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In this paper, we study automorphic correction of the hyperbolic Kac-Moody algebra
E)p, using the Borcherds product for O(10, 2) attached to a weakly holomorphic
modular form of weight — 4 for SL,(Z). We also clarify some aspects of automorphic
correction for Lorentzian Kac-Moody algebras and give heuristic reasons for the
expectation that every Lorentzian Kac-Moody algebra has an automorphic correction.
© 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4820562]

. INTRODUCTION

In his Wigner medal acceptance speech,?? Kac began with the remark, “It is a well kept secret
that the theory of Kac-Moody algebras has been a disaster.” He continued to mention two exceptions:
the affine Kac-Moody algebras and Borcherds’ algebras. He explained the common feature of these
algebras with the idea of locality. If we look at a narrower class of Borcherds’ algebras related to
the Monster Lie algebras™® and modular products,” we observe another common feature of these
algebras. Namely, the denominator functions of these algebras are automorphic forms.

One of Borcherds’ motivations for constructing the fake Monster Lie algebra was to extend or
correct the underlying Kac-Moody Lie algebra to obtain a generalized Kac-Moody algebra whose
denominator function is an automorphic form. Gritsenko and Nikulin pursued Borcherds’ idea to
construct many examples of automorphic correction for rank 3 Lorentzian Kac-Moody algebras.'”~!°
For example, for Feingold and Frenkel’s rank 3 Kac-Moody algebra JF, !> the automorphic correction
is given by the Siegel cusp form Ass5(Z) of weight 35, called Igusa modular form. See Ref. 17 or
Sec. II D of this paper.

What are the benefits of having automorphic correction? First, automorphic forms satisfy a lot
more of symmetries than the usual denominator function. For instance, we can prove generalized
Macdonald identities as consequences of modular transforms’ (Theorem 6.5). Second, we obtain
generalized Kac-Moody algebras with known root multiplicities and may apply analytic tools such
as the method of Hardy-Ramanujan-Rademacher to compute asymptotic formulas for root multi-
plicities, and thereby obtain bounds for root multiplicities of underlying Kac-Moody algebras. This
analytic approach was taken in Ref. 25 to obtain upper bounds for root multiplicities of F. Third,
we may get connections to and applications for other branches of mathematics. Indeed, Borcherds’
work® on the fake Monster Lie superalgebra has applications to the moduli space of Enriques
surfaces, and Gritsenko and Nikulin’s work!” is related to the moduli space of K3 surfaces.

This paper is a continuation of our work on automorphic correction of hyperbolic Kac-Moody
algebras. In our previous paper,”® automorphic correction for some rank 2 symmetric hyperbolic
Kac-Moody algebras was constructed using Hilbert modular forms which are Borcherds lifts of
weakly holomorphic modular forms.>!" In this paper, we clarify some aspects of automorphic
correction for Lorentzian Kac-Moody algebras and give heuristic reasons for the expectation that
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every Lorentzian Kac-Moody algebra has an automorphic correction. We consider the examples of
the rank 3 hyperbolic Kac-Moody algebra F and rank 2 symmetric hyperbolic Kac-Moody algebras,
and explain why automorphic correction is highly non-trivial from the point of view of automorphic
forms.

After that, we focus on the Kac-Moody algebra E . The algebra E | has attracted much attention
from mathematical physicists, for example.'->’-!3-> Moreover, Viswanath®® showed that it contains
every simply laced hyperbolic Kac-Moody algebra as a Lie subalgebra. The root multiplicities of
this algebra was first studied by Kac, Moody, and Wakimoto.?

In Sec. III, we review a concrete realization of root lattice of E1g as 2 x 2 hermitian matrices
over octavians, and in Sec. IV, we obtain automorphic correction of the hyperbolic Kac-Moody
algebra E . The automorphic correction is provided by a Borcherds lift on O(10, 2) of the weakly
holomorphic modular form fir) = E4(t)?/A1»(t), where E4(t) is the Eisenstein series of weight
4 and Ajy(7) is the modular discriminant function. Since f(r) = ) ,c(n)q" has positive Fourier
coefficients, the automorphic correction G of Ejg is a generalized Kac-Moody algebra. However,
c(n) is too large to produce good upper bounds for root multiplicities of Ej. At the end of this
paper, we give for comparison two other generalized Kac-Moody algebras which contain E . Their
denominators are not automorphic forms, but they yield good upper bounds for root multiplicities
of E 10-

