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Abstract

We introduce real Losungen as an analogue of real roots. For each mutation sequence of an
arbitrary skew-symmetrizable matrix, we define a family of reflections along with associated
vectors which are real Losungen and a set of curves on a Riemann surface. The matrix
consisting of these vectors is called L-matrix. We explain how the L-matrix naturally arises
in connection with the C-matrix. Then we conjecture that the L-matrix depends (up to signs
of row vectors) only on the seed, and that the curves can be drawn without self-intersections,
providing a new combinatorial/geometric description of c-vectors.

1 Introduction

Let O be aquiver with n vertices and no oriented cycles of length < 2. The most basic invariant
of arepresentation of Q is its dimension vector. By Kac’s Theorem [ 18], the dimension vectors
of indecomposable representations of Q are positive roots of the Kac-Moody algebra g¢o
associated to the quiver Q.

When Q is acyclic, a representation M of Q is called rigid if Ext! (M, M) = 0, and the
dimension vectors of indecomposable rigid representations are called real Schur roots as
they are indeed real roots of gop. In the category of representations of Q, rigid objects are
foundational. Therefore an explicit description of real Schur roots is essential for the study
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of the category, and there have been various results related to description of real Schur roots
of an acyclic quiver [5, 16, 17, 27, 29, 34].

In a previous paper [20], we conjectured a correspondence between real Schur roots of an
acyclic quiver and non-self-crossing curves on a marked Riemann surface and hence proposed
anew combinatorial/geometric description. Recently, Felikson and Tumarkin [12] proved our
conjecture for all 2-complete acyclic quivers. (An acyclic quiver is called 2-complete if it has
multiple edges between any pair of vertices.)

Now, when Q is general, it is natural to consider the c-vectors of Q as dimension vectors of
rigid objects. Indeed, when Q is acyclic, the set of positive c-vectors is identical with the set
of real Schur roots [21]. For an arbitrary quiver Q, a positive c-vector is the dimension vector
of a rigid indecomposable representation of a quotient of the completed path algebra. This
quotient was introduced by Derksen, Weyman and Zelevinksy [9], and is called a Jacobian
algebra. Thus c-vectors naturally generalize real Schur roots in this sense, though they are
not necessarily real roots of the corresponding Kac—Moody algebra.

Originally, c-vectors (and C-matrices) were defined in the theory of cluster algebras [13],
and together with their companions, g-vectors (and G-matrices), played fundamental roles
in the study of cluster algebras (for instance, see [9, 14, 15, 22, 24]). As a cluster algebra
is defined not only for a skew-symmetric matrix (i.e. a quiver) but also for an arbitrary
skew-symmetrizable matrix, one can ask:

Can we have a combinatorial/geometric description of the c-vectors (and C-matrices)
of a cluster algebra associated with an arbitrary skew-symmetrizable matrix?

In this paper, we propose a conjectural, combinatorial/geometric model for C-matrices asso-
ciated to an arbitrary skew-symmetrizable matrix, which extends our model from the acyclic
case [20].

For this purpose, we introduce the notion of real Losungen as an analogue of real roots,
and define a family of reflections along with associated vectors which are real Losungen for
each mutation sequence of an arbitrary skew-symmetrizable matrix. The matrix consisting
of these real Losungen is called L-matrix. We show that the L-matrix comes from certain
leading terms when the C-matrix is presented using reflections. We conjecture that the L-
matrices (up to signs of row vectors) depend only on seeds, i.e., do not depend on mutation
sequences leading to the same seed. We believe that understanding these new matrices is
a key to generalizing Coxeter groups and their quotients arising from cluster algebras, in
particular, generalizing Felikson—Tumarkin’s result [11].

When a skew-symmetrizable matrix is acyclic, it is natural to consider the corresponding
symmetrizable generalized Cartan matrix. For a general skew-symmetrizable matrix, we
consider generalized intersection matrices (GIMs)! introduced by Slodowy [32, 33]. A GIM
is a square matrix A = [a;;] with integral entries such that

1. for diagonal entries, a;; = 2;
2. ajj > O0ifand only if aj; > 0;
3. a;j < Oifandonlyifaj; < O.

Since we are more interested in cluster algebras associated with skew-symmetrizable
matrices, we restrict ourselves to the class of symmetrizable GIMs. This class contains the
collection of all symmetrizable generalized Cartan matrices as a special subclass.

1" Some authors call them quasi-Cartan matrices. For example, see [3].
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Let Abe the (unital) Z-algebra generated by s;, e;,i = 1, 2, ..., n, subject to the following
relations:
n P . g .
e —1 ifi=j, ;ifi=j,
st=1 Y ei=1, siei=—e, esj= site T e =y
P e ifi # j, 0 ifi#j.
Let W be the subgroup of the units of A generated by s;, i = 1, ..., n. Note that W is
(isomorphic to) the universal Coxeter group. Thus the algebra A can be considered as the
algebra generated by the reflections and projections of the universal Coxeter group. Keeping
computations at the level of A will reveal some important features of mutations.

Definition 1.1 Let A = [g;;] be an n x n symmetrizable GIM, and D = diag(d,, ..., d,) be
the symmetrizer, i.e. the diagonal matrix such that d; € Z-¢, ged(dy, ...,d,) = 1 and AD
is symmetric. Let ' = Y _7_, Za; be the lattice generated by the formal symbols ay, - - - , oty.

1. Anelementy =) m;a; € [ is called a Losung if

Z dja,‘jm,'ijde forsomek:l,...,n. (1.1)

1<i,j<n

A Losung is positive if m; > 0 for all i. Each «; is called a simple Losung.
2. Define a representation 7 : A — End(I") by

n(s,-)(aj):ozj—ajiot,' and 7‘[(6,‘)(0(j):5,'j0(,’, i,j:l,...,n.

We suppress w when we write the action of an element of .4 on I'. A Losung y is real if
Y =8iSiy -+ Sip (;) forsome i =1,...,nand k > 0.

Remark 1.2 When A is symmetric, a Losung is also called a roof in some literature. For
example, see [1, 25]. When A is a generalized Cartan matrix of finite, affine or hyperbolic
type, this terminology does not bring any confusion with a root> of the root system associated
with A because a Losung is a root of the root system [19, Proposition 5.10]. However, in
general, a Losung is not a root of the root system. See [23, p.11] for the case when A is of
type E11. In order to avoid possible confusion, we introduce the term Losung to distinguish
it from a root of a root system.

Nevertheless, if A is a generalized Cartan matrix, real Losungen are the same as real roots
of the Kac—Moody algebra associated with A. We expect that, for each symmetrizable GIM,
there may exist a Lie algebra for which real roots can be defined and are compatible with
real Losungen, but we do not yet know which Lie algebra would be adequate. Some related
works can be found in [3, 4, 6, 7, 26, 32, 33, 35].

Fix an n x n skew-symmetrizable matrix B = [b;;] and let D = diag(dy, ..., d,) be its
symmetrizer such that B D is skew-symmetric, d; € Z-¢ and ged(dy, ..., d,) = 1. Consider
the n x 2n matrix [B 1 ] After a sequence w of mutations, we obtain [B"’ C "’]. The matrix
C" is called the C-matrix and its row vectors the c-vectors. Write their entries as

<y’
w __ w w __ w — .
BY =[bji], C"=[c]=| |, (1.2)
Cy
where c;" are the c-vectors. For a mutation sequence w = [i;, i2, ..., i¢l,ij € {1,2,...,n},

we define w[k] := [i;, i2, ..., 00, k].

2 Historically, when Killing investigated the structure of a finite dimensional simple Lie algebra L with Cartan
subalgebra b, the roots of the characteristic polynomial det(ady x —t), x € b, were called the roots [8].
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Definition 1.3 For each mutation sequence w, define ¥ € W C A inductively with the
initial elements r; = s;,1i = 1, ..., n, as follows:

(1.3)

1 w

r otherwise.

w..w., . w 3 w_w
LIkl _ {rk rfre it bl >0,
1

Clearly, each rl.'” is written in the form
r = g;"s,-(g;”)_l, glew, i=1,...,n.

This construction has been used in the literature including [2, 11, 12, 34] when the asso-
ciated GIM is a Cartan matrix.

Definition 1.4 Fix a GIM A, and define

1 =gl (), i=1,...,n.

Then the L-matrix L® associated to A is defined to be the n x n matrix whose i

fori=1,...,n,ie.,

row is 1

LY = :
e
and the vectors [} are called the [-vectors of A.
Note that the L-matrix and [-vectors associated to a GIM A implicitly depend on the

representation 7 which is suppressed from the notation. When multiple GIMs are being
discussed we will use the notation liA’w to distinguish between different sets of /-vectors.

When we fix a GIM, we will always choose a linear ordering < on {1, 2, ..., n} and define
the associated GIM A = [a;;] by

bij if i <j,
ajj =42 ifi = j, (1.4)
—b;; ifi > j.

An ordering < provides a certain way for us to regard the skew-symmetrizable matrix B as
acyclic even when it is not.

As our geometric model, we consider a Riemann surface and admissible curves (Definition
2.1), and define a map from the set of admissible curves to the set of monomials in s;’s in
W (Definition 2.3). The first conjecture below extends our conjecture in [20] from acyclic
quivers to skew-symmetrizable matrices. The second conjecture claims that we can choose
a GIM A to obtain a set of reflections that only depend on the seed.

