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Abstract

By applying interpretable machine learning methods such as decision trees, we study
how simple models can classify the Galois groups of Galois extensions over Q of degrees
4, 6, 8, 9, and 10, using Dedekind zeta coefficients. Our interpretation of the machine
learning results allows us to understand how the distribution of zeta coefficients
depends on the Galois group, and to prove new criteria for classifying the Galois groups
of these extensions. Combined with previous results, this work provides another
example of a new paradigm in mathematical research driven by machine learning.

1 Introduction
In recent years,machine learning (ML) has begun to influence the landscape of puremath-
ematics, echoing its transformative impact on the natural sciences. Around 2017, experi-
mental efforts emerged to apply ML techniques to mathematical problems, revealing that
machines can often detect structural patterns in mathematical data. Early examples arose
in algebraic geometry [13,24,35,42], followed by applications in number theory [25–28],
representation theory [19,36], and knot theory [19].
Several of these studies reported remarkable empirical successes, achieving high accu-

racy in classifying mathematical objects according to their invariants. Interpreting what
themachine learns can sometimes lead to new discoveries or perspectives on the underly-
ing mathematical structures. The recent discovery ofmurmuration phenomena in arith-
metic is a prototypical example [17,28]. Together, these developments suggest a new
paradigm for mathematical research [19,20]: Generate datasets, apply ML tools, interpret
the results, gain new perspectives, formulate conjectures, and prove them.
The purpose of this paper is to complete a full cycle of this paradigm in the study of

Galois groups. In earlier work by the first-named author with He andOliver [25], machine
learning algorithms were applied to the classification of number fields by invariants such
as Galois groups, class numbers, and unit ranks, using input features derived from the
coefficients of defining polynomials or Dedekind zeta functions. While many of these
classification tasks achieved remarkably high accuracy, themathematical rationale behind
themachine’s decision-making remained opaque. One notable case was the class numbers
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of real quadratic fields, where subsequent efforts to interpret the ML results revealed that
the algorithms were, in effect, rediscovering classical results from Gauss’s genus theory
[7].
In this paper, we focus on Galois groups as the next case study. We apply interpretable

machine learningmethods, particularly decision trees, to the problem of predictingGalois
groups of number fields. By analyzing the structure of the resulting models, we are able to
reverse-engineer the machine’s logic and extract precise mathematical statements which
we formulate into new conjectures about the determination of Galois groups. Unlike
the case of class numbers of real quadratic fields and many earlier examples, these new
conjectures aremathematically significant, andwe prove themby traditionalmeans. As an
example, we prove the following proposition, motivated by an analysis of the classification
logic of a decision tree model (see Example 3.10 for the proof).

Proposition Let K/Q be a nonic Galois extension, and let an(K ) be the n-th coefficient of
the Dedekind zeta function ζK (s). If a1000(K ) ≤ 4, then K/Q is a cyclic extension.

Weobtainmany other similar andmore general results (seeCorollaries 3.3, 3.16, 3.21, 3.25
and 3.35). Although Galois groups can be determined in various ways, our results offer
very simple criteria that could be formulated only after analyzing theML results. Ourwork
demonstrates how machine learning can serve not merely as a black-box classifier, but
as a tool for generating conjectures and aiding in the discovery of rigorous mathematical
theorems. We anticipate that this approach will continue to be adopted and will lead to
many fruitful discoveries in the future.
After this introduction, the next section presents preliminaries on the Dedekind zeta

function and the ramification of local fields. Section 3 contains themain results, alongwith
a detailed explanation of the ML experiments. The corresponding code is available in the
GitHub repository https://github.com/seewoo5/ML-NF, which can be used to reproduce
all the experiments in this paper. The final section offers concluding remarks.

2 Preliminaries
2.1 Dedekind zeta function

Let K/Q be a number field and OK be the ring of integer of K . For each nonzero ideal
a ⊂ OK , let Na := [OK : a] be its ideal norm. The Dedekind zeta function ζK (s) is defined
by

ζK (s) :=
∑

0 �=a⊂OK

1
Nas

=
∑

n≥1

an(K )
ns

, (1)

where an(K ) = #{a ⊂ O : Na = n} counts the number of ideals with norm n, which is
always a nonnegative integer. It admits an Euler product

ζK (s) =
∏

p

(1 − Np−s)−1 =
∏

p

∏

p|p
(1 − Np−s)−1,

where the first product is over the prime ideals of OK , and the p-th Euler factor for a
rational prime p is defined by

ζK,p(s) :=
∏

p|p
(1 − Np−s)−1. (2)

https://github.com/seewoo5/ML-NF
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The zeta coefficients are multiplicative; that is, we have amn(K ) = am(K )an(K ) for any
coprimem, n. Moreover, the Euler factor ζK,p(s) is completely determined by the decom-
position behavior of p in K , as stated in the following standard proposition, whose proof
we omit.