Il. AUTOMORPHIC CORRECTION

In this section, we recall the theory of automorphic correction established by Gritsenko and
Nikulin.!”=!” The original idea of automorphic correction can be traced back to Borcherds’ work.>®

A. Modular forms on O(n + 1, 2)

Let (V, Q) be a non-degenerate quadratic space over Q of type (n + 1, 2). Let V(C) be the
complexification of V and P(V(C)) = (V(C) — {0})/C* be the corresponding projective space. Let
Kt be a connected component of

K={[Zle P(V(C)):(Z,Z2)=0, (Z,Z) < 0}, 2.1)

and let O}/ (R) be the subgroup of elements in Oy (R) which preserve the components of K.
For Z € V(C), write Z = X + iY with X,Y € V(R). Given an even lattice L C V,let I" C
OL+ =0 N O‘f (R ) be a subgroup of finite index. Then I" acts on /C discontinuously. Let

Kt ={ZeV(E)-{0):[Z] e K*).

Letk € %Z, and x be a multiplier system of I'. Then a meromorphic function ® : K — C
is called a meromorphic modular form of weight k and multiplier system yx for the group I, if

(1) @ is homogeneous of degree —k, i.e., ®(cZ) = ¢ *®(Z) forall c € C — {0},
(2) Pisinvariant under I, i.e., ®(y2) = x(y)P(Z) forall y € T.

This definition agrees with the one given in Ref. 19. Since SO(3, 2) is isogeneous to Spy, the
automorphic forms on O(3, 2) are Siegel modular forms. Similarly, SO(2, 2) is isogeneous to SL,
X SL,, and so the automorphic forms on O(2, 2) are Hilbert modular forms.

B. Automorphic correction

A Kac-Moody algebra g is called Lorentzian if its generalized Cartan matrix is given by a set of
simple roots of a Lorentzian lattice M, namely, a lattice with a non-degenerate integral symmetric
bilinear form (-, -) of signature (n, 1) for some integer n > 1. Assume that g is a Lorentzian
Kac-Moody algebra. Let IT be a set of (real) simple roots of g. Then the generalized Cartan matrix
A of g is given by

_ [ Axa)
A= (%), e
a,o’ell
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The Weyl group W is a subgroup of O(M). Consider the cone
ViM)={peMR|(B,B) <0},

which is a union of two half cones. One of these half cones is denoted by V*(M). The reflection
hyperplanes of W partition V(M) into fundamental domains, and we choose one fundamental
domain ® C V(M) so that the set IT of (real) simple roots is orthogonal to the fundamental
domain © and

D={BeVIM)|(B,a)<O0forall a € I}.

Note that this is a negative Weyl chamber. We have a Weyl vector p € M @ Q satistying (p, @) =
— (a0, @)/2 for each o € TI.

Define the complexified cone QV (M) =M QR +iVH(M). Let L = (_Om _(;n> oM
be an extended lattice for some m € N. We consider the quadratic space V = L ® Q and obtain Kt
as in (2.1). Define a map Q(V*(M)) — K by z —~ [(“) e+ e+ z], where {e;, e;} is the basis

2m

for (_Om _(;n ) Then the space Kt is canonically identified with Q(V T(M)).

The denominator of g is ZweW det(w)e(—(w(p), z)), which is not an automorphic form on
Q(V*(M)) in general. Gritsenko and Nikulin'?-'7-13 introduced the concept of automorphic cor-
rection, originated in Borcherds’ construction of the fake Monster Lie algebra. The idea is to add
imaginary simple roots to extend the given Kac-Moody algebra so that the denominator of the
extended algebra becomes an automorphic form. Their construction is given by a meromorphic
automorphic form ®(z) on (V +(M)) with respect to a subgroup I' C 02’ of finite index. Following
their definition, an automorphic form ®(z) is called an automorphic correction of the Lorentzian
Kac-Moody algebra g if it has a Fourier expansion of the form

O(z) = ) det(w) [e(—w(p),2) = Y m@e(—wlp+a),2) |,

weW aeMND, a#0

where e(x) = "™ and m(a) € Z foralla e M ND.

