (2,2,1,1,1) 1

4 SQA,QF; ® 824,1F1 (272) (272327271) 1

4.2. Eg graded by as
This format is (2,6,5,1).
2 1

4.2.1. V(we). There are 3 graded components.

o0 F (1,0,0,0,0,0) [ 1
N (1,1,1,1,0,0) | 1
2 Sk | LLLLT) |1
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4.2.2. V(w1). There are 3 graded components.
0 7y (0,0,000,-1) |1
1| AR (1,1,0000) |1
2[AN°A | (11,1110 |1

4.2.3. V(waz). There are 5 graded components.

of[C (0,0,0,0,0,0) [ 1
1[N R (1,1,1,0,0,0) | 1
2| Sp1aFy 21,1110 [ 1 |A°R | @111 |1
3| Sk | (2221,1,1) |1
4 SyeF, (2,22222) |1
5. The type E-
5.1. E, graded by as
This format is (1, 5,7, 3).
Y2

O2 l4 3 (1) 1 j v
SL 1
; )
) J
3

1087

5.1.1. V(wr). This representation is of dimension 56 and has 6 graded com-

ponents.
0 Fs (0,0,—1) (0,0,0,0,0) [ 1
1[N R (0,000  (1,1,0,0,0) | 1
2 Fro N F (1,00)  (1,1,1,1,0) | 1
3| AN°F; @Sk | (1,100 (2,1,1,1,1) |1
4[N F;©Sps2Fy | (1,1,1) (222,1,1) 1
5 SoraFs @Sk | (2,1,1)  (2,2222) | 1

5.1.2. V(wq). This representation is of dimension 133 and has 7 graded com-

ponents.

o F; 0,000 (0,0,0,0—1) 1

1| FeR (1,00) (1,0,0,0,0) |1

NN (1,1,0) (1,1,1,00) |1

3IA°F; @Sl | (1L,L,1) (211,100 [1[AF oA’ A | (LL) (1,1,1,1,1) |1
Sy 1F; @ N° Fy (2,1,0) (1,1,1,1,1) |1

4 8511 F5 ®Sp sk | (2,1,1) (2,2,1,1,1) | 1

5 || So01Fy ® S | (2,2,1) (2,2,2,21) |1

6 || SoooFy ® 93007 | (2,2,2) (3,2,2,2,2) | 1
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5.1.3. V(w2). This representation is of dimension 912 and has 10 graded
components.

o] F 0,0,0) (1,0,0,0,0

1| oA R 1,0,0 (1 1,1,0,0

2| S o N R 2,0,0) (1,1,1,1,1 NFEoN R (1,1,0) (L,1,1,1,1) [ 1
N Ff ®8y15F) 1,1,0) (2,1,1,1,0

3 So1Fy ® Sy 15 Fy 2,1,0) (2,2,1,1,1 N Fi © Sg14Fy (1,1,1) (3,1,1,1,1) |1
N Fi © Sy 13 Fy 11,1 (2 2,1,1,1 N’ Fi @ Sys 1 1y (1,1,1) (222,100 |1

4 ([ S0l @ G9u 1 22,0) (22221 82115 ® S9a 1 Fy 2,11 (22221) ]2

S9.21F; @ S33201F1 | (2,21) (3,3,2,2,1) | 1

5311,1F3* ® S3,24F1 (3 2,2,2,2
6 || S2.22F3 ® Sy398F)
S9.22F3 ® Sg3 02 F)
S3,3,1F5 ® Sgs I

8 || 53325 @ Sy2 33 F1
9 || S3,33F5 ® Sy 3k

(43222
(333,22
(43332
(33333
@4333
(A4443

S2.22F3 ® S31 1 F) (2,2,2) (3,3,3,3,1) | 1
S321F3 ® Sg3 02 Fy (3,21) (3,3322) |1
Ss00F5 © Oy I 322) (3.3333) |1

(0,0,0) )

(1,0,0) )

(2,0,0) )

(1,1,0) )

(2,1,0) )

(111 )

(2:2,0) )

So11F5 @ S30011F1 | (2,1,1) (3,2,2,1,1)
5 || S201F5 ® S301F) (2,21) (3,2,2,2,2)
(3.11) )

(2,2,2) )

(2:2,2) )

(3,2,2) )

(331) )

(33.2) )

(3,3,3) )

e e L e e e N e e e e e e e

5.2. E; graded by as
This format is (1,6,7,2).

o o o T 1 1 Yo 1
> l4 5 5 2 1 jl 51 Y Y3
B(L 1

1

5.2.1. V(wr). There are 5 graded components.

o[ F; (0,0) (0,0,0,0,0,—1) [ 1
1| FehR (1,0) (1,0,0,0,0,0) |1
2N FeN R | (1,1) (1,1,1,000) |1
3SuFroN°R | (2D (1,1,1,1,1,00 |1
4 Sy0F @ So15Fy | (2,2) (2L,L,1,1,1) |1