Conjecture 1.5 Fix an ordering < on {1,2,...,n} so that a GIM A is determined. Then
for any mutation sequence w, there exist non-self-intersecting admissible curves 0} such
thatt(r’) = & (s(n;")) , where s(n}") are the monomials in VW associated to n}’ for i =
1,2,...,n.

Conjecture 1.6 For any skew-symmetrizable matrix B, there exists a linear ordering < and

its associated GIM A such that if w and v are two mutation sequences with C* = C" then
r(r)=n@)),i=1,...,n
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For any acyclic skew-symmetrizable matrix, choosing a linear ordering where i < j if
and only if b;; < 0 yields a GIM that is a Cartan matrix by (1.4). In this case, Conjecture 1.6
has been proven in [34] using some results from categorification of cluster algebras.

As the main result of this paper, we show that the reflections r} naturally arise in con-
nection with the C-matrix. It also justifies potential importance of the matrix LY. The key
idea is to maintain that we should have a “root system” for each mutation sequence w as in
the acyclic case. More precisely, we choose a linear ordering < and its associated GIM, and
inductively define an n-tuple of elements s € .A and an n-tuple of vectors A* € Z" (= T),
i=1,2,...,n,so that the following formulae hold:

A';’ +b}"i)L;" ifi < j,
si“’(k}f’) = —)L}f’ ifi = j, (1.5)
A';’ —b;f’ik;” ifi > j,

where BY = [b};’.]. We denote by A¥ the matrix whose rows are A?".

Theorem 1.7 Fix a linear ordering < on {1, 2, ..., n} to obtain its associated GIM A. Then,
for each mutation sequence w, we have

Aw _ Cw
Moreover,

s =r’ (mod2A), i=12,...,n.

4

As one can see from the flow chart in Table 1, the definitions of si“’ and A;” are somewhat
convoluted and heavily depend on <. Nevertheless, in the end, we obtain C¥ and ri"’ which
do not depend on <. Moreover, this process reveals that 7/ are certain leading terms in s;*.
Since s} are related to A}* and r* to I!*, the [-vectors [!* can be considered as “leading terms”
of the c-vectors ¢}’ (= A}"). What Conjectures 1.5 and 1.6 claim is that these leading terms
carry essential information.

To illustrate Theorem 1.7, we present Example 1.8 below. Conjecture 1.5 will be checked
for this example in Example 2.2 after an admissible curve is defined. Conjecture 1.6 is trivially
satisfied for this matrix since its exchange graph is a tree (see [28]) and thus C* = C* does
not occur (unless v and w differ only by repeated mutations [i, {] at the same index). A
non-trivial example of Conjecture 1.6 is given in Example 2.14.

0 3 -3

Example 1.8 Consider the skew-symmetrizable matrix B = |:—2 0 2 | with the sym-
2 =20

metrizer D = diag(3, 2, 2), and the sequence of consecutive mutations atindices 2, 3, 2, 1, 2:

0 -39 5 1815

2 0 —4-2-7-6
-6 4 0 0 —2-1

[B I] [2,3,2,1,2]

Thus we have obtained three c-vectors (5, 18, 15), (-2, =7, —6) and (0, —2, —1).
We take the linear ordering 1 > 2 > 3. Then its GIM A and the symmetrized matrix AD
are as follows:

2 -3 3 6 —6 6
A=|-22 —2|, AD=|-6 4 —4
2 22 6 —4 4
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In accordance with (1.1), define a quadratic form by
q(x,y,2) = 6x> + 4y2 +47% — 12xy — 8yz + 12zx.
Then we have
q(5,18,15) =6, g(-2,-7,—6)=4, ¢q(0,-2,—-1)=4.

Thus all three c-vectors are Losungen for A.
From Definition 1.3, we obtain

rl = $3852815283528352515253825352815283, Iy = $3825152538528352815283, 13 = $28382,

where v is the mutation sequence [2, 3, 2, 1, 2]. For the GIM A, Definition 1.4 gives rise to
the [-vectors

I} = s3sos15283528382 (1) = (5, 18, 15),
13 = s3sos18083(02) = (2,7,6), 13 =s2(3) = (0,2, 1).

On the other hand, following the definitions in Sect. 2, we obtain similar results for the A;”.
In particular,

A = s3s0815283828382(001) = (5, 18, 15),
Ay = —s3sos18283(02) = (=2, =7, —6), A3 = —sz2(a3) = (0, =2, —1).

5 18 15
Thus the matrix A” = | =2 —7 —6 | equals the C-matrix.
0 —2-1
However, [-vectors will not always be equal to positive c-vectors. Indeed, they need not
2 3-3
even be sign-coherent. For the choice of GIM A’ = | 2 2 2 | we see that
—22 2

MY = (149, —462,1341), 12 = (10,31, -90), 11" = (0, -2, 1).

1.1 Organization of the paper

In Sect. 2, precise definitions will be made for the objects appeared in this introduction, and
Conjectures 1.5 and 1.6 will be presented in a more refined way, and other examples will
be given. In Sect. 3 the elements 5 € A and the vectors A} will be defined with a running
example, and Theorem 1.7 will be stated more precisely. In Sect. 4, Theorem 1.7 will be
proven through induction. The main induction step consists of six different cases, each of
which has a few subcases.

2 Conjectures

In this section, we present our conjectures in a more precise way after making necessary
definitions.

For a nonzero vector ¢ = (cy, ..., cy) € Z", we define ¢ > 0 if all ¢; are non-negative,
and ¢ < 0 if all ¢; are non-positive. This induces a partial ordering < on Z". Define |c| =
(et -y lenl)-
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Assume that M = [m;;] is an n x 2n matrix of integers. Let 7 := {1, 2, ..., n} be the set
ofindices. For w = [i;, i, ..., i¢],i; € Z, we define the matrix M¥ = [ml?"j] inductively: the

initial matrix is M for w = [ ], and assuming we have M?, define the matrix M®*] = [m;”/.[k]]

for k € 7 with w[k] := [i;, iz, ..., iz, k] by

wlkl _ {—m;”j if i = korj =k,

m..
ij w w wo . w :
mg + sgn(m;;) max(mikmkj, 0) otherwise,

(2.1)

where sgn(a) € {1, 0, —1} is the signature of a. The matrix M wlkl i5 called the mutation of
M"Y at the index k.

Let B = [b;;j] be an n x n skew-symmetrizable matrix and D = diag(dy, ..., d,) be
its symmetrizer such that BD is symmetric, d; € Z~¢ and ged(dy, ..., d,) = 1. Consider
the n x 2n matrix [B 1 ] and a mutation sequence w = [i1, ..., ix]. After the mutations at
the indices iy, . . ., ix consecutively, we obtain [B'” C w]. Write their entries as in (1.2). It is
well-known that the c-vector ¢}’ is non-zero for each i, and either ¢’ > 0 or ¢}’ < 0 due to
sign coherence of c-vectors ( [10, 14]).

Choose a linear ordering < on the set Z, and define a GIM A = [q;;] by (1.4). From
Definition 1.1, we have Losungen associated with A. Set Ay = (1,0,...,0), Ay =
0,1,0,...,0),..., A, = (0,...,0,1) to be a basis of Z". Recall that we have defined
the algebra A in the introduction. Define a representation 7 : A — End(Z") by

JT(S,')()L]') = )\j —aj,')\i and ﬂ(ei)()\j) = 3,']'}»,' fOI’i,j e, (2.2)

and by extending it through linearity, where §;; is the Kronecker delta. We will suppress &
when we write the action of an element of .4 on Z". As before, denote by W the subgroup
of the units of A generated by s;,i = 1,...,n.

To introduce our geometric model® for c-vectors, we need a Riemann surface equipped
with n labeled curves as below. Let P and P, be two identical copies of a regular n-gon.
For o € §,, label the edges of each of the two n-gons by T5(1), T5(2), - - - » T5(n) counter-
clockwise.

On P; (i =1, 2),let L; be the line segment from the center of P; to the common endpoint
of Ty (1y and T, (2. Later, these line segments will only be used to designate the end points
of admissible curves and will not be used elsewhere. Fix the orientation of every edge of P;
(resp. P») to be counter-clockwise (resp. clockwise) as in the following picture.

TG‘(TL72)

Ta(n—l)

(2)

n—1

Let ¥ be the Riemann surface of genus | *5— | obtained by gluing together the two nn-gons
with all the edges of the same label identified according to their orientations. The edges of
the n-gons become n different curves in .. If n is odd, all the vertices of the two n-gons are

3" An alternative geometric model can be found in [12].
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T3 T1 T3 Tl

T1 T3 Tl T3

(A) The curve n?. (B) The curve n3. (¢) The curve n3.

Fig. 1 The curves nl?’ corresponding to Example 1.8 displayed on ¥, where o = (3, 1,2) € S3 written in
one-line notation

identified to become one point in X, and the curves obtained from the edges become loops.
If n is even, two distinct vertices are shared by all curves. Let T =T U---T,, C ¥,,and V
be the set of the vertex (or vertices) on 7.