An automorphic correction ®(z) defines a generalized Kac-Moody superalgebra G as in Ref. 19
so that the denominator of G is ®(z). In particular, the function ®(z) determines the set of imaginary
simple roots of G in the following way: First, assume that a € M N and (a, a) < 0. If m(a) > 0,
then a is an even imaginary simple root with multiplicity m(a), and if m(a) < 0, then a is an odd
imaginary simple root with multiplicity — m(a). Next, assume thatay € M N D is primitive and (ay,
agp) = 0. Then we define pu(nag) € Z,n € N by

oo [e9]
1= m(kao)t* =] Ja1 — "y,
k=1 n=1

where ¢ is a formal variable. If (nag) > 0, then nay is an even imaginary simple root with multiplicity
u(nagp); if u(nap) < 0, then nay is an odd imaginary simple root with multiplicity — u(nay).

The generalized Kac-Moody superalgebra G will be also called an automorphic correction of
g. Using the Weyl-Kac-Borcherds denominator identity for G, the automorphic form ®(z) can be
written as the infinite product

() =e(—(p,2) [] (1 —e(—(@ ™",

aeA(G)T

where A(G)™ is the set of positive roots of G and mult(G, ) is the root multiplicity of « in G.
Here are properties of G:

(1) In general, the root multiplicities may be negative. So G is a superalgebra. If ®(z) is holomor-
phic, then root multiplicities are positive, and hence G is a generalized Kac-Moody algebra.
(2) G and g have the same root lattice M, the same Weyl vector p, and the same Weyl group W.
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(3) A positive root of g is also a positive root of G, and in such a case, mult(g, ) < mult(G, «).
However, not all roots of G are roots of g.

Hence finding an automorphic correction of g is, given a sum ), _,, det(w)e (—(w(p), 2)), to
find m(a) foreacha € M N'D, a # 0, so that the resulting sum

Y detw) [ e(=(w(p), )= Y m@e(—(wp+a)2) |,

weW aeMN®, a#0

is an automorphic form on O(n + 1, 2). It is highly non-trivial. We will demonstrate how non-trivial
it is, using a Siegel cusp form and a Hilbert modular form.

C. Questions
Here are some questions about automorphic correction.

(1) The first natural question is whether an automorphic correction is unique. If it is, then the
automorphic form ®(z) is determined by the Weyl vector p (along with M and W), and by the
property that its Fourier coefficients are integers.

(2) Given a Lorentzian Kac-Moody algebra g, the necessary and sufficient condition for the

existence of an automorphic correction is that we have an automorphic form ®(z) which has
a Fourier expansion of the form ®(z) = Y, e ym(a)e( — (p + a, z)) with m(a) € Z and m(0)
= 1, and satisfies ®(wz) = det(w)P(z) for w € W. (See the arguments in Sec. IV.) The Weyl
vector p is minimal in the sense that if the Fourier coefficient m(a) of e(— (p + a, 2)) is
non-zero, then a € V+(M).
There are many examples of automorphic forms on O(n + 1, 2) with integer Fourier coef-
ficients. This gives a heuristic reason for the expectation that every Lorentzian Kac-Moody
algebra would have an automorphic correction. Now the question is: How can we construct
®(z) for a given g? We need to know how to determine the level, namely, determine I' C o7,
and the weight, and multiplier system x of ®(z). Here, one may have to consider half-integral
weight forms, and the multiplier system can be quite complicated. Any such automorphic form
will have infinite product expansion. It is a striking application of Kac-Moody algebras.

(3) Arelated question is whether a given automorphic form with integer Fourier coefficients could
be an automorphic correction for a certain Kac-Moody algebra. Bruinier'® proved that a large
class of meromorphic forms for n > 2 can be written as infinite products, called Borcherds
products. It will be interesting to study when these products become automorphic correction.

(4) Another question is: How can we determine when G is a superalgebra from the original algebra
g? Namely, when do we look for a meromorphic automorphic form as automorphic correction
for g?

D. Rank 3 hyperbolic Kac-Moody algebra F
Let F = g(A) be the hyperbolic Kac-Moody algebra associated with the generalized Cartan

2 =2 0
matrix A = (a;;)) = | =2 2 —1 |. We denote by S,(C) (resp. S»(Z)) the set of all symmetric
0o -1 2

2 x 2 complex (resp. integer) matrices, and define a quadratic form on S(Z) by (X, X) = —2det X
for X € Sy(Z). Let {«, a2, 3} be the set of simple roots, identified with elements in S»(Z),

(0 -1 (11 (-1 0
M= -1 o) 2T 1 0o) BT o0 1)

Then the imaginary positive roots are identified with positive semi-definite matrices in S(Z). If
N € $55(Z) is positive semi-definite, we will write N > 0. The set of positive real roots is given by

A;: {<Zl Zz) € SQ(Z)‘nlm—n%:—l,nz <n;+n30=<n +n3,0§n3}.
2 n3
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The Weyl group W of F is isomorphic to PG L,(Z) through the map given by

1 0 11 0 1
a”lo —1) 27 \Lo 1) 27\1 o)

where o; (i = 1, 2, 3) are the simple reflections corresponding to «;. The Siegel upper half-plane H,
of genus 2 is defined by

H, ={Z=X+iY € $;(C) | Y is positive definite} .