5.2.2. V(wy). There are 7 graded components.

0 F3 (0,—1) (0,0,0,0,0,0) | 1

1| AP R (0,00 (1,1,0,0,0,0) | 1

YN (1,00 (1,1,1,1,0,0) | 1

S[A°F @Sl | (L) @CLLLLY) L[ A F oA R | (1L1) (LLL,LL1) |1
S F; @ \° Fy (2,00 (LLL1,L,10) [ 1

4| SonFy ® Shoakr | (21)  (22L,1,11) |1

5 || SonFy @ Sai g1 Fy | (22)  (2,2,2,2,1,1) | 1

6 || S32F5 @ S Fy (32 (222222) 1

5.2.3. V(w2). We have 9 graded components.



SOME BRANCHING FORMULAS FOR KAC-MOODY LIE ALGEBRAS 1089
0 F (0,0) (1,0,0,0,0,0) [ 1
1] FFoA R (1,0) (1,1,1,0,0,0) | 1
2| ATF; @801 | (1) LLL00) [1[|APFEe AN R (1,1) (1,1,1,1,1,0) | 1
SyFr @ N Fy (2,0) (1,1,1,1,1,0) [ 1
3 S F5 ® SaniiiF | (21) (221,1,1,0) | 1| So.F5 @ 8515F1 | (2,1) (2,LL,1,1,1) | 2
4 S22F5 @ SovF1 | (2.2) (222LL1) [ 1] So0F5 ® Sso0F1 | (2,2) (3.2LLLY) |1
S‘272F§ %4 52127272‘1}71 (2.2) (2 2 2 2 1, 0) 1 Sgng %4 523,13F1 (3,1) (2,2,2,1,1,1) 1
5[ Ss0F% @ 8505 12F1 | (3,2) (3,22,2,1,1) | 1 || S32F5 ® Sos 1 F1 | (3.2) (2,2,2,22,1) | 2
6 || SssF © Sy 051 k1 | (3,3) (3,3,2.2,2,1) | 1| SssFs @ 850581 | (3,3) (3,2,2,2,2,2) | 1
S12F5 ® Ss.95 1 (42) (32:2,222) |1
7 S45F; ® 333,23F1 (4,3) (3 3,3,2,2, 2) 1
8 || S1aF; © Sgs 0 F1 (44) (333332 |1
5.3. E; graded by a-
This format is (2,7,6,1).
z T Y1 Y2 Y3

5.3.1.

3 4
2

V' (wr). There are 4 graded components.

0 F; (0,0,0,0,0,0—1) [ 1
1| AR (1,1,0,0,0,0,0) |1
2 A°Fy (1,1,1,1,1,00) |1
3| Syoky | (LLLLLI) |1
5.3.2. V(wy). There are 5 graded components.
0 F (1,0,0,0,0,0,0) [ 1
N (1,1,1,1,0,0,0) | 1
2| Sy Fy 21,111,100 [1 [A"R | 111111 |1
3| SpsaFr | (222,1,1,1,1) | 1
4| Sw P (2.222221) | 1
5.3.3. V(wz2). There are 8 graded components.
of[C (0,0,0,0,0,0,0) [ 1
1A% F (1,1,1,0,0,0,0) | 1
2| Sy P (2,1,1,1,1,00) [ 1 | A° A, (1,1,1,1,1,1,0) | 1
3 [ S310Fy GLLLLLL) | 1| Spsas Fr | (2,2,21,1,1,0) | 1
Sy 1 Fy 22 1,11,1,1) |1 -
4 Syps15F | (3,2.2,2,,1,1) | 1| Sy Fy (2.2,22,22,0) | 1
Sys 12 Fy (2222211) | 1
5 Ss2oiiF1 | (3,3,2,2,22,1) | 1 || S300F (32,22222) [ 1
6 || Sgi05 Fy (3333222 | 1
7 | S3 Fy (33,3,3,3,3,3) | 1
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6. The type Eg
6.1. Eg graded by as
This format is (1,5,8,4).

O

=0

]
J
J
J

2 4 3
5

[
[ V)

o]
w

<
o—O0—0—

4

Y2

6.1.1. V(wsg). This representation is of dimension 248 and has 11 graded

components.
0 [ F; (0,0,0,—1) (0,0,0,0,0) [ 1
1 [ A°R (0,0,0,00  (1,1,0,0,0) | 1
2 oA R (1,0,00) (1,1,1,1,0) | 1
3 [N°FoSuh | (1,1,00)  (21,1,1,1) 1
4 [N°F;®Spe 2P | (L1LL0)  (2221,1) | 1
5 | ATF;®Ss01F | (L) (32221 |1 ATF;@SsF | (1,1,1,1) (2,2,2,2,2) | 1
So11Ff @S P | (2,1,1,0)  (2,2,22,2) | 1
6 || Sp1oF; ® Sx200F1 | (2,1,1,1)  (3,3.2,2,2) | 1
7 | S212Ff ® SzaoFy | (22,1,1)  (3,3,3,3,2) | 1
8 || Sp by ® SamFr | (2221)  (43333) |1
9 |[ 50 F; @ SppFr | (2222)  (44433) |1
10 || S300F5 @ Sy | (3,222) (4,4,444) |1

6.1.2. V(wq). This representation is of dimension 3875 and has 17 graded

components.

o Fy 0,0,00) (0,0,0,0,-1) |1

1 FeRn (1,0,00) (1,0,0,00) |1

2| N Fs o N R (1,1,00) (1,1,1,00) |1

3| A F; @ Sy15F) (1,1,1,00 21,1100 [1[A°F oA R (1,1,1,0) (1,1,1,1,1) | 1
YN (2,1,00) (1,1,1,1,1) |1

4| N"F; © 89215y (1,1, (221,1,1) |1 ATF; ® S By (L1 (2.2,21,0)]1
N Fi©S54F (1L,1,1,1) (31,1,1,1) | 1] S51.1Ff ® Soe1aFy (2,1,1,0) (2,2,1,1,1) | 1