Let 20 be the universal Coxeter group of rank n, which is by definition isomorphic to the
free product of n-copies of Z/2Z, and let R be the set of reflections in 20. We will denote
an element of 2J as a word from the alphabet Z = {1, 2, ..., n}. In particular, an element v
of R can be written as v = iyi3 - - - i such that k is an odd integer and i; = ixy|—; for all
j=12,... k.

Definition 2.1 An admissible curve is a continuous function 7 : [0, 1] —> X, such that

n(x) € Vifand only if x € {0, 1};

there exists € > 0 such that n([0, €]) C L and n([1 — €, 1]) C Lo;

if n(x) € T\ 'V then n([x — €, x + €]) meets T transversally for sufficiently small € > 0;
v(n) € R, where v(n) =iy ---ix € W is given by

b e

(xe@©1) :nx)eT)={x1 <---<xk} and n(xe) €T, forle(l,... k}.

We consider curves up to isotopy. When i, =iy, 1 < p <k—1,forv(n) =iy i,
the curve 7 is isotopic to a curve 1y with v(n1) = i1---ip—1ipt2---ix. If 71 and n; are
curves with v(ny) =iy ---ir and v(2) = ji - - - je, define their concatenation nin; to be a
curve such that v(n1m2) =iy - - ixj1- -+ je-

Example 2.2 Continuing Example 1.8, we choose admissible curves n? on a triangulated
torus X, such that r? = s(n}) and draw the curves in Fig. 1 to illustrate that they are non-
self-intersecting. This verifies Conjecture 1.5 for this example. (In this example, it is not
necessary to go through 7.) We also draw the curves on the universal cover of X in Fig. 2
to see that they have no pairwise intersections.

Definition 2.3 For v = ijip---iy € 20, define s(v) = s;,---5;, € W C A. We write
s(n) = s(v(n)) for an admissible curve 7.
Now we state Conjecture 1.5 in a more refined way.

Conjecture 2.4 (Conjecture 1.5) Fix an ordering on I so that a GIM A is determined. Then,
for each mutation sequence w, there exists a family of non-self-crossing admissible curves
n?’,i =1,...,n, onthe Riemann surface %, for someo € S, suchthatm(r}’) = 7 (s(n;” ) .
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Fig.2 The curves from
Example 1.8. The shortest curve
corresponds to ng, and the

longest one to 1}

curve ny. curve 3.

Tl T2 Tl T2

T4 T4 T4 T4

T2 Tl T2 Tl

(¢) The curve n3. (D) The curve 7}

Fig.3 The curves for Example 2.5 drawn on X, with o = (1,4, 2, 3)

0 —-1-12
. . 1 0 1 -1 . . .
Example 2.5 Consider the matrix B = 1 —10 -1 It arises from a triangulation of
-2 1 1 0

the torus with one boundary component with one marked point. It is commonly referred to
as the dreaded torus. With the mutation sequence w = [2, 3, 4, 2, 1, 3], we have

01 -1-10 2 3 2

w 10122 3 3 2

[B1] — 1 1 0 —1-1-2-3-2
1 =21 0 0 —2-2-1
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Choose the linear ordering 1 < 3 < 2 < 4. From Definition 1.3, we obtain

¥ = 5153(52545253) 751 (53525452) 5351,
¥ = 5153(52545283)252(53525482) 25351,
ry = $153825452835284828351,
rY = $2535254525352.
In Fig. 3 we provide curves n;° such that s(}’) = r/ for all i € 7. It is clear that they

are non-self-intersecting on the surface X, with o = (1,4, 2, 3) € Sy written in one-line
notation. By inspection these curves can be seen to be pairwise non-crossing.

In Example 2.6 we show m is necessary in Conjecture 2.4 to avoid self-intersections.

0 -2-23
. . 2 0 4 2 . .
Example 2.6 Consider the matrix B = 5 40 —11° Applying to the mutation
-3-21 0

sequence w = [4, 3, 1, 4, 1] we have
w_ 2 3 2
Ty = §35451(85453)75452(5453)7 545254(5354)75154583.

Let 7 be the curve defined by s(57) = r;’. Upon inspection, for any o € S4 the curve 7 has
a self-intersection in X,. However, for any choice of GIM we have 7((s354)3) = 1 so the
curve ' given by v(n') = 34132423143 < 20 satisfies 7 (r}’) = 7 (s(n’)) and can be drawn
with no self-intersections.

In order to refine Conjecture 1.6, we need a new definition. A sequence of indices
(i1, ..., 1q) is said to be a chordless cycle in a skew-symmetrizable matrix B if

1. ij =iy if and only if {j, k} = {1, d},
2. for any distinct j, k € {1, ..., d} we have bij,ik #0ifandonlyif |j — k| =1,

Additionally, a chordless cycle is said to be oriented if and only if all entries b;, ;,,, for
j=1,...,d—1have the same sign. Two chordless cycles are considered equivalent if they
have the same underlying set of indices.

Conjecture 2.7 (Conjecture 1.6) Let B be a skew-symmetrizable matrix.

1. There exists a linear ordering < on T such that every oriented chordless cycle (iy, . . ., iq)
in B has an odd number of positive Aijijyrs j=1,...,d — 1, where A = [a;;] is the
GIM determined by <.

2. Fix an ordering < and its GIM A satisfying the condition in (1). If w and v are two
mutation sequences such that C¥ = C® thenw(r) = n(r}), i =1,...,n.

The elements 7 (r”) can be viewed as elements of 7(VV), and Conjecture 2.7 can be
interpreted as a statement about relations in 7 (V). Relations for these groups have been
explored for particular skew-symmetrizable matrices and a restricted class of GIMs in [2, 11,
30]. A thorough investigation of relations in (V) and their application to Conjecture 2.7
will take place in a subsequent article. It is expected that all of the discovered relations will
hold for any GIM satisfying the condition in Conjecture 2.7 (1) which is a weaker than
Seven’s notion of admissibility [29, 30].

In Proposition 1 below, we will prove Conjecture 2.7 (1) for a special family using results
in [29, 31]. In discussing the notion of cycles we will briefly switch from the perspective of
matrices to that of the directed graph.
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Definition 2.8 Let B be an n x n skew-symmetrizable matrix. Define G(B) to be the directed
graph with vertices in Z and arrows i — j for b;; < 0.

Note that the definition of a chordless cycle for a matirx B is equivalent to the standard
definition of chordless cycle in the directed graph G(B).

Now, for the time being, assume that B = [b;;] is a skew-symmetrizable matrix which can
be mutated from an acyclic matrix By through a mutation sequence w, i.e., assume B = B{’.
Let Ag be the generalized Cartan matrix associated with By, and define

A = [a;j] = C* Ag(C*)". (2.3)

Then, by [31, Theorems 1.2] (see also [29]), the matrix A is a GIM such that |a;;| = |b;;]
fori # j and

every oriented chordless cycle of G(B) has exactly one edge {i, j} such that a;; > 0.
24

Let us consider the following conditions for G(B):

(AC1) every oriented (not necessarily chordless) cycle has at least one edge {i, j} such that
ajj > 0;

(AC2) if an edge {i, j} with a;; > 0 is contained in a cycle either oreinted or non-oriented,
then it is also contained in an oriented chordless cycle.

Proposition 1 Assume that B is a skew-symmetrizable matrix which can be mutated from an
acyclic matrix By. Let A = [a;;] be the GIM defined in (2.3). Suppose that (AC1) and (AC2)
hold. Then Conjecture 2.7 (1) is true.

Proof Ttfollows from (2.4) that A satisfies Conjecture 2.7 (1) if it arises from a linear ordering.
To this effect, let G = G(B), and define G° to be the graph obtained from G by reversing the
directions of edges {i, j} with a;; > 0. We will show that G° is acyclic, and define a relation
< on the set Z of vertices as follows:

i < j if there is a directed pathi =iy — --- = i, = jin G°.

Then the relation < will be a strict partial order on Z.

Suppose that there is an oriented cycle Eg = (ip — i1 — --- — i, = ip) in G°.
Then it is also a cycle in G, but not necessarily oriented. We inductively define the sequence
Ey, Ey, ..., E, of oriented cycles in G° as follows: Suppose that E; is defined for some
def0,1,...,p—1}. If g, ;,,, < O then we define E;4 to be equal to E;. Suppose
that a;, ;,,, > 0. By (AC2), there must be an oriented chordless cycle (iy — j1 — j2 —

- — jr = ig+1 — ig) in G. Then we define E;4 as a subgraph of G° to be the oriented
cycle obtained from E; by replacing the single arrow iy — iy41 with the oriented path
ig = j1--+ = Jjr —> igy1. Here, thanks to (2.4), we have a;,,;, < 0, aj, j,,, < 0 for
eecf{l,....,r —1},and aj, ;,,, <O0.Once Ey, E1, ..., E, are defined, the last one E), is
an oriented cycle (ko — ki — --- — kg = ko) such that {ip, ..., ip—1} C {ko,..., ksy_1}
and ay, k,,, <Oforalle =0,...,s — 1. By definition of G°, the graph G also has the same
oriented cycle (kg — k; — --- — ks = ko). This contradicts (AC1). Thus G° is acyclic.