1 22

We will use the coordinates z;, z», z3 for H, so that Z = <Z .
223

(X, Z2) for X € S$2(Z) by (X, Z2) = — tr(X2).
The denominator identity for F is

) € H, and define the pairing

e(P2)) [] (1 —eNz)™ ™ [T 1= e(NZ))

0<NeS)(Z) NeAL

= ) det(g)e(i(gPg' 2)). (2.2)
gePGLy(Z)

1

where P = ( ? %) The matrix P corresponds to p, the Weyl vector.

In Theore?n 1.5 of Ref. 17, Gritsenko and Nikulin proved that the Siegel modular form A3s5(Z)
of weight 35 is an automorphic correction of F. In order to define A35(Z) as a product, we need to
consider some Jacobi forms first. For k > 4 even, we define the Jacobi-Eisenstein series of weight k
and index m by

at +b z cmz?
Epn(t,2) =3 T+d)Fe(ma? +2ma - :
km(T, 2) zgé(c ) €<m p—— mcr+d 1 d

(c,d)=1

) € SLy(Z). We also consider a Jacobi form of weight 12 and

U

a
where a, b are chosen so that (c

index 1,

$12.1(1,2) = 133 (EF(1)E4.1(1, 2) — E6(1)E6,1(1, 2)) ,

where E;(7) are the usual Eisenstein series of weight k defined by

E(n)=1) (ct+d)y™"
c,deZ
(c,d)=1

Now we define a weak Jacobi form ¢ (7, z) of weight 0 and index 1 by

po1(t. ) = 22100 SN ) e +72), 2.3)

AIZ(T) n=0 reZ

where A1>(t) = e(t)[[n=1(1 — e(nt))** and c(n, r) are the Fourier coefficients. Since c(n, r) depends
only on 4n — 72, the following function is well-defined:

cn,ry if N=4n—r?,

0 otherwise.

¢(N) = :

In particular, we have ¢(0) = 10, ¢(— 1) = 1, and ¢(n) = 0 for n < — 1. We use the function c(N) to
define

ca(N) =8c(4N) +2 () = 1) c(N) + ¢ (). (2.4)
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where we put

1 for D = 1 (mod 8),

D
(E —{ 1 for D =5mod8),
0 for D = 0 (mod 2).

For Z = <§1 22) € H,, we set g = e(z;), r = e(22), and s = e(z3). Let Sz(%Z) be the set of
2 23

symmetric half integral 2 x 2 matrices. Then we have

As(Z)=grs® T (1 —gr'smyedm= = N AT)e(t(T 2)), 2.5)
(n,l,m)eD 0<TeS(32)

where T > 0 means positive definite, and the integers c,(V) are defined in (2.4), and we denote by
D the set of integer triples (n, [, m) € Z3 such that (1) (n, I, m) = (—1,0, Dor Q) n >0, m >
0 and either n + m > 0 and [ is arbitrary or n = m = 0 and [ < 0. Since A3s(Z) is holomorphic,
the root multiplicities c,(/N) are positive, and hence the automorphic correction G is a generalized
Kac-Moody algebra.

The group PG Ly(Z) acts on S»(R) by g(S) = gSg’. Then a fundamental domain ® is given by
the negative Weyl chamber of F through our identification of simple roots with matrices in S,(R).
Explicitly, we obtain

D= {(i' §2> GSz(R)‘OSZyzi)@ < y;;ify2 =0, then 0 < y; Syl}-
2 3

Note that © is the fundamental domain defined in Sec. IIB. Since A(gTg") = det(g)A(T) for
g € PGLy(Z), we can write A3s5(Z) as

Ass(Z)y= Y AT Y det(@)e(ir(gTg'2)).