5 Soni1Fs ® S F | LI (22221) |2 || So111Ff © Ss0212F1 | (2,1,1,1) (322,1,1) | 1
So01F3 @ Sm L | (2210) (2222,1) |1

6 | Sp212Fy @ 8500Fy | (22,1,1) (3,2,222) |2 Sp1oFs @ SpeiF1 | (221,1) (3,322,1) | 1
S515F5 @ S.01F) BLLL) (32222 |1 Se00F; ®S301F) (222,0) (32.222) 1

T SpiF; @ Sp e Fr | (2,2.21) (33322) |2 Sas1F3 ® Sys09F) (2221) (43222)]1
Sos 1 F5 ® Sga  Fi (2221) (383331) |1] Ss21.F; ® Sl | 32L1) (33322) 1

8 || Syi F5 @ Sy5 211 (2222) (43332) |2 524F; ® Sy Fy (2222 (33333)]2
Sy Fy @ Spse k| (2222) (44322) |1 S3201F5 ® S5k (3221) (3,3.333) ]2
S300.1F5 @ Sygs0F1 | 322,1) (4,3,33,2) | 1| S312F; ® SsFy B3LD) (3,3,3,33) |1

(The table continues on the next page.

~—
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9 [[ Ss05F% ® Spzo Iy | (3.2,2,2) (4,4,3,3,3) | 2 || S3.05F5 @ Ss st | (32,2,2) (4,4,4,3,2) | 1
S50 FF @ S5 53 F1 | (3,2,2,2) (5,3,3,3,3) | 1| S301F5 ©8psFr | (3,3,21) (4,4,3,33) |1

10 || S52 02 F5 @ Sy 5Fy | (3,3,2,2) (4,4,4,4,3) | 2 || S32.02Fy ® Ss42.52F1 | (33,2,2) (5,4,4,3,3) | 1
Si2F; @ SpaFy | (4,222) (4,4,443) | 1 |[ Syo1 @ SpagFy (3331 (4,4443) |1

11 |[ Sp2F5 ® S5 F1 | (3.3,3,2) (5,4,4,44) [ 2 || Sg90F5 © G242 5F1 | (3,3,3,2) (5,5,4,4,3) | 1
Sis2Fr ® 95 by | (4,3,22) (54,4,44) |1

12 |[ S5 F5 ® So 2By | (3,3,3,3)  (5,5,5,4,4) | 1 || 931 F5 ® Se.5.45F1 (3.33.3) (65444) |1
S5 Py @ S51 501 (3.3,33) (5,5,5,53) | 1 || Sus2oFy @ S5 2 F1 | (4,3,3,2) (5,5,5,4,4) | 1

13 || Sy0Fy ® Soo Iy (4333) (55,555) | 1| SuzFs ® Spmealt | (4,3,33) (65,5,54) | 1
SpsaFy ® S Fy | (4432) (5,5,55,5) | 1

14 | Sp 52 Fs ® Se s F1 | (4,4,33) (6,65,55) | 1

15 || S5 ® SgasFy | (4,4,43) (6,6,6,6,5) | 1

16 || SuF5 ® Sei (4444) (7,6,6,6,0) | 1

6.1.3. V(ws2). This representation is of dimension 147250 and has 25 graded
components. We exhibit the first 13, as the others can be determined by duality.
(The representation is graded self-dual.)

of i (0,0,0,0) (1,0,0,0,0) [ 1

1[N R (1,0,0,0) (1,1,1,0,0) | 1

2| SoFy o A° Fy (20,000 LY |1 ATF oA R (1,1,00) (L,L,L,1,1) [ 1
A’ F; ® Sy15F) (1,1,0,0) (2,1,1,1,0) | 1

3 || So1Fs ® Sz 13 Fy (2,1,00) (22,1,1,1) | 1| A*Ff ® S04 F, (1,1,1,0) (3,1,1,1,1) | 1
A’ Ff @ Sys 1 Fy (1,1,1,0) (222,1,0) | 1 || A°Ff @ Spo 15 F (1,1,1,0) (2,2,1,1,1) | 1

4 || S00F] ® 50114 (2,2,00) (222.21) |1 S1.1F;5 @ Soa 1 Fy 21,100 (2222]1)]2
So 11 Ff ® S3o011F | (2,1,1,0) (3,22,1,1) [ 1| AT Ff © Ss.0012Fy (1,1,1,1) (3221,1) 2
A" F; @ Sy Fy (1,1,1,1) (222.2,1) [ 2| A"Ff © Sg0 (1,1,1,1) (3,2,2,2,0) | 1

5| S5.11F; ® S301F) (3,1,1,0) (322.22) | 1] S90.1F5 @ S5 Fy (22,1,0) (322222
So0.1F5 ® S33201F1 | (2,2,1,0) (3,3,2,2,1) | 1| Sp.15F5 ® S3.01F) 21,1,1) (32222) 4
S 15F; @ Sz 2a P | (2,L,1,1) (3,3,2,2,1) | 2 || Sa.15F5 ® SyosiFu 2111 (42221)]1
Sy 15F5 @ Sgs 12y 21,11) (3331,1) 1