Now refine < to a linear ordering on Z. Let A= [a;;] be given by (1.4). We need to show
that A = A.Wehaved;j = a;; =2ifi = j,anda;; = a;; = 0if b;; = 0. Assume i < j and
ajj = bjj < 0.1f a;; > 0, then j < i by definition, which is a contradiction. Thus a;; < 0
and g;; = a;j. Assume i < j and a;; = b;j > 0. Thenbj; < 0.1f a;; < 0, then a;; < 0 and
hence j < i by definition, which is a contradiction. Thus ¢;; > 0 and a@;; = a;;. The other
cases are similar, and we have a;; = a;; in all the cases. O
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Example 2.9 Let B = [b;;] be the skew-symmetric matrix associated with the quiver Q below
viatherule b;; = —1ifi — jandb;; = 0if there is no arrow between i and j. This quiver is
obtained applying mutations at vertices 6, 5, 3, 4 to the acyclic quiver Q¢ also shown below.

Q= 2/(3403 Qo = \ /\ /
FAVANII
4 5 6

2 2110 0 0
-1 2 -1 -11 0

From (2.3), we obtain GIM A = [q;;] = b2 9 1t associated to B (or Q). We
0 1 —1—-12 1
00 -10 1 2

specify the signature of a;; on Q(= G) and draw the acyclic graph G° defined in the proof
of Proposition 1:

TN AYA

It is easy to see that G satisfies (AC1) and (AC2). Indeed, we see (2.4) holds, and there
is only one additional (simple) oriented cycle (1, 3, 6, 5, 4, 2, 1) with chords, which has two
positive edges. Now the definition of < in the proof of Proposition 1 yields 5 <4 < 2 < 1,
5 <3 <2< 1land5 < 3 < 6. Thus a refinement to a linear odering is given by
5<4<3<6<2<1,which gives rise to A via (1.4). Clearly, Conjecture 2.7 (1) holds
with this linear ordering.

Example 2.10 Let B be the skew-symmetric matrix associated with the quiver Q below in the
same way as in Example 2.9. This quiver is obtained applying mutations at vertices 5, 3, 4
to the acyclic quiver Q¢ also shown below.

2
) 2 4
* o (<]
(-]
_ 4 i
Q= /" \ Qo =
o «<—— o
3 5
o o @ — > o e — > o
1 6 1 3 5 6
2 -1 0 1 0 -1
-1 2 0 1 0 -1
From (2.3), we obtain GIM A = [a;;] = (f ? ,21 }1 ,11 ,01 . We specify the signature
0O 0 1 -1 2 0
-1 -1 0 -1 0 2

of a;j on Q(= G) and draw the acyclic graph G°:
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= o €« o

It is straightforward to check that G satisfies (AC1) and (AC2), and we can take 1 < 2 <
3 <6 <4 <5 for Conjecture 2.7 (1).

Remark 2.11 It will be interesting to investigate when a skew-symmetrizable matrix mutated
from an acyclic matrix satisfies (AC1) and (AC2). It may be that such a matrix always satisfies
the conditions.

The lemma below provides another sufficient condition for existence of a linear ordering
< and its GIM A satisfying the condition in Conjecture 2.7 (1). If we do not require that a
GIM is determined by a linear ordering, it can be proven that a GIM satisfying the condition
of Conjecture 2.7 (1) always exists for any skew-symmetrizable matrix. But in order to define
the elements s} € A as in the next section, it is necessary that A arises from a linear ordering.

Lemma 2.12 Let B be a skew-symmetrizable matrix. Consider G = G(B) as undirected.
Assume that each of the (undirected) chordless cycles in G has an edge in the cycle that is
not contained in any other (undirected) chordless cycles. Then Conjecture 2.7 (1) is true.

Proof For a collection of arrows £ = {ey, ..., e,} in G, we can define a new directed graph
‘H by reversing the direction of the arrows of £. If H is acyclic we may define a linear order
by setting i < j ifi — j is an arrow of H and extending it to a linear ordering on Z. We will
show that there exists a set of arrows that contains an odd number of arrows (actually one
arrow) from every oriented chordless cycle of G such that H is acyclic. Therefore it follows
from (1.4) that the associated GIM satisfies the condition in the statement of the lemma.

As in the statement of the lemma, we consider G undirected for the time being. Let
{C1,Ca, ..., Cs} be the set of undirected chordless cycles in G and take £ = {e}, e, ..., 5}
to be the set of edges in G such that ¢; is an edge of C; and not an edge of C; for any j # i.
Such an &’ exists by the assumption. Let 7 be the spanning tree obtained from removing the
edges in £ from G. Now we consider G directed again, and let ; be the opposite arrow of
e;. We will construct the desired sequence € of arrows as a subset of £ by iteratively taking
e; to be in £ if and only if either

1. C; is oriented in G, or
2. T U{erler € £,k < i} U {e;} has an oriented cycle.

Now define H from G by reversing the direction of the arrows of £. Then for any oriented
cycle of G we have reversed only one arrow of the cycle by (1) and the choice of £, so any
oriented chordless cycle of G is no longer oriented in H. Furthermore every non-oriented
cycle of G remains non-oriented in H by (2). Therefore all of the chordless cycles of H are
non-oriented and it must be that 7 is acyclic. O

We now give an example illustrating the proof of Lemma 2.12.

Example 2.13 Let B be the skew-symmetric matrix given in Fig. 4, or any skew-symmetric
matrix with the same directed graph G shown in the figure. The graph G has two oriented
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Fig.4 A skew-symmetric matrix .
B and the digraph associated to it
in Lemma 2.12. The proof of the Lo 04
lemma is illustrated in -2 0 0 6
Example 2.13 3 4 60
7

chordless cycles (1, 3,4, 1) and (2, 4, 5, 2), and three undirected chordless cycles Cy, C, and
Csz givenby {1, 3, 4}, {1, 2, 4}, and {2, 4, 5}, respectively. Considere; =3 — 1,ep =1 — 2,
and e3 = 5 — 2. Then & = {e], ey, e3} satisfies the assumption of Lemma 2.12, and we

N/

obtain the spanning tree 3 4 5 by removing &' from G. Now
to construct £ we see that e; € & by condition (1), e ¢ & since C; is not oriented and

TU{ere2) = / \ /

=3
|
—
)
|
w
o

o o

*s does not have an oriented cycle, and e3 € £ by condition (1).

WAVAN

0 €— o —_
Thus £ = {ey, 2}, and 5. The covering relations dictated by the

acyclic graph H are 1 < 4 < 3, 1<2< 4, and 2 < 4 < 5. One extension of these relations
to a linear ordering is 1 < 2 < 4 < 3 < 5. It is straightforward to check that the associated
GIM has exactly one positive entry for each oriented chordless cycle of B (or of G).

Recall the definition of an L-matrix from Definition 1.4. We now provide an example
illustrating Conjecture 2.7 and [-vectors.

Example 2.14 Let B be the matrix from Example 2.5. For the two mutation sequences w =
[3,4,1,3,4,3]and v = [4, 1, 3,4, 1, 3] we have C* = C". On the other hand,

ri’ = $3548351535453,
ry = $3548381535452545351535453,
ry = $35481535453515351535483515453,
ry = 5354515354 (5351)%535453(5153) 75453515453,
and
r = 53(5451)754535451545354 (5154) 53,
ry = 53(5451)%545354515453(5451) 7545254 (5154) 2535451545354 (5154) %53,
¥ = 53(5451)%545354(5154) %53,
rY = (535451)%54(515453)°.

There are two oriented cycles on vertices {1, 4, 2} and {1, 4, 3} in B. Take the GIM arising
from the linear ordering 1 < 2 < 3 < 4. Then only the entry a4 is positive for the cycles, and
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the condition in Corollary 1.6 is satisfied. Direct computation shows that 7 (r*) = 7 (r}),
and Conjecture 1.6 is verified.
We identify «; with A; in Definition 1.4 and compute the /-vectors

s38453(A1) = (1,0, =1, 1), 13 = s35453515354(02) = (—1,1,0, 1),

$3545153548351(A3) = (2,0,0,=3), [} 5354515354(5351)%53(Aa) = (=3, 0,0, 4),

h

Iy

and obtain the L-matrix

1 0-1-1
L% = 21(1) g —13
-300 4
On the other hand,
1=(10,1,1)=-I{, 3 =(-1,1,0,1) =17,
I3 =(-2,0,0,3) =17, I; =(-3,0,0,4) =1.

One may hope that the reflections r* would give a direct generalization of [34, Theorem
1.4] with the expectation that a product of r’s might equal s (1)55(2) - - - S5 (x) in W for some
o € S,. However Example 2.15 provides a counterexample.

Example 2.15 Let B be the matrix from Example 2.6. After the mutation sequence w =
[2, 3,2, 1] we have

w w w w
Ty =81, Ty =S18281, I3 = 825382, Fy = 535453.

It is straightforward to check that [ [, .+ rc'r”(l. ) # 55(1)55(2)56 (3)55 (4) for any pairof 0, 6 € S4.
The same is true when considering the matrix representation of the s; for any choice of GIM
associated to B.

This collection {r*} also provides an example where for any o € Sy there will always be
some pair of curves in 7} and n;f’ satisfying Conjecture 2.4 that intersect.