TeS(3Z)ND gePGLy(Z)

Note that the inner sum for 7 = P is the summation side of the denominator identity (2.2)
of the hyperbolic Kac-Moody algebra F. Hence the automorphic correction is to find A(7T) for all
T € S»(Z) N D so that the resulting sum

YOAT) ) det(gle(tr(gTg' 2))

TeD gePGLy(Z)

is modular. It is highly non-trivial from the point of view of automorphic forms.

E. Rank 2 hyperbolic Kac-Moody algebras
2 =3
-3 2
algebra associated with the matrix A. Let F = Q[+/5] and O be the ring of integers of . We choose
a fundamental unit g9 = # and setn = &} = #
The roots of H(3) can be identified with elements of the inverse different 3~ = % O as follows.

Let A = < ) be a generalized Cartan matrix, and H(3) be the hyperbolic Kac-Moody

The set of positive real roots is given by

AL = {inf (>0 s 0)}
e ﬁ ’ \/g p— k)

where X is the conjugate of x in F. The set of positive imaginary roots is given by

1 ) 1 . |
A = {ﬁ 0’ (mn —n), NG n’ (nn —m), 7 i’ (n — mi), 7 i’ (m — nﬁ)} ; (2.6)
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where j > 0 and (m, n) € 4 for k > 1 and the set €2, is defined to be

|4k 3m — +/5m? — 4k
(m,n) € Lo x Lo : ?Smg k, n= " 2m

See Refs. 28, 14, 24, and 26 for more details. The Weyl group W also acts on F; in particular, the
simple reflections r; and r, are given by

rx = 172)? and rmx=2Xx forx € F.

Then the Weyl group is identified with the semidirect product of multiplication by n?*, n € Z and
conjugation, i.e., W = {n*" :n € Z} x {7}.
Let H be the upper half plane. We define a paring on F x H? by

(v,2) = =5(vzo +z;)  forv e Fandz = (z1,22) € H?,

and consider the denominator function of #(3) as a function on H?. Then the denominator identity
is, for z € HZ?,

e(—(p, ) [T (1 = e(—@, )™ = ) det(w)e(—(wp, 2),
aeAy weW
where we have
g 1+ NG
(eo)V/5 25

Consider the Hilbert modular form W of weight 5 defined by

1
:—1 =
o 5( +n)

£021 £022 _ (VD 5 _
xv(z>=e(— - —) [T (1 = ez + pzp)y e [T (—ez+92)
\/g ﬁ ved ! ved~ !, v20>0

V>0 N(w)=—m?/5

for z = (z1, 22) € H?, where s(n) = 1if 5 {n or s(n) = 2 otherwise, and a(n) is the Fourier coefficient

of the weakly holomorphic modular form f of weight O for the group I'g(5) with principal part g~ !,

(o]
fO)=q¢ "'+ Za(n)qn =q ' 454 11g — 54¢* + 55¢° + 44¢° — 395¢° + 340¢"° + ... .
n=0

The function ¥(z) has a Fourier expansion of the form
V(@) = ) AWe(vz + 92).
ved!

It is known (cf. Ref. 11) that ¥(z) is a meromorphic cusp form and skew-symmetric, i.e., ¥(z»,
z1) = — W(z1, 22). We set ®(z) = W(522, 5z1) = — W (521, 522). In Ref. 26, it is shown that () is
an automorphic correction of H(3), and we can write

@) =e(—(p,2) [] A —e(=@, PP TT —e(=w, ) = > AW)e(=(v, 2)).
ved™! aeA; veo~!
>0

Since ®(z) is meromorphic, the automorphic correction G is a superalgebra.
Let © be a fundamental domain of 9~' by the action of W. Since ®(wz) = det(w)P(z) for
w € W, we have A(wv) = det(w)A(v), and we can write O(z) as

Z A(v) Z det(w)e(—(wv, 7)).
veD weW

Note that the inner sum when v = p is the denominator of the hyperbolic Kac-Moody algebra H(3).
So finding an automorphic correction of H(3) is highly non-trivial.
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lll. KAC-MOODY ALGEBRA Ejg

In this section, we fix our notations for the hyperbolic Kac-Moody algebra Ejy. We will follow
the notational conventions in Ref. 16 for the root system of Ej.
Let O be the normed division algebra of octonians, consisting of the elements of the form

7
Xxo + E X;e;, x; € R,
i=1

and equipped with the multiplication satisfying the relations
2 . .
e =—1, ee;j=—eje; (i #j), eee3=—1,

where the indices are to be taken modulo seven. Let H,(Q) be the Jordan algebra of all Hermitian 2
x 2 matrices over Q, i.e.,

xt oz -
H,(O)=1X = s . xT,x" eR, zeOy.
We define a quadratic form on H,(Q) by
[X]1> = —2det(X) = —2(xTx™ — z2),
and obtain the corresponding symmetric bilinear form (X,Y) = 1(|X + Y|*> — | X|]> — [IY]]*),

+ +
X,Y € Hy(O). That is, if X = <x_ < ) and Y = <y_ w_),then
z X Wy

(X,Y)= —x+y_ — y+x_ +zZw + wZ.