6| S301F5 ® Sp.02F1 | (3,2,1,0) (3,3,3,2,2) | 1 || S3.15F5 ® 33 92 F1] (B111) (33322 2
Sy 15F; @ SpsFi | (BL,1,1) (4,3,2,22) | 1| SanoFy ® g1, 5 (2,22,0) (33,33,1) 1
So00F; ® SisF1 | (2.2.20) (4,3,2,2,2) | 1 || So00F3 @ G332 F1 (2.22,0) (33,322) |1
Sy 12F5 @ Sy 21 | (2,2,1,1) (3,3,3,2,2) | 5 || Sa212F5 ® S, Fy (221,1) (33331) 2
Sy 12Ff @ SpssFy | (22,1,1) (4,3,2,2,2) | 2 || S22 Fy @ SugeonFr | (2,2,1,1) (43,3,2,1) | 1

7 | Su11.1F; ® 855 Fy A111) (33,3,33) | 1] Sss.F; @ S5y (33,1,0) (33333) |1
S3.0.2F5 ® S5 F) (3.2,2,0) (3.3:3,3,3) | 1| S300F; ® Samoki | (3:2,2,0) (433,3.2) 1
S30.12F5 @ S5 Fy (32,1,1) (33.3,3,3) | 4| Ss012F; ® SugoF1 | (3:2,1,1) (4333.2) |3
Sy012F5 ® SppaeFy | (3.2,1,1) (4,4,3,2,2) | 1 || Sys 1 F5 ® Spg52F1 (2.2,21) (43332)]6
Sys 1 Iy @ S Fy (2,221) (33,333) | 4| Sp1F; @ Sppsr ki | (2,221) (44,3272) ]2
Sy 1 Fy @ 953202 F1 | (22.21) (5,3,3.2,2) |1 Sps1Fy @ Speea By | (2.2,21) (443,31) | 1

8 [ Sio12Ff ® SppgFr | (42,1,1) (4,433,3) | 1| Ss32F; ® Spzg9 F (33,2,0) (44333)]1
Sg212F5 @ Spal | (3.3,051) (44333) |2 || Ss12Fy @ Sk | (33,1,1) (4,4432) |1
S3021F5 ® Sk | (3:2.2,1) (44333) | 6| Ss021F5 ® S50 F1 (3221) (53,333) 3
S3021FF ® Syszofy | (3,2,2,1) (4,4,4,32) | 3| S3p21F5 ® S54320F1 | (3,2,2,1) (54,3,3,2) | 1
55: Fy @ Spzgs Py (2,2,2,2) (4,4,3,33) | 5 || SoiFy @ Syps30F) (2222) (44432) 4
Sy Iy @ S50 F) (2222) (5333,3) | 3| S21F5 ® Spu522F1 (2222) (543322
Sy F; ® Sy Fy (2222) (44441) | 1| 8550F; ® S22 F1 (2222) (54,422) |1

9 ([ Siz11F; ® SpgFr | (43,1,1) (4,4443) | 1| Sy021F; ® Sya b1 (4221) (44443)]2
S22 F5 ® s F1 | (4221) (5,44,33) | 1| Ss33F; ® Sya sk (3330) (44443)]1
Sy o1Fy ® SpigF1 | (3:3,2,1) (34443) | 6| Sse01F; ® 525 F1 | (3:3,2,1) (5,4,4,3,3) | 3
Syzo1Fy @ Sz F1 | (3:3,2,1) (5,5,3,3,3) | 1 || Ss20.1F5 @ S50F1 | (3:3,2,1) (5 44,42) | 1
S99 F ® Sy 3F) (32,2,2) (34443) |8 Ss0F; @ S22 F1 | (3:2,2,2) (5,4,43,3) | 7
Sy05F @ S550F1 | (3:2.2,2) (5,4,442) | 2 || Ss09F5 ® Sg.a.35F1 (32,22) (64333)]1
S99 Fy @ 52,95 F (32,2.2) (5,5,3,3,3) S309F; ® Sy asalt | (3:2.2,2) (5,54,3,2) | 1

1
(The table continues on the next page.

~—
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10 [ SagoiFy ® SsueF1 | (4,321) (5,4,444) |3 || Sas01F; @ Sg2a25F1 | (4,3,2,1) (5,5,4,4,3) | 1
S123F; @ S50 14 (4222) (54,4,4.4) |5 | 842:F; @ Sy a2 5F1 | (4,222) (5,54,4,3) | 2
Sy09F; @ Sg.53F) (4222) (6,4,4,4,3) | 1| S423F; @ S5 521 (4222) (55533) |1
Sys 1 Fy @ S50 5 (333,1) (54,4,44) |4 S5 ,1F;f ® Spp2aF1 | (3:3.3,1) (5,5443) | 3
Sy 1 Fy © 95,49 31 (3331) (6,4,4,4,3) | 1 || S52.02F5 @ G544} (3322 (54444) ]9
Sy2 22 F5 ® Sy225F1 | (3:3,2,2)  (5:5,4,4,3) | 7 || Ss2.02F5 @ SessF1 | (3,3,2,2) (6,4,4,4,3) | 2
Sy2 02 Ff ® Sps 32 Fy | (3:3,2,2)  (5:5,5,3,3) | 2 || S22 F5 @ Ss.a0F1 | (3,3,2,2) (5,5,5,4,2) | 1
S5z 22 Ff ® SesamF1 | (3:3,2,2) (6,54,33) |1