3 Main theorem

In this section, we define the elements si“’ € A and the vectors A;" to present the main theorem
of this paper precisely. The key idea is that we make the formulae (1.5) inductively hold for
each mutation sequence w. This process shows that there is a unique term in s;* that survives
mod 2.4 without regard to the choice of an ordering <. More precisely, we prove s = r”
(mod 2.4). When B is acyclic, the c-vectors ¢}’ are the reflection vectors of 7 (r}”) as shown
in [34] with the linear ordering < defined by i < j if and only if b;; < 0. However, for
general B, it is not true any more and comparing * with s} will help us understand how the
reflections r arise in relation to the c-vectors ¢}’ as it will be shown as a part of the main
theorem that ¢’ = AY.

Throughout this section, assume that B = [b;;] is a skew-symmetrizable matrix. Fix a
linear ordering < on Z to obtain its associated GIM A = [a;;] from (1.4).
Example A-1 As a running example in this section, we consider the skew-symmetrizable
matrix

01-3
B=|-20-2
310
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Table 1 Flow chart for defining s and A}

Def A-5 : Def A5
Define \; = )‘E] 7 Define ef[z’“] —
Def A—lJ( Def A_Gl
Define s; = SE] and e; = eg] Define S;’[im]
Def A-2l Def A-7l
Define Py ([], [i1]) and P-([], [i1]) Define Py (v[im], v[im, im+1]) and Py (v[im], vlim, imr1])
Def A-Sl Def A»Sl
Define 7; = Ti[] Define Tl_v[im]
Def A-4J’ Dot A'”J,
Define )\Eil] Define A;’[imxierl]
| |
Letv=[]and m=1 —— V[im] = vand m+1—m [

with symmetrizer D = diag(1, 2, 1) and linear ordering 1 < 2 < 3. Following the convention
in (1.4), we produce the GIM

2 1 -3
A=|2 2 =2
-3-12

Assume that a mutation sequence w is given. We will inductively define the elements
s;" € A and the vectors A}”, i € Z, in what follows. The procedure is summarized in Table 1.

For convenience, we recall the definition of .4 and its representation on Z". As before, set
A =(1,0,...,0), A =(0,1,0,...,0),..., A, =(0,...,0,1) to be a basis of Z".
Definition A-1 Let A be the (unital) Z-algebra generated by s;, ¢;, i € Z, subject to the
following relations:

n . . . . . .
site—1 ifi=j, ifi =,
st=1, Y ei=1, siei=—e, esj= it A TR S
= e ifi #j, 0 ifi#j.

Define a representation 7 : A — End(Z") by
w(si))(Aj) =Aj —ajiki and m(e;)(Aj) = b;jA; fori, jeZ, 3.1

and by extending it through linearity, where §;; is the Kronecker delta. We will suppress 7
when we write the action of an element of A on Z".

Example A-2 Continuing from Example A-1, the action of s;,i = 1,2, 3, are respectively
given by the following matrices:

—-100 1-10 10 3
-210), |0-10}, |01 2
301 011 00 -1
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Here the action of s; on the vector A; is to be understood by multiplication of the matrix on
the right.
Definition A-2 Suppose that w starts with k. Let Pg([ ], [k]) be the set of (i, j),i,j € Z,
such that

A > sg(A)and A < sp(Aj)and (k <i < jori < j <k),or
Aj<sg(Aj)andk =i < j.

Let P ([ 1, [k]) be the set of (i, j), i, j € Z, such that

Ai > sg(A;)and A j < sp(Aj)and (k <i < jori < j <k),or
Aj>sp(dj)andk =i > j.

Definition A-3 Define
eri = Zej € A,
where the sum is over j such that (i, j) € P, ([ ], [k]) or (j, i) € P:([], [k]), and define
T =5 +2(1 —si)er; fori e 7. (3.2)
Definition A-4 Define

NG {rk(ki) if A <sg(A)andk < i, orif A; > sp(A;) and k > i, orifi = k,(3 3)
i = .

Ai otherwise.

Example A-3 Continuing from Example A-2, take w = [2, 3] sok = 2. We have Ps([1, [2]) =
{2,3)}and P-([1, [2]) = {2, D}. It follows that e; )| = e3, e: 2 = e}, and e; 3 = 0. Putting
everything together we see that

71 =51 +2(1 —s1)ex, T =s53+2(1 —s2)e;, 13 =s3.
We then have
n() =2 -2 =(1,1,0),
n(A2) = 52(k2) = (0, —1,0), m(A3) =s52(43) = (0,1, 1).
By (3.3) we define )\1[2] =1(A;) foralli € T.

Definition A-5 Inductively, assume w = v[k, ¢, ..., m], including the case v = []. For
i # k, define
vik] rrelr) ifA) <s!(A)andk < i, orif A? > sP(A?) and k > i, (3.4)
e = .
! el otherwise,
and
g —ep — epet,

where we set

Mo T
ik, 23
Example A-4 Continuing from Example A-3 we havek = 2,{ =3, andv = []. Fori = 1,3
we have el[z = Tye; 2. More explicitly,

[2] [2]
el =mnein = (2 —s)el, e; = Te3Ty = sze3.
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Fori = 2,

eg] = egz] + egz] =2e; —so(e; —e3)

and finally

(2]
1

6521 =e(l —ei” — eézJ) =s(e1 —e3) —e] + e +e3.

Definition A-6 Define
v[k] _ v[k]
€i = 2 :ej )

where the sum is over j such that (i, j) € Ps(v, v[k]) or (j, i) € Ps(v, v[k]), and define

wkl Tl 20— r,fti”r,f)e:’[f] if A} <sf(A\})andk < i, orif A} > s (A?) and k > i,
P P +2(1— ti")e:[ik] otherwise.
(3.5)
Example A-5 In Example A-3 we computed P ([], [2]) = {(2, 3)} so
[2] [2] [2] [2] [2]
e1 =0, €2=€¢ ., &3=6

Now by comparing s;(\;) given in Example A-2 to A;, we have

s{zl =n1n+2(1 — rzrlrz)eﬂ =TT

= (2 —2s1 +5281)852 +2(1 — 280 + 25150 — sp5182)e1 + 2(—2 + 281 + 250 — s251)e3,

s =10+ 201 = )el) = 2(e1 — e3) +52(1 — 2(e1 — €3)) = 52 +2(1 — s2)(e1 — e3),

Pl =13+ 21 = 13)el”) = 525350 + 2(1 + s253)e2 +2(1 — 252 — s25352) 3.

Definition A-7 Let P (v[k], v[k, £]) be the collection of (i, j) such that
(€ <i<jori<j=<{)and )\f[k] > sZ[kl(A;’[k]) and X;[k] < sZ[k](A;[k]), or
£=1i>jand Az[k] < 0 and Aj.[k] > sZ[k] ()L;’.[k]), or
t=i<jand )™ > 0and 22 < 5y,

Similarly, let P; (v[k], v[k, £]) be the collection of (i, j) such that

€ =<i<jori<j=<{)and A;’[k] > sZ[k](A;’[k]) and )\?[k] < sz[k](kz[k]), or

¢=i> jand A" > 0and A'I’.[k] > sZ[k](kj.[k]), or
t=i<jand )™ <0and 22 < sy,
Example A-6 Continuing from Example A-5 we have
21,12 2], 12
sl =a. 1,0, sP05) =0.3,2), P08 =0, -4,-3)

so Ps([21, [2, 3]) = @ and P, ([2], [2, 3]) = {(3,2)}.
Definition A-8 Define

S 3 ¢

T,

where the sum is over j such that (i, j) € P, (v[k], v[k, £]) or (j,i) € P:(v[k], v[k, £]),
and define

1

VIR Sl_"[k] +2(1 — s;’[k])e:[f] fori e Z. (3.6)
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Definition A-9 Finally, define

k k . k k k .
! ](A}f[ ) 1fx;[ Pt ](Aj[ yand ¢ < j,

Al = orif W > MMMy and € > j, orife =, (37)
A;.[k] otherwise.
Example A-7 Continuing from Example A-6 we have

[2,3] _ 2,31 _ I2] 2,31 _ [2]
;] =0, ey =e5, ey =e; .

Furthermore,
‘rlm = SF], rz[z] =5 —2(1 — s)eq, r3[2] = 5253852 + 2(1 — 528352 + s253 — s2)eq.
In Example A-5 we computed sgz] (AI[Z]). Finishing our running example we conclude that

W =P = -span =a.1.0),
1 = PGB = 525300) = 0.1,2),
W =0l = —504) = 0, -1, D).

For any mutation sequence w, set

Aw = .
P

Now we restate the main theorem of this paper.

Theorem 3.1 (Theorem 1.7) Let B be a skew-symmetrizable matrix. Fix a linear ordering
< onZ to obtain a GIM A. Then, for any mutation sequence w, we have

A =c  foralli eI, (C1)
or equivalently,
AY =CY,
fori,jel,
A;’—l—b}"i)n;" ifi <j,
SPOY) = 1A ifi =J. el (1Y) = ;0% (€2)

M —bYAY ifi > ],

moreover, foralli € I,

s¥ =r” (mod2A). (C3)

1 l

In what follows, we prove (C3). A proof of (C1) and (C2) will be given in Sect. 4.