We choose the following octonionic units to be the simple roots of the lattice Eg:

a; = e, ay = 3(—e1 —ex — €3+ ey),
az = ey, a4=%(—1—€1—€4+65),
as =1, ag = 3(—1 —es — s — e7),
a7 = es, ag=3(—1+er+es+e9).

The root lattice spanned by these simple roots gives all octonionic integers called octavians, and we
will denote the lattice by O. Thus we make the identification O = Eg. The highest root is given by
0 = 2a; + 3a; + 4as + Say + 6as + 4ag + 2a7 + 3ag = %(63 + eq4 +e5 — e7).

We consider a lattice A in H,(QO) given by

and choose vectors

a_] = b0 , oy = -1 —0’ Qi = E) ai .1 <i <8
0 -1 -6 0 a 0

2(etj o)
(ai ;)
matrix of E19. We will denote by g the corresponding Kac-Moody algebra of Ejy. We define AT to

be the additive monoid generated by « _ |, g, ¢y, . . ., &g, i.€.,

Then {&_1, @, @1, ..., ag} is a basis for A and the matrix ( ) is the generalized Cartan

At = Zsoa_1+Zsoog+Zspay + -+ Z>pas.
Wewritez > wforz,we Aifz —w e AT.
The Weyl group W of g is generated by the simple reflections
2(X, o)

w0 =X (ai, ;)

a,  i=-1,0,1,...,8, X € Hy(O).
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Now we determine the set A of positive real roots and the set A} of positive imaginary

+
roots of g. We write At = A U A; . Consider X = xz ¢

) € A. From Proposition 5.10 in

Ref. 21, we have that X is a real root < det X = —1 and that X is an imaginary root < det X > 0.
We have

XeAt «— detX>-land X e AT,

and itis easy tosee that X € AT ifandonlyifx~ <0,x" + x~ <0,andz> (xT + x7)f.
The Weyl vector p is given by

0 =300_; 4+ 6lag + 93a; + 126a, + 160a3 + 195a4 + 2315 + 1536 + 767 + 115as.

Put in the matrix notation, it becomes

_ (31 —pk
o= <—p_1< _30) €A, 3.1
where px = %(1 + e + 1ley + e3 + 15e4 + 19e5 + e — 23e7) € O. Under the identification O =

Eg, pk corresponds to pg,. We have (p, o)) = —1foreachi= —1,0,1,..., 8 and (p, p) =
— 1240, and (pg, o;) = 1 foreachi =1, ..., 8. We obtain another criterion for positive roots:

XeAt = detX>—land(p,X) <O. (3.2)
It is proved in Ref. 16 that the simple reflections w_;, wy,...,w;, are given by

w,(X):M,)_(MI’, i=—1,0, veey 8,

0 1 -6 1 .0
M*:(l 0)’ MO:(O 9‘)’ M’:((z) —d)

anda; € O,i=1, ..., 8, corresponds to the simple roots of Eg as before.
Now W = W+ x {w_,}, where W is the even part, i.e., the subgroup of elements of even
length. Here W is generated by so = w_jwy, s; = w_jw;, i =1, ..., 8. Then

) _q Gt _ 0 9 o O —d;
si(X) = S X8, So_<_9— ) si=(a o)

Fors € W+, write s = s;, - - - 5;,, and define
s(X) =53, -+ - 5;,(X).

Then formally we can write Wt = PSL,(0).
We defined the simple roots in such a way that a fundamental domain of H,(Q) under the Weyl
group action is given by

D ={X e Hy(Q): (X,a;) <Ofori =—1,0,1,...,8). (3.3)

where

It is a negative Weyl chamber of E}(, namely,

8
©={771)»71+r0)»0+zri)»i i <0,i=-1,0,1,...,8]},

i=1

where A;’s are the fundamental weights, i.e., (A;, o;) = §;;. Since O is self-dual, we have

1 0 1 0 1 lg
“:(0 0)’ ko:(o 1)’ ’\f:(la- i )
2[

8 8
S - 2: _2:
’D-{(Z x).x <x 5‘_1ri50,2z—l_1r,~a,~ .