11 || S5.09F5 ® 5542 Y (5222) (55544) | 1| SzorFy @ Se e b1 | (44,2,1) (55544 | 1
5132175 ® S5 2 F1 | (4,3,31) (5,5,5,4,4) | 2 || Syg21F5 ® Ssa5Fy (4331) (55553) |1
SisaF) @S5 F1 | (4,3,31) (65,4,44) |1 S1s22F5 @ So2F1 | (4,3.22) (5,5,5,44) | 7
513227 @ SesasF1 | (4,322) (6,5444) |3 || Sps02F; © Ssi3F (4322) (5,5,5,5,3) | 2
513227 @ S65208F1 | (4,322) (6,5,54,3) | 1 || Sgs2F; © Sss. 2y (3332) (55544) |9
Sys.2F5 @ Se.5.49 F1 (3332) (654,4,4) | 6| Sy2F; © S51 3F (3332) (55.5,53) |5
Sy52F; @ S65245F1 | (3:3:32) (6,5,54,3) |3 || S92F; ® SezazsFy | (3,3,3,2) (6,6,4,4,3) | 1
S0 @ S740 b (3332) (7A4444) |1

12 || S5.3.00 F5 ® 55 1 (532.2) (55,5,55) | 2| S5502F; ® Ig59 4F1 | (5:3,2,2) (6,5,5,54) | 1
Si231F5 ® S5 ) (4431) (555,55) | 2| Sizs1Fs ® Sop0aF1 | (443,1) (65554 |1
S22 Fy ® S5 Fy (4,4,22) (55555) | 4| Sg22F; @ Se594F1 | (4,422) (6,5,554) | 2
S22 P @ Sgrpa2Fr | (4,422) (6,6,5,44) | 1] Sy522F; @ SesaF1 | (4,3,3,2) (6,5,5,5,4) | 9
Si322F5 ® 955 Fy (433,2) (55,5,5,5) | 7| SaszolFs ® Sezsa2F1 | (4:3,3,2) (6,6,5,4,4) | 3
Si372F ® Srgr 2By | (4,332) (7,5,544) |1 ]| Sys22F5 @ Sez2.5F1 | (4,3,3,2) (6,6,5,5,3) | 1
534 F; © Sg.59 411 (33,3,3) (6,5,5,5,4) | 8 || S3:F5 @ Sep 5.2 F (33,3,3) (6,654,4) |4
Sy Fy ® S50 Fy (333,3) (5,5,5,5,5) | 4 || S51Ff ® S22 Fy (33,3.3) (155,44) |2
S51F; ® Sg2.52 551 (333,3) (6,6,5,5,3) | 2 || S3:F5 © 7645 F1 (3333) (1.6444) |1
S51F; @ Sgo 4.3F1 (33,3.3) (6,6,6,43) |1

6.2. Eg graded by as
This format is (1,7,8,2).
O / 1 Uo 1 1
02 14 - s > <8> Z1 j« Y1 Y Y3 Ya
3 1
3| J
2
6.2.1. V(wsg). There are 9 graded components.
o[ F; (0,0) (0,0,0,0,0,0,—1) | 1
1| eh (1,0) (1,0,0,0,0,0,0) |1
2 [N’ (L) (1,1,1,0000) |1
3| SonFi o NPy (2,1) (1,1,1,1,1,0,0) |1
a| SN R | (31) (LLLLLLLY | 1] SenFy ® Sk | (2,2) (2,1,1,1,1,1,0)
S FF o NTF | (22) (1L,L,1,1,1,1,1) |1
5 || Ss0F; @ Sp215F1 | (3,2) (2,2,,1,1,1,1) |1
6 || SssF5 @ Sp115F1 | (3,3) (2,2,2.21,1,1) |1
7| SusFi @S F1 | (4,3) (2,2,2,2,2,2,1) 1
8 || SuaF; ® 85001 | (44) (322,2222) |1

6.2.2. V(wy). There are 15 graded components.
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0 | Fs (0,—1) (0,0,0,0,0,0,0) | 1

1| AR (0,00 (1,1,0,0,0,0,0) | 1

N IEEING (1,00 (1,1,1,1,0,0,0) [ 1

3 || SN R (2,00 (L,L,1,1,1,10) | 1| A°Ff ® SoqaFy (1,1) (2,1,1,1,1,0,0) | 1
INGEINE 1Ly 1,1,1,1,1,1,0) | 1

4 | 821 F5 @ Sy16Fy 2,0)  QULI11) [ 2| So.Fy ® Sesaaanki | (2,1) (2,2,1,1,1,1,0) | 1

5 || S3.1F5 ® Sos 14 F1 (B1)  (2,221,1,1,1) | 1 || So0Fy ® Sps 141y (2,2) (22211,1,0) |1
Sg2F; ® S3.9.15F1 (2,2) B2 LLLL1L) [1] S20Ff ® SanooiiFr | (22) (2,22,2,1,10) [ 1

6 || S32F; ® Sos 12Fy (32 (2,222211) [ 2] S32Ff ® SsosrsF1 | (3,2) (3,2,2,2,1,1,1) [ 1
Ss0Fy @ Sann002F1 | (3,2)  (2:2,2.2,2,2,0) | 1

7 [ SiaF; ® Sor By (42)  (2,2,222.2.2) | 1| S12F7F ® S35, F) (4,2) (32.22221) |1
S5,3F5 @ SarFi (33)  (2,22,2222) |2 S33F; ® Sz05.1F4 (3,3) (3,2,2,2,2,2,1) [ 2
S33F5 ® S32 23712F1 (3,3) ( 3.22,21.1) | 1

8 5 (43) (3,3.22.222) | 2 || S13F; ® Sy b 4.3) (4222222) 1
Sy 3F; @ S99 1 1 43) (3332221 |1