Proof of (C3) Notice from (3.6) thats”” = ¥ modulo 2.A4. Then the Eq. (3.5) becomes modulo
2A

3.8
! sp otherwise. (3:8)

o] {s,gs;’s,f ifAY < sP(AY) and k < i, orif A? > s?(AY) and k > i,
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Using (C1) and (C2), both of the conditions A} < sf(A}), k <iand A} > sg(A}), k > i can
be rewritten as

Va4V __ 00
bjAp = bjcy >0,

which does not depend on the choice of a GIM. Now (C3) follows from the Definitions (3.2),
(3.5) and (3.6) and from induction. O

3.1 Some observations

We close this section with examples which show some relationship between c-vectors and
Losungen.

0-1-1-1
10 1 -1
1-1 0 1

11 -10

produces the c-vector (5, 2, 2, 2) which is not a Losung for any choice of GIM associated to
B.

Example 3.2 Consider the matrix B = . The mutation sequence[1, 2, 3, 4, 2]

Example 3.3 below shows that even if a c-vector is a real Losung our formula may not
always express it as such.

0100
. . —-10-10 .. . .
Example 3.3 Consider the matrix B = 0101l This is a finite-type matrix that
00-10
corresponds to an orientation of the Dynkin diagram A4. After the mutation sequence w =
[2, 4, 2] with the GIM associated to the linear order 4 < 2 < 3 < 1 our formula produces

)\3'” = —s58545003 — 25003 + 243 + 2545043 = (0,0, 1, 1).

However, we also have sys4520A3 = (0, 0, 1, 1) so we see that }»g" could just be expressed as
the real Losung s2s452X3 as opposed to the linear combination of real Lsungen given above.
For completeness, we have soAz = (0, 1, 1, 0) and s450A3 = (0, 1, 1, 1).

It is also worth noting that the matrix representation of —s2s452 — 252 + 2 + 25452 is not
equal to the matrix representation of sps4s7. Furthermore, for any choice of linear ordering
the expression for AY that our formula produces will always have three or four terms even
though the vector is a real Losung.

4 Proof of (C1) and (C2) in Theorem 3.1

In this section we prove Theorem 3.1. We start with the following proposition which shows
that s, e satisfy natural relations for each w.

Proposition 2 For i, j € Z and for any mutation sequence w, the following relations hold:

e =1, 4.1)

e’”e}‘-” =dijel’, “4.2)
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ws'.”—{siw—i_ezw_l ifi =],
J

! 43

' e ifi#j, 2
w Y —1 ifi=j,

R Al w
el ifi#J,

siwsiw = 1, ‘L’iwfiw = 1, (45)

siwe;‘) = —e;‘), ‘L’I-we‘;” = —e;”. (46)

Proof We use induction. If w = [], all the relations follow from the definitions. Assume the
relations hold for v. In what follows, we show that they hold for v[k], k € Z.

Relation (4.1): Since e 7y’ = e fori # k by induction, we have (1 — e)zy = (1 — ep),
and obtain

n
v[k] vlk] v[k]
Yo =M+ e

i=1 i#k
_ v v v[k] v[k] v[k]
SRR N DI D
ik ik ik
e e 3=
=e+(—¢) Z el Ty + Z e}
i#k ik
P 3=ap
n
=e + Z (1 —ep)e! + Z e;’:Ze;’: 1.
ik ik i=1
1¥] I¥]
AR A=Y
Relations (4.2): Suppose that i # k and j # k. Note that e/ 7y = ¢} and e';r,:’ = e;f.
Assume e;’lkj = e! and e;[kj = e} Then
vlk] vkl _ v v __ o v _ v[k]
e e, =ee;= dije; = dije; .
vkl _ v v._v vlk] _ v
Assume ¢; " = 1¢]' 7, and e; =ej. Then
v[k] vk vk
Mt = rrelrrel = tlelel = 87 el = b;je]
Assume e;’[k] =e! and e;[k] = r,:’e;ft,:’. Then
v[k] vlk] v[k]
e e =e;’t,fe}’-1:,f = e;’e;f‘l:,f =8¢/ Ty = Sije; .

k] _ v v v k] _ v v v
Assume e; ' = t//ej' Ty and e, =TrelT . Then

Mt = et rprtet ! = leleln) = 8jtlel ) = 8ijet.
Fori #kand j #k,write A= | 1 — Z e;’[k] for the time being, and we get
ik, AT £
oIkl uIkly _ o ip gy VIK]
Gk _ o gk _ f€Ee T e ) =0 i A
k=i kT e}(’e; K — e}(’e}f =0 if A?[k] =17,
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TPV A = %%’ A =0 if 2K A,
MM _ olklgy g N TR LA = T e i F A

i Vv A e vkl 5w
eje;A =0 if A, =27,
v[k] vkl _ v, v, _ v V_v _V_V v _ vy _ vkl
e, e =eAeA=]¢e — Z e ey |A=¢A=¢ .
ik, AT

We have proven
e;’[k]e;[k] — 6ije;1[k]
foralli, j e Z.
Relations (4.3): Assume thati # j and i # k. Suppose that e} k] — e? and e;[k] = el
Then we have

e}’[k]sj[k] =e’ (rj" +2(1 - T}’)e;"[j.{]) =e’ +2e/(1— T}’)e;’_Fllf] =e] = e;’[k].
Suppose that ef[k] = tle’t! and e;[k] =el.
e;’[k]s;[k] =tlelt) (1']" +2(1 - t}’)e;"[jf]) =tlel +2(t)e} — t,fe;’rj'-’)e:_[jf] =tle! = e

Suppose that e} (k]

v[k] vlk] _
e s, =

— L v[k] _ v v_v
=¢; andej =TeTy.

e’ [r,ftj'-’t,f +2(1 - T;T;T/;))e;’[f]] =e! +2e/(1— r,:’rj'-’t,f)e;"[jf] =e = e?[k].

v[k]

Suppose that e} = ¢’ 7 and P - 7 el 7y Note that

J
vV_v_v v v v

v V.V _ VUV, V_V_V __
TkeiTkaTka—I'kei‘[ka—‘[keiTk.

Then we have

vlk] v[k] _ v v_v|_v_v_v v_v_v) v[k]
e s; T e Ty [rkrjrk +2(1_fkfjfk)es,j]
o v.v_v v v_v v v_v\ vkl _ wv[k]
=TT —I—Z(Tkei T — T e tk)es,j =e¢; .
Assume that i = k # j. Suppose that e;[kl = e;. Note that
v[k] v _ v v_v v_v v v v v v_v | _ vkl
ek tj = ek — Z ekaeeTk tj = ek — Z eka elfk = ek .
ek, A £ ek, 22 £y

Then we have
M5t = M@y 21 — 22l
= e r? + 2611 — )l = M.

Suppose that el';[k] = r0e7). Note that

vkl _v_v_v _ v[k] v_V_V
€ TTiT = I—Ze[ T T T
Uk
_ VvV V_V_V_V v,V _V_V
—Tkrjfk Z egfkfjtk Z fkezfjfk
ek, M=) ek, ALY
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=TTy — r,:’e"tbvrk - Z e, — Z ey Ty
ek, M=y ek, j, AR LD
= 1—1',;’9;1,:’— Z ey — Z T e Ty
ek, 20K =p ek, j, 220
_ vlk] _ wlk]
=1- Z e, =e¢
0k

Then we have

e,'(’lkjs;[kl = e;:[k] (r,fr}"r,f +2(1 -t ‘L’v)ev[kl) Zlkj.

Assume that i = j # k. Suppose that A;’[k] = )?. Since e} es l =0, we get

e Mgk — e’ <tl~v +2(1 — ‘L'i”)ev[.k])

M — gp pe? — 1 —2(z + ¢ — De'H

=1’ —2¢]'1, 5.0
=7’ +2(1- 'L'l-”)e;”[ik] +e —1= v[k] + e"[k] 1.
The case )\;’[k] # A} is similar to the case A;’[k] = 1. We omit the computations for this case.
Assume that i = j = k. Then

vlk] v[k] _ v[k] vlk] _  vlk] vlk] vlk] _ _vlk] v[k] _ vlkl vlkl
e s = I—Zek s =8 —Ze[ S =5, —Ze( +e — 1.

ek Lk 05k
Relations (4.4): For i # j, we have e;)[k](l — siv[k]) =0 and

vlk]_v[k] _ vlk] ( vlk] vlkly vlkl) _  vlk]
e T =¢ (sj +2(1—sj )er,j>_ei .

Fori = j, we get

MKV — e vik] ( +2(1 - v[k )e:’[i ]) = ev[k v[k + 26‘ ( — s.v[k]) Pl

i i i T,i

_ v[kJ +evlkl 1 — 2 v[kJSv[klev[kJ _ }JlkJ ) (1 _ Sy[kJ) vlk] +ev[kJ 1
1

11 T,

v[k]

— /Mty

i

Relations (4.5): Suppose that i = k or i # k and A;)[k] = 1}. Since e¥t!

v
Jjri
v,V U_ v,V ’U
e TT =TT ¢ for j # i, k, we have

— v
=] and
vkl _v _  vlk] .

e ri"—ej for j #1i.

Thus e;[ikjri” =e’, or e;’likj(l — 1Y) =0, and we have

Sl [k] v[k] <7: + 2(] iv) [k]) (T + 2(1 _ T )6‘ )
=1+2¢7(1 = el + 201 — )eep + 41 — )1 — z)elll)
=1+2(z) — Dell + 201 - rl.")es”},."] —1.