Hence we have
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IV. AUTOMORPHIC CORRECTION OF E;,

Let M be the even unimodular Lorentzian lattice I, | and we let L = M & II; ;. Borcherds
proved the following theorem.

Theorem 4.1 Ref. 7, Theorem 10.1. Suppose that f(t) =Y ,c(n)q" is a weakly holomorphic
modular form of weight — s/2 for SL,(Z) with integer coefficients, with 24|c(0) if s = 0. Choose a
negative norm vector vop € M ® R. Then there is a unique vector p,, € M such that

D(2) = e(—(pu>2)) ] (1 = e(—(r, )" (4.1)

(r,00)>0
is a meromorphic automorphic form of weight c(0)/2 for O} .

We consider the case when s = 8 and the weakly holomorphic modular form is defined by
f(r) = E4(0)?/A1a(t) = ¢~ + 504 + 73764q + 26950404 + - - - .

Borcherds mentions this modular form in Sec. 16 of Ref. 7. See also Ref. 20. We write M = Ily | =
Eg @ 11, 1. Then we have an isomorphism v : M —> A defined by

vi(z,xT,x7) > <_X+ _Z_).

-z —x

Furthermore, a set of simple roots of the lattice M and its Dynkin diagram are given by those of the
Kac-Moody algebra Ej( considered in Sec. III through the identification A = M. (See also Ref. 12).
Thus the Kac-Moody algebra Ej is Lorentzian.

We take vy = (—pg,, —m, —d /24) € M where m is the constant term of E4(7)f(t)E»(7)/24, and
d is the constant term of E4(7)f(t). One can check m = 30, d = 744 and

PE; = 2901 4 570y + 84z + 110a4 + 135a5 4 91otg + 4607 + 68asg.
From Theorem 10.4 in Ref. 7, the vector p,, in Theorem 4.1 is given by
Py, = (pKa m, d/24) = (pEgv 307 31) = —Vo.

Therefore, the vector p,, in Theorem 4.1 exactly corresponds to the Weyl vector p of Ejg in (3.1),
i.e., we have

31 —
V(pyy) = p = (-ﬁK _/3)15) €A and v(vy) = —p. (4.2)

Consequently, if v(r) = «, we get
r,v9) >0 < (o, p) <O. 4.3)

We denote by ®A(z) the automorphic form given by the Borcherds product (4.1). With all the
preparations we made in the above, we can now prove the following theorem.

Theorem 4.2. The function ®(z) is an automorphic correction for the Kac-Moody algebra E.

Proof. We identify M with A via the isometry v as before. Write f{r) = > _,c(n)q", and note that
—(r,r)/2 = —(v(r), v(r))/2 = detv(r) for r € M. Since c(n) = 0 for n < — 2, we obtain from (3.2)
and (4.3),

(r,v9) >0 and c(—(r,r)/2) #0 <<— v(r)e AT, “4.4)

where AT is the set of positive roots of E1g. Therefore, we obtain from (4.1) and (4.2),

D(2) = e(—(p.2) [ (1 = e(—(@. )@/,

aeAt
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We claim that @ s(w;z) = —®(z) foreachi= —1,0, 1, ..., 8. Indeed, since (p, ;) = — 1, we
have

Dy (wiz) = e(—(p, wiz) [ | (1 = e(—(ar, wiz)))" ">

aeAt
= e(—(wip, 2) [ ] (0 —e(~(wia, )@

aeAt
— e(— oy Lo el@i 2) —e(— c(—@@)/2)
=ty [T =@y

=—D/(2).