9 || S5,3F; @ Sa1.00F1 (5,3) (3,3,3,3,2.22) | 1 || Sa.aFy ® Ss1.95F) (44) (33.33,222) |1
Su4F5 ® Syg2 00k (44)  (433222.2) | 1| S1.uF; ® Sg.0.1F1 (4,4) (33,33321) |1

10 || S5,4F; ® Sa02F) (54 (3,3,3333.2) | 2 || S5,4F; ® SazizF1 | (5,4) (4,3,3,33.2,2) | 1

11 || S6,4F; ® SaaeFl (6,4)  (4,3,33333) | 1| S55Fs @ Seeaiafr | (55) (4,4,3,3,3,3.2) | 1
Ss5F; @ S50 F1 (55)  (4333333) | 1

12 |[ So5Fy ® Sys g1 F) (65) (44,43333) |1

13 || S6.6Fy @ Sp52 F1 6,6) (4444433) 1

14 || S76F; @ Syr (7,6) (4,4,4,4444) 1

6.2.3. V(wz). There are 21 graded components. We exhibit the first 11. The
others can be found by duality.

o B (0,0) (1,0,0,0,0,0,0) | 1

1| oA R (1,0) (1,1,1,0,0,0,0) | 1

NGNS (2,0) (1L,1,1,1,1,0,0) |1 | A°F5 © So111F (1,1) (2,1,1,1,0,0,0) | 1
SyFy; @ N° Fy (1,1) (1,1,1,1,1,0,0) | 1

3| S5y o AT F (30) (LLLLILL) |1 8o Fy @ Sy 15 Fy (2,1) (2,1,1,1,1,1,0) | 2
So1F; O N Fy (2,1) (LLLLL1L1) |2 821Ff ® SonnaaFr | (2,1) (2,2,1,1,1,00) | 1

4 S51F @SpsFt | (31) @2LLL1L1) |2 ][ SsnFf @ SpsF | (3,1) (222,1,1,1,0) | 1
Sy2Ff ® Spr s Fy | (22) (22,LLL,1,1) | 3 || S20F% @ SsoeFy | (2,2) (3,2,1,1,1,1,0) | 1
Sy 2F; ® S310F) 22) GLLLLLY) |1 Sa0Fy © Sanooikl | (2.2) (2,2,22,1,0,0) | 1
Sy2Ff ® S 1sFy | (2,2) (2,2,2,1,1,1,0) | 1

5| SuiFy ®SoesFL | (A1) (2,222,1,1,1) | 1 || S50F; @ Spa1sFy (32) (22221,1,1) |4
S50F; @ S30214F1 | (3,2) (3221,1,1,1) | 2 || S30F3 ® Sys 1 ) (32) (2222210) |2
S30F; ® S 15F1 | (3,2) (3:3,L,L,L,1,1) | 1 || S30F @ S35 2F1 | (3,2) (3,2,2,2,1,1,0) | 1

6 || SiokFy ® Sae Py (42) (2222221) |4 S4oF; ® Sspe2F1 | (42) (3,2,2,2,2,1,1) | 2
Si0Fy @ S3202 5 F1 | (4,2) (3,3,2,2,1,1, 1) 1| Si2F; ® S5.00F) (42) (3,222220) |1
S5 3FF ® S30012F1 | (3,3) (3 1) |4 Ss3F; ® Sas 1 Fy (33) (2,22222,1) |4
S5 3FF ® Sp2.215F1 | (3,3) (3,0 1) [ 2| Ss3F; ® SumsisF1 | (3,3) (4.2.2.2,1,1, 1) 1
S33F3 ®Sz2001F1 | (3,3) (3,3 ,0) | 1| S33F3 ® S3.95F3 (3,3) (32 0) 1

T || S52F; @ Sg2941F1 | (5,2) (3,3 ) | 1| S50F5 ® Ss.96Fy (5,2) (3, 2) |1
Sy3Ff ® Spoi Py | (43) (33 2222, 1) 6 || SisFy © S50 43) (3, 2) |6
SiaFf ® SpsaF1 | (43) (4,2.2,2,2.2,1) | 2 || SusFy @ Sgs.0212F1 | (4,3) (3,3 1) |2
S15Ff ® Siso12F1 | (43) (4,3.2,22,1,1) | 1 || SusFy @ Sse15F1 | (4,3) (3,3 )1
SisFf ® Sk | (43) (3,3,3,2,2,2,0) | 1

8| S5sF; ® Sy F1i | (53) (3:3:3:222.2) | 4 || S53F; @ Szio21F1 | (5,3) (3.3,3,3,2,2,1) | 3
S53F5 ® SusxFi | (5:3) (4,3,2,2,2,2,2) | 2 || S53F5 @ SugzosiFi | (5,3) (4,3,3,2,2,21) |1
SualFy © Sy F1 | (44) (3,3,3:2.2,2.2) | 5 || Saaky @ SusosFi | (44) (4,322,222) |4
S1aFy ® Ssiea k1 | (44 (333,3,2,2,1) | 4 || SuaFy @ Sy osiF1 | (4,4) (43,3,2,22]1) |2
S1aFf ® S5.00F) (44) (5222222) | 1| S4aFj @Spgi b1 | (44) (4,4,22221) |1
5.4F; @ Sy areFr | (44) (4,3332,1,1) | 1| SyaFy ® Sy 2F) (44) (3333320) |1
SiaFf ® Sy ok | (44) (333331,1) |1