@ Springer



44 Page 24 of 33 K.-H. Lee et al.

Suppose that i # k and A”[k # A7. Since e,[k] 'ty = e K for J # i, the computation is

similar to the previous case to obtain s"lk] ! [k]

v[k] vlk] v[k]
€riSi T i

PRI (1 (1 ) 0 (8 () )

Relations (4.6): Assume i # k, and suppose that k;’[k] # A}. Then

= 1 in this case as well. Furthermore, since
we get

l v[k] D[k] (tk T 'C: + 2(1 _ T]:)T ‘Ck )ev[k ) ev[k]

l
v vlk] V_V_V_V, Vv v v[k]

— _ 40,0 —
i S U060 = Th e, T = —¢;

_Tkrt‘[ke i

The case Av[k] k is similar. For i = k, we obtain

s:[k]ezlk] _ (r,f +2(1— r,;’) e:’[llcc]) ez[k] vez[k]

_ vk] | _ vkl | _ _ vlk]
=re | 1- Z e; =—¢ |1- Z e; =—e .

ek, 20K L0 ek, 20K L0

Fori € Z, we have

P oIk _ (Siv[k] 2 (1 _ s;)[k]) e:,[f]) M) (olk1 oIk ol

i i i i
[m]

Proof of Theorem 3.1 The statements (C1) and (C2) are true for w = [] from the definitions.
Assume that (C1) and (C2) hold for v. We will show that they also hold for v[k], k € T.
There are cases (1)—(6) according to the order of i, j, k, and each case has several subcases.
Since arguments are all similar, we will show details for the cases (1), (3), (4) and (6) and
skip some details for the other cases.

To begin with, let us recall some definitions for ease of reference. From the definition of
mutation in (2.1), we have

—bp. ifi = korj =k,
k
b;’j[ - b}, —|— sgn(by) b by if by by > 0, 4.7
b;’j otherwise,

and rewrite the definition of c-vectors as

—c ifi =k,
MM = Y er Lsgnb )bl el it bel > 0, (4.8)
c! otherwise.

For i # k, consider the condition
A <sf(A])andk < i, or A} > s (A}) and k > i , (*)
and rewrite (3.7), (3.4) and (3.5):

PRI T (A]) if (%) is true,

: 4.9
! AY otherwise; (4.9)
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i = fretnt i o
R !t,:’r"r,:’ +2(1 -7 T,:’)e:,[ik] if () is true, @11
! ' +2(1—1) :’[lk] otherwise.
In each of the following cases (1)—(6), we will show the statements (C1) and (C2):
A =cl foralli € 7, (o))
fori,jeZ,

)\"’—l—b}"l)»:" ifi < j,
e}”()\;”) = (Sl-j)»}f’, s,-"’()#’) = —)J!’ ifi = j, (c2)

b}”l)»:" ifi > j.

1) Assume that k < i < j. By induction we have

a) Suppose b}, A} = —A;’ +s,’(’ ()L;’) < Oand b;kkv = —)»;f +Sk ()»}f) < 0. Then from (4.8),
we have
R okl _

and obtain from (4.9)

By induction,

UKD _ oIk ekl ik

i =G i i
which proves (C1) in this case.
From (4.10),

VK] e’, e;f[k] e;‘-’,
and by induction,
v[k] (4 v[k]) _ _ vlk] (4 v[k]) _ _ v[k]
M (31) = ep (22) =0, M (W) = epuy = 28 =}
v[k] [k] _ v[k] (Hu[k]\ _ vqvy v _ 4 v[k]
¢’ <Al )—e(k) 0, ¢ (Aj )_ej(Aj)_kj_kj .
We also have
v[k] _ v[k] v[k] _ v[k]
s =1 +2(1 = 1)eg s; = t}’ +2(1 - r}’)ew .

From the definitions, (i, j), (j, i) ¢ Ps(v, v[k]) U P, (v, v[k]), and thus

k k k k k
Slv[ ])"3[ ] — (.L.[v +2(1 _ Tiv)e;jy[i ]) )\3[ ] — riv)‘-;[ ] — riv)\?
=(s? +2(1— sier. i) )»'f = s-")»'f
k k k [ .
_ar g = e e i £
22 = M ifi=j.

1
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Similarly, we get

k k k k] . .
s}’[ ]A;’[ 1= )»?[ ! bv[ )‘k fori # j.

This proves (C2) in this case.
b) Suppose b/, A} = —L1? + 57 (A]) > 0 and b;kkz = —)L}f +s (A;) > 0. From (4.8), we
have

= ¢} + sgn(A)b}cp, UK — c + sgn(Ak)b,kck

v[k]
¢ f

On the other hand, we obtain from (4.9)
W = 220y = (5P +2(1 — sl D).
If A} < Othen (k,i) € P;(v, v[k]) and
W = (52 4201 =)D =222 — 52O =AY — b Al =M @12)
by induction. If A} > 0 then (k, i) ¢ P;(v, v[k]) and

A = 202 =AY 4 ph AL = (4.13)
Similarly, 2> = ¢"*]. This proves (C1) in this case.
From (4.10),
e;’[k] =tlelt], e;[k] =efty,

and by induction,

O = et (102?) = 1! (1Y) = 0,

ef[k]()»f[k]) =0l (M) =1iel (W) = A = A"[k]
Similarly, ¢! (1)) = 0 and 2™ (121H)) = ¥4,
We have
s;’[k] =’ +2(1 — )t} )ef[lk , s}’[k] =4ty +20 -4ty )e”[k

From the definitions, (i, j), (j, i) ¢ Ps(v, v[k]) U P, (v, v[k]), and thus
si"[k]kz[k] = (r,fri"r,f +2(1 -7’ ) v[k]) kj[k] = r,fri"r,f)\;[k] = A
=70 (s) +2(1 —s))ey; )A” =1s "A"
Ifi # jand A} < 0, then we obtain from (4.12)

sPELI = sl = Y 4+ bYA= Y + b'%.(s,ﬁ +2(1 = sP)e A
jk] + bjlk](z — 5} ))\‘:) _ U[k + bv[k
If i # j and A} > 0, then it follows from (4.13) that

siv[k]}\?[ =1 A" + b" S +2(1 — S;:)e:,k))\}}

v[k] v[k] vy v[k] v[k], v[k]
j +bji SEA _Aj +bji A
Similarly, we get

k k k k k . .
s;[ ])L;’[ - )\;’[ ! —b;’j[ ]AZ[ I fori # j.
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If i = j then

L

[k]kv[k] <‘L’k ) +2(1 — t,:’ri”r,f)e:’[l.k]) AV — T r"r,:’)uv[k] =1t}

= PPl = —fal = M
This proves (C2) in this case.

c) Suppose b¥, A} = —A7 + 57 (A}) < 0 and b}?kk" = —A;’. +57 ()L}’.) > 0. From (4.8), we
have

v[k] v[k]
M= M e g sgn(ad)bY el

On the other hand, we obtain from (4.9)

k k
A — xj.[ T= 2208 = (5 +2(01 = sP)el (Y.
Thus A;’[k] = c;’ [k] by induction, and using the same argument as in (b), we also see that

AV — c;[kj. Therefore (C1) is true in this case.

J
From (4.10),

v[k] _ v vkl _ v v v
e =el, e =glejy,

and it follows from similar computations to those in (a) and (b) that

K500 _ g, Ik = 32
‘We have
sl."[k] 7 +2(1 —1")e :[lk], s}’lk] = T,fr}’r,f +2(1 - T,f‘c T )evlk].

From the definitions, (i, j) € Py (v, v[k]) N P; (v, v[k]), and thus
PN _ (0 o1 — g2yt 800 ey K o(p gy K] 98] _ o ot
= 2k§[” — (5P +20 - s,-")et,l-))\;"[k].
Ifi # jand A} < 0, then (k,i) ¢ Pr(v,v[k]), (k, j) € Pr(v,v[k]), and thus )Lv[kj _
TP (M) = A% — b AP and by (4.7)
Siv[k]kj[k] _ n;{[k] (5P 421 — ST 0L — Y2

= ZAZ{[k] = (/A7 = bYA= b Al +2(1 = s))A)

- Zk;[kl — h] = s7AG = by g + bybig)

=21 = O O B+ )

5 g =34 e

Ifi # jand A} > 0,then (k, 1), (k, j) ¢ P (v, v[k]), andthuskv[k (A ) = )»”—i—b”k}\k
and by (4.7)

s}’[klxﬁ“‘] =210 — (5P 201 = sP)e? N(AY + bYAD)
v[k v[k] v[k] v[k] , v[k]
+ (0% + b bpa ™ = 28 pE
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Similarly, we get

vlk], v[k] _ , v[k] v[k], v[k]
5; A=A —bij Ay

fori #j and s/ = 300,

i
This proves (C2) in this case.

d) Suppose b} A} = —A! 4+ s7(A}) > 0 and b;kkv =
similar to case (c) right above.
2) Assume thati < j < k. Since this case is similar to case (1), we omit the details.
3) Assume thati < k < j. By induction we have