Then we have ® ;(wz) = det(w)® f(z) forw € W.
Now we use the same argument as in the proof of Theorem 5.16 in Ref. 26 and obtain that

Op(2) =) det(w) [e(—w(p), 2D — Y m@e(—wlp+a)2) |,

weW aeAND, a#0

where © is defined in (3.3) and m(a) € Z for alla € A ND. It completes the proof. O

A. Some remarks

Note that f(t) = Y _,c(n)q" has positive Fourier coefficients. Hence the automorphic correction
G of Ep is a generalized Kac-Moody algebra with @, as the denominator. Moreover, from (4.4),
we see that the set of positive roots of Ejy coincides with the set of positive roots of G. Let § be
the minimal null root, i.e., (§, §) = 0. Then mult(é) = 8 in E|o. However, it follows from ¢(0) =
504 that mult(6) = 504 in G. The extra 496 dimensions come from imaginary simple roots. Since
® (wz) = det(w)P f(z) for w € W, we can write, using the fundamental domain ®, the function
DAz) as

Dp(z) =Y A(r) Y det(w)e(—(w(r), 2).
re® weW

The inner sum when r = p is the denominator of Ejj.
We obtain asymptotics of Fourier coefficients of the modular form f(z), using the method of
Hardy-Ramanujan-Rademacher. Recall that

o0
f(1) = E4(0)*/A(x)=q ' + Z c(n)g" = g~ + 504 4 73764q + 2695040g% + - - - .
n=0

The function fis a modular form of weight — 4 for the full modular group SL,(Z). Therefore as in
Ref. 25, we can show

c(n) = 270”3 Is(/n) + O (n ™4 logldm /s (2 /) )

X

where I5(x) is the Bessel I-function. It has an asymptotic expansion I5(x) = \/;Tx(l + O(%)).

B. Other generalized Kac-Moody algebras containing E;g

We close this paper with mentioning two other generalized Kac-Moody algebras which contain
Ejp. We can compare these algebras with the automorphic correction G of Ej. These generalized
Kac-Moody algebras are not automorphic correction, but they provide some upper bounds for root
multiplicities of E .
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1. The algebra g,,,, of physical states

Let M be a nonsingular even lattice, and 2U(M) be the vertex algebra associated with M. Then
we have the Virasoro operators L; on U(M) for each i € Z. We define the physical space P" for each
n € Z to be the space of vectors v € U(M) such that

Lo(v) = nv and L;i(v) =0 fori > 0.
Then the space gy := P'/L_; P° is a Lie algebra and satisfies the following properties:*

(i) Let g be a Kac-Moody Lie algebra with a generalized Cartan matrix that is indecomposable,
simply laced and non-affine. If the lattice M contains the root lattice of g, then g can be mapped
into gy so that the kernel is in the center of g.

(ii)) Let d be the dimension of M, and « € M be a root such that (o, @) < 0. Then the root
multiplicities of « in gy, is equal to

P = (@l@)/2) = pT N (—(ela)/2), (4.5)
where p(n) is the number of multi-partitions of n into parts of £ colors.

Therefore, when we have a hyperbolic Kac-Moody algebra g with root lattice M, the Lie algebra
gu contains g and provides an upper bound (4.5) for root multiplicities of g. Moreover, it is well
known that the Lie algebra g,, is a generalized Kac-Moody algebra.

In particular, we can apply the above construction to the lattice M = IIy_;. Since M is the root
lattice of E as we have seen in the beginning of Sec. IV, the algebra g;;,, contains Ejo and the root
multiplicity is given by p®(n) — p®(n — 1). Nicolai and his co-workers studied the algebra g, ,
extensively. For example, see Refs. 1 and 2.

2. Niemann’s algebra G,

In his Ph.D. thesis,”” Niemann constructed a generalized Kac-Moody algebra G, which contains
Ejp.

Let A be the Leech lattice, i.e., the 24-dimensional positive definite even unimodular lattice
with no roots, and let A be the central extension of A by a group of order 2. Assume that o € Aut(A)
is of order 2 and cycle shape 1328, Then we define the lattice M = A° @ II; |, where A° is the
fixed point lattice. The Weyl vector p is given by p = (0, 0, 1) € M and we denote by W¢ the full
reflection group of the lattice M. We define p, (1) by gn(z)"®n(2z)~% = Z:io Pe(m)q", g = 7%,
where 7(z) is Dedekind’s eta-function.

With these data, Niemann?® constructed a generalized Kac-Moody algebra G, and proved the
following twisted denominator identity of G,

e l_[ - er)Pa(lf(r,r)ﬂ) l—[ a- er)pa(lf(hr)/‘*) (4.6)
reM+ QM**
o
= > detw)w (d’ [Ja -t - (32"”)8> ,
weWe i=1

where M* is the dual of M. Moreover, he showed that G, contains E}y. Consequently, it follows from
(4.6) that

po(1 — (e, @) ifoa € M, o ¢ 2M*,
mult(E1p, @) < | . ) .

po(l = 2@, @) + po(l — L) ifa € 2M".
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