(The table continues on the next page.)
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9 [ SesFi ® SigosFy | (6,3) (43,3,3,2,2,2) | 1] SesF; @ Sz, Fy (6,3) (3333331 | 1
SesFi ® I3 .22 F1 | (6,3) (3,3,3,3,3,2,2) | 1 || Ss.4F5 ® S5 02 Fy 54 (3333322) |7
S5.4F5 ® SegroF1 | (5,4) (4,3,33.2.22) | 6 || Ss.4F5 ® Sy Fy (G4) (3333331) 4
S5,4F3 @ Syzi01F1 | (54) (4,3,3,3,3,2,1) | 3| S54F5 ® Syz 321 F1 (54) (44,3,2,2,2,2) | 2
S5.4F; © S5.32.91F1 | (5,4) (5,3,3:22,2,2) | 1 || S5.4F; ® Sz 221 F1 | (5,4) (4,4,3,322,1) | 1

10 || S6.F5 @ Sugs o1 | (64) (4,3,3,3,3,3,2) | 6 || Se.aF; @ SsrFy 6,4) (33333323) |3
Se.aFy @ S22 F1 | (64) (4,4,3,3,3,2,2) | 2 || S6aFy ® Sssi2F1 | (64) (5,3,3,3:3:2,2) | 1
S6.aFy @ Spaos 1 | (64) (4,4,4,322.2) | 1|| SeaFy ® SpssrF1i | (64) (44,3333,1) | 1
S5,5F5 @ Sa35,2F1 (55) (43,3:3,332) | 7| S55F5 @ Sazpn02F1 | (55) (44,3.3,322) | 5
Ss.5Ff ® 931 Fy (5,5) (3,3:3.33,3,3) | 3 || S5.5F5 @ Ss302:F1 | (5,5) (5,3,3,3,3,2,2) | 2
S55F5 @ Sppganfr | (5,5) (4433331) | 2| S55F5 @ Ssas20sF1 | (65) (5,4,33.222) |1
S5 5F5 ® Spg201F1 | (5:5) (444,3321) | 1| SssFs @ SpsssFi | (5,5) (444,3,2,2,2) | 1

6.3. Eg graded by as
This format is (2,8,7,1).
o 5 f - A > e T1 J Y1 Y Y3 Ya
2 1
6.3.1. V(wsg). There are 7 graded components.
0 F; (0,0,0,0,0,0,0—1) | 1
1 AR (1,1,0,0,0,0,0,0) |1
2 [ A" A (1,1,1,1,1,0,00) |1
3 Sy10Fy 2,1,1,1,1,1,1,00 |1 AR | 1111111
4| Sy sF | (222,1,1,11) |1
5| Sy | (2,2222211) |1
6 || Ss.07F (32.222222) |1

6.3.2. V(wy). There are 11 graded components.

0 [ F (1,0,0,0,0,0,0,0) [ 1

N (1,1,1,1,0,0,0,0) | 1

2 || SoisFy (2,1,1,1,1,1,00) [ 1 | ATFy (1,1,1,1,1,1,1,0) | 1

3 | SsirFy GLLLLLLL) | 1| Sy 14 Fy (22211,1,10) | 1
Sy2 16 Fy (22111111 |1

4 |[ Syo5 11 F) (32,2,2,1,1,1,1) | 1 |[ Sy6 1 Fy (2,22,2.221,0) | 1
Sos 15 Fy (22222111) |1

5 || Ss20012F1 | (3,3,2,2,2,2,1,1) | 1 | Ss001F1 (32222221) | 2
Sos Iy (22222222) |1

6 || Siso0Fh (432,22222) | 1| Ssioo1F1 | (33,3,3,22.2,1) | 1
Sas 05 1 (33322222) |1

7 || SigiosFh (43,3,3,32,2,2) | 1| Sy71 Fy (333,33.33,1) | 1
Syo 2 F) (33,33.3322) | 1

8 || Siz30 201 (4,4,333,332) | 1| SiarFh (43333333) |1

9 || Sya g B (44443333) |1

10 || Sy75Fy (44444443) 1

6.3.3. V(ws2). There are 17 graded components. We present the first 9. The
others can be filled by duality.
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o] C (0,0,0,0,0,0,0,0) | 1

1| AR (1,1,1,0,0,0,0,0) | 1

2| SpaFy (2,1,1,1,1,00,0) | 1 | A°F, (1,1,1,1,1,1,0,0) [ 1

3 ([ 85101 BLLLLLL0) [ 1| S 1sFy (2,22,1,1,1,0,0) | 1
Sy2 151y (22 11,1,1,1,0) | 1 || SoxrFy RIIII111) ]2

4| S35 15F) (3.2.2,2,1,1,1,0) | 1 || S3.0215F} (B32211111) ]2
S0 Fy (22222.2,0,0) [ 1 | Sy 12 F) (2222211,0) | 1
Soa 14 FY (222211,1,1) | 2

5 || Sig15F) (422,22111) | 1 || Sss014F) (3,332 1,1,1,1) | 1
Sy2 541 F) (3.3,2,2,2,21,0) | 1 || Sg2.95 15 F) (33222111) |1
Sy 0011 (3.2.2,2,2,22,0) | 1 || S3.0512F) (32222211) 4
Syr 1 Fy (22222221) ]2

6 || Suszos 12 b1 | (4,33,22211) | 1| Sasoibn (43222221) |2
S,27F (42222222) | 3| Sz10:F1 (33,3,3.2,22,0) | 1
Sy 52 12 I (3.3,3,3,2,2,1,1) | 2 || Sas 011 F) (3,33,22221) | 3
Sy2 50 F) (3,3222222) |3