_)\.j + 57 (A;) < 0. This case is

sp(W)) =AY = bh AL, s,f()\}’.) = A" +b”kkk
a) Suppose b} A} = A? — 57 (A?) < 0 and b}?kkz = —A;’. + s,f()\j) < 0. From (4.8), we
have
Cl?[k] _ clp7 C;{[k] — c}?.
It follows from (4.9) that
v[k] v[k]
T I

Thus )L;’[k] = c;’[k] and Av[k] 'f[k] by induction. Thus (C1) is true in this case.
From (4.10),
vlk] _ v vlk] _ v
e, =¢, e; =ej,

and it follows from induction that

k k
e;’[ J(A;’.[ ]) =0,
[k] /4 v[k]
*;) =0,
We have

v[k] v[k]

s,

—r +2(1—71 e

Ik

e;’[kj()»?[kl) — )‘?[H’

v[k] 4 vIk]y _ 4 vIk]
e; ()»j )—}»j

v __uy Ik
;=T 20 =teg

Clearly, (i, j), (j, i) ¢ Ps(v, v[k]) U P (v, v[k]), and thus

Siv[k])\.;[k] — (.L,D + 2(1 _ Tv)ev[k]))\j[k]
= sPAY = A% 4 b

B {k;’-i—b” =2 4 p!

v[k]
=A==,
Similarly, we get

vlk], v[k] _ , v[k] v[k], v[k]
8 A=A —bij Ay

This proves (C2) in this case.

b) Suppose b}, A} =AY — 57 (L)) > 0 and b;kkz =

have

k
cf[ - e +sgn(A})blcy,

We obtain from (4.9)

fori #j and s

C.

k
=12 = (sF 4+ 201 = sP)e? )

it £ g,
ifi = j.

v[k])\t_)[k] — _)Li_)[k]
i i N

—)L'; + s,'{’()n';) > 0. From (4.8), we

v[k]

| = ¢} +sgn(A)bjcy.

W = 22 (A0 = (5P +2(1 — sP)ed D).
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If A} > O then (k, i) € P;(v, v[k]) and

A = (s 200 = 5P = 207 — sP(AD) = AY + bYAY = ]

(4.14)

by induction. If AZ < O then (k, i) ¢ P (v, v[k]) and

AR — ot = oY —

b AL =M. (4.15)

Similarly, AT — c;[k]. This proves (C1) in this case.
From (4.10),
e;)[k] =tlel 7, e;[k] =7 ej‘c,:’,

and it follows from induction that
[k] /4 v[K]y _
i =,
e;[k] ()\Z’[kl) — 0’
‘We have

sl-"[k] =t’t) +2(1 vIK]

s,

-t t))e

ey[k]()\?[k]) _ A’.’[k]
v[k]()\v[k]) v[k]

v[k]

s; = t,:’rj'-’r,:’ +2(1 v[k

— T T)eg

Clearly, (i, j), (j,1) ¢ Ps(v, v[k]) U P (v, v[k]), and as in (1)-(b),
siv[k])»;[k] = r,fs;’)»}’..

If A} > 0, then we obtain from (4.14)
v[k]
i J
[k] (k]
AT BN = sy
If A} < 0O, then it follows from (4.15) that

5] A';)[k]

v[k] v[k]

Similarly, we get

This proves (C2) in this case.

¢) Suppose b} A} = A} — 5P (A}) < 0 and b” M=

have

vkl _ v[k]
G =C,o ¢

On the other hand, we obtain from (4.9)

AV — e
7

1
Thus k;’[k] =
From (4.10),

v[k] _ v
el =e?,

W = 2P i = (WY + %

Gih) =T+ b (s +2(1

v __ 4 v[k] v[k], v[k]
)Ai_kj +bji A

W = o = (¢ + 201

et{[kl

v v v
— Sp)er )k

=1 )\" + b" (Gsp 201 = s)ef A}

v[k] v[k] 4 v[k]
P S

[kl __ Ikl olk]

—A'/’. + s,f()\'/’.) > 0. From (4.8), we

= ¢} +sgn(Ap)bjcy.

- s,?)e:’k)()»?).

[kl by induction, and using the same argument as in (b), we also see that

= c;f[k]. Therefore (C1) is true in this case.

_ VUV _V_V
=TTy,
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and it follows from induction that

[k] (k_';[k]) =0, e;’[k](kf[k]) = kf[k]
v[k] 4 o[k]y v[k] 4 v[k]\ __ 4 v[k]
()\.i ) =0, €; ()Lj )—)“j .
We have
s =12 +20 -l M=ot 120 — r)ell).

From the definitions, (i, j), (j i) ¢ Ps(v, v[k]), and thus
Sv[k] (T + 2(1 ll))e;)’[lk]))\?[k] — tivk;[k]

1

If 2} < 0, then (k,i) ¢ Pr(v,v[k]), (k, j) € Pr(v, v[k]), and thus Aj[k] = 1Y) =
)\}? — b;k)\z and by (4.7)
st = o = g2 O = bhad) = (F +2(1 = sPel 02 = DAY
= SPAY = bYsPAL = AV 4+ b%AY — bY (A2 + bYAY)
= 00— b+ (0% — BYbE)AY = 28 4 pER

If 20 > 0, then (k. i), (k. j) ¢ Pr(v, v[k]) and thus A" = 77 (%) = A% + b% A2 and by
4. 7)

["]x"“‘] "“‘ = (57 +2(1 = sP)e? NI + bYAD)
= s”A" +bisiAg =A%+ b}’,A,” + b (A + b))
b 0% + b bpanlt = 28 4 peiE) e,
Similarly, we get
S = 2 pERE fori £ j and 5P = 01

This proves (C2) in this case.

d) Suppose b Ay = AY — s (A7) > 0 and b”kk” = k}f + s,':(k;) < 0. This case is
similar to (c) and we omit the details.
4) Assume that i < k = j. By induction we have

SPOY) =AY —BYAY,  SPOD) = —AL.
a) Suppose b A} =AY — s (A}) < 0. From (4.8), we have

Since (k, k) ¢ P, (v, v[k]), we obtain from (3.7) and induction
k
A =,

M = 2 = (sf +2(1 = sP)el Al = sPA = =L (4.16)

Thus A2 = ™ and 22" = ¢ by induction, and (C1) is true in this case.
From (4.10) and (4.1),

0k
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and it follows from induction that

Moy = et (—a) =0, W) = ea? =M,

Gy — [ = 37 | otk etk et g
0k
We have
st =1 42—, =1 1201 - el

s,
We see that (k, i) ¢ P, (v, v[k]) U P, (v, v[k]), and thus
P = (2f 4201 = et = o2 = —(sP + 21 — s7)e? A
= —sPAY = <Ay — bEa? = a4 kK
Similarly, we get
S:lka;JlkJ — )\Zylkl _ b;zklkJ)\zlkl'

This proves (C2) in this case.

b) Suppose b, A} = A} — s (A}) > 0. From (4.8), we have

C;)[k] v[k]

=c} +sgn(A)bjcy, ¢ = —c.
On the other hand, we obtain from (3.7)
W =220y = (5P +2(1 = sDel D). A =—ap.

If AY < 0 then (k,i) ¢ Pr(v, v[k]) and A" = §PA2 = 2¥ — BLAY; if A2 > O then
(k, i) € Pe (v, v[k]) and A"H) = 2—s2)A? = A2 452 A2 Thus A7) = 1K) andA”[k cptl
by induction, and (C1) is true in this case.

From (4.10), (4.1) and (4.4),

vk] _ v v v _ _v v v[k] __ v[k]
e =Te T =Te, e _I—X:e(Z ,
O£k

and it follows from induction that

MO =t (—ap =0, MM = erririal = Al = 0,

1

e,’{’[k](k:.’[k]) —|1= ez[k] k;’[k] _ )‘;}[k] _ A;}[k] —0.
O£k
‘We have
st = ot 1201 — el M =g 20— el

If }\z < 0, then (k, i) ¢ P (v, v[k]) and (k, i) € Ps(v, v[k]), and thus
st = oo + 200 = 1Pl = @ - et
= =2 — T A = =2 — w (s +2(1 — s)el DAY
= 200 — ST Al = —2A0 — P (AL + bLAY)
= =200 + 20 — bh Tl = A0 + b,
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and since kv[k] =120 =sPAY =AY — bl A}, we have

T = (@ 1200 = el oM = 2 - r,f)z,;’x;’ =272AY — A?

=200 —BYAD) — AV = (AF — bYAD) — bYaY = MK 2RI kT

If A; > 0, then (k,i) € P;(v,v[k]) and (k,i) ¢ Ps(v, v[k]), and the computations are
similar to the case right above. This proves (C2) in this case.
5) Assume that i = k < j. Since this case is similar to case (4), we omit the details.
6) Assume that i = j = k. From (4.8), we have c”[k] = —c}. As seen in (4.16), we have
a™ = _32 Thus by induction ¢{™) = 2™ and (C1) holds. In cases (4) and (5), it is
proven that ez[k])»z[k] =0 for £ # k. Thus usmg (4.1), we have

v[k )\k —l1= Zez[k] )\v[k )Lv[k )
04k
Finally, since (k, k) ¢ Ps(v, v[k]), we see that
st = (@ 2010 = gl = ol = rp ol = a2 = -,

where we use (4.5). This proves (C2) in this case, and a proof of Theorem 3.1 has been
completed. O
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