7 [ 855205 1 (53322222 | 1| SppaeosiFr | (443,3,2221) ] 1
Sy2 50511 (44322222) | 1| Sig12F) (43333311 |1
Sygt021F1 (4,333,3221) | 2 || Sygs0:F) (43332222) | 4
Sar Fy (3.3,3,3,3,3,3,0) | 1 || Sso.01 (33333321 |3
S5 03 Fy (33,333222) |3

8 || S5.4.3 25 F1 (5.43,3,3222) | 1 || Ss.302F) (5,33,3.3,3.22) | 2
Syspi Y (44442222) [ 1| Spasa1F1 (44433321) |1
Sys 52 5 F (44433222) | 1| SaeakFy (4433333.1) |2
Sz 5102 F (44333322) |4 || Spae0F1 (43333332) |5
Sas Fy (3,33,3,3,3,33) | 1

7. Some patterns and observations

In this section we observe some general patterns that can be deduced from
the tables. They will form a basis for a conjecture.

Proposition 7.1. Let us restrict to the formats of resolutions of cyclic mod-
ules, i.e., p = 2. Then the tensors giving the first graded components of three
critical representations are:

(1) Wi(ds) = F; @ N> Fy gives the tensor of multiplicative structure Fy ®
Fy, — F5 onF,,

(2) Wi(d2) = F» ® Ff @ Fy gives the tensor of multiplicative structure
Fl ®F2 — F3 on ]F.,

(3) Wi(az) = F; @ \* Fy gives the tensor of multiplicative structure \* Fy
— F5 on F,.

Proof. The formulas follow immediately from the parabolic BGG complex. See
[5], Section 9.2. O

For other formats we have a similar interpretation.
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Consider the format with the ranks (r1,72,r3). We have a comparison map
from the Buchsbaum—-Rim complex to the complex F,.

F3 & I de 31 & Fy

2 b T

. *)/\7‘1+2 F1 ®®F6< ®/\7‘1 Fg *)/\?“Hrl Fl ®/\7“1 Fa« o Fl L) FO

0

Similarly we have a lifting

0 —> R —B . p _®

e
q1
A" FL @ F,

of the cycle ¢, = vid; — (A" di @ da), which we denote vs.

dy

Iy Fy

Proposition 7.2. Let us deal with a general format. Then the tensors giving
the first graded components of three critical representations are:
(1) Wi(ds) = F5 @ N Fy gives the tensor vy in the diagram above,
(2) Wi(da) = Fo @ Ff @ N\ Fy gives the tensor v in the diagram above,
(3) Wilaz) = F; @ Ff @ N Fy gives the tensor vs in the diagram above.

Proof. The formulas follow immediately from the parabolic BGG complex. See
[5], Section 9.2. O

For the Dynkin formats with p = 2, notice that, because three critical repre-
sentations are finite dimensional, they have top graded components. Moreover,
since critical representations are either self dual or (in the case of D,, or Eg)
possibly dual to each other, we have the following.

Proposition 7.3. Let us consider Dynkin format, with the exception of (1,n—
1,1) with n odd. Then the top components Wiop(ds), Wiop(da), Wiep(az) give
tensors which can be interpreted as the differentials in the complex

Fior: Fr B p B pr B R,
except for the format (1,4,2) when we get a complex

FloP . Fy — Fy — Ff — F.
Proof. This follows from a careful examination of the tables. The fact that we
get such complexes follows from the decomposition of Ry, given in Proposition

2.2 into irreducibles. One can see we do not have in Rgen representations which
could be tensors giving compositions 9203 and 91 05. O

The case of almost complete intersections (proved in [1]) is the basis for the
following conjecture.
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Conjecture 7.4 ([1]). Assume we deal with Dynkin format. The open set
Uc o of points in Spec(Ryer) at which F°" is a resolution of a Cohen-Macaulay
module consists of points where the complex Fi is split exact.

8. Appendix

In this appendix, we explain how one can generate the tables in the previ-
ous sections using SageMath [6]. Our method uses crystals introduced by M.
Kashiwara [4]. A systematic introduction to the theory of crystals can be found
in [3].

As all the cases are similar, we only present a SageMath code for the table
in Section 5.1.1.

sage: La=RootSystem([’E’,7]).weight_space().fundamental_weights ()
sage: B=crystals.LSPaths(Lal[7])

sage: for x in B:

if x.is_highest_weight([1,2,3,4,6,7]):
a=x.to_highest_weight () [1]
l=len(a); d=0

for j in range (0,1):

if aljl== 5:

d=d+1

print d, ",", x.weight ()

0 , Lambdal[7]

1 , Lambda[4] - Lambda[5]

2 , Lambda[1] - Lambda[5] + Lambda [6]

3 , Lambda[2] - Lambda[5] + Lambdal7]

4 , Lambda[3] - Lambda [5]

5 , -Lambda[5] + Lambda[6]

Each line of the outcome shows the degree and highest weight of an irre-
ducible component. One can convert a highest weight into a pair of partitions.
For example, the highest weight

Lambda[l] - Lambda[5] + Lambdal[6]

of degree 2 corresponds to (1,0,0) (1,1,1,1,0) as Lambda[6] becomes the
first fundamental weight of gl(3) and Lambda [1] the last fundamental weight
of gl(5). (See the Dynkin diagram in Section 5.1.)
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