Proposition 2.1 Let K/Q be a number field and p be a rational prime. Assume that the
prime p factors in K as (p) = p

e1
1 · · · pegg , and let fi = f (pi|p) be the inertia degree of pi over

p, so that Npi = pfi . Then, the Euler factor can be written as

ζK,p(s) =
g∏

i=1
(1 − p−fis)−1. (3)

In particular, when K/Q is Galois, all ei’s and fi’s are equal for i = 1, 2, . . . , g , and

ζK,p(s) = (1 − p−fs)−g =
∑

k≥0

(
g + k − 1
g − 1

)
p−fks. (4)

Corollary 2.2 Let K/Q be a Galois extension and p be a rational prime. Assume that p
decomposes in K as (p) = (p1 · · · pg )e withNpi = pf for all 1 ≤ i ≤ g. Then, the pa-th zeta
coefficient for a ∈ Z≥0 is given by

apa (K ) =
⎧
⎨

⎩

(g+ a
f −1

g−1
)

if f | a,
0 otherwise.

(5)

Proof If f � a, then apa (K ) = 0 since p−as does not appear in (4). If f | a, take k = a
f . ��

2.2 Ramification of local fields

We review ramification theory of local fields, which will be useful for studying decom-
position behavior of primes. Let L/K be a finite Galois extension of local fields with
G = Gal(L/K ). LetOK ,πK , vK , k be the ring of integer, uniformizer, valuation, and residue
field of K , and similarlyOL,πL, vL, �. For i ≥ −1, define the i-th ramification group to be

Gi := {σ ∈ G : vL(σ (x) − x) ≥ i + 1 ∀x ∈ OL}. (6)

Then, {Gi}i≥−1 form adecreasing filtration ofG. The groupG0 (resp.G1) is often called the
inertia subgroup (resp. wild inertia subgroup), andwe denote their fixed fields as Lu = LG0

and Lt = LG1 .We haveG0/G1 ↪→ O×
L /(1+πLOL) � �× andGi/Gi+1 ↪→ (1+π i

LOL)/(1+
π i+1
L OL) � � for i ≥ 1, where the first embedding is given by σ �→ σ (πL)/πL which is

independent of choice of the uniformizer πL. When K = K ′
p and L = L′

P are localizations
of a number field K ′ and its extension L′, we may also denote the decomposition group
and inertia group as DP and IP. When L′/K ′ is abelian, the decomposition and inertia
groups only depend on p, and we denote them as Dp or Ip instead.
Let e = eL/K be the ramification degree (πK = επ e

L for some ε ∈ O×
L ) and f = fL/K =

[� : k] be the inertia degree. Then, Lu/K is an unramified extension of degree f , and Lt/Lu

is a tamely ramified extension of degree equal to the prime-to-p part of e, and L/Lt is a
wildly ramified extension of degree equal to the p-part of e. We say that the extension
L/K is tamely ramified if Lt = L, i.e., G1 = {1} or equivalently, (p, e) = 1. Particularly,
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G0 ↪→ �× and the inertia group has to be cyclic of order e.Moreover, we have the following
proposition.

Proposition 2.3 ( Greenberg[23, Lemma 1], Newton [38, Proposition 2.2.9]) Let L/K be
a tamely ramified abelian extension of local fields, and e = eL/K be its ramification degree.
Let k be the residue field of K . Then, e divides #k×.

For a tamely ramified extension of K , the conjugation action of (a lift of) Frobenius on
the tame inertia group is simply given by #k-power map:

Proposition 2.4 ( Iwasawa[29]) Let L/K be a tamely ramified extensionwith ramification
degree e. Let τ be a generator of the inertia subgroup G0 ≤ G = Gal(L/K ) and σ ∈ G be a
lift of a Frobenius. Then, στσ−1 = τ q, where q = #k is the size of the residue field of K .

Remark 2.5 For the later proofs, we will only use the case when K = Qp and q = p (see
Lemma 3.14 and 3.19).

One may ask whether a local field with a given decomposition type can be globalized;
that is, whether an extension K/Qp arises as the localization of a number field K ′/Q. One
may even ask whether we can choose K ′ to have the same Galois group, i.e., Gal(K ′/Q) �
Gal(K/Qp). When such a K ′ exists and K ′ � Q(α), K � Qp(α) for a root α of some
f (x) ∈ Z[x], we call the polynomial f (x) a Galois splitting model. Carrillo [14] proposed
several methods to find it, including Panayi’s root finding algorithm [40, Algorithm 8.4].
However, such a field K ′ does not always exist. Indeed, Wang provided a famous coun-

terexample to the incorrect proof of “Grunwald’s theorem” [45,46]. In particular, Wang
proved the following:

Proposition 2.6 ( Wang [45]) Let s ≥ 3 and K ′/Q be a cyclic extension of order 2s. Then,
the prime 2 either totally ramifies in K ′ or has at least two distinct prime factors.

For example, when K/Q2 is the unramified cyclic extension of order 8, there exists no
cyclic extension K ′/Q of degree 8 that localizes to K .

2.3 Number fields and p-adic fields in LMFDB

LMFDB [37] is an online database that contains a wide range of mathematical objects in
number theory and arithmetic geometry, including L-functions, modular forms, elliptic
curves, number fields, p-adic fields, and representations. In this work, we used the number
field database for machine learning experiments and the local field database for the proofs
of some theorems.
The number field database in LMFDB is a compilation of several works including

[10,12,33,34,39,44], where the detailed references can be found in the Source and
Acknowledgements page for the database [3]. Since our focus is on Galois groups, we
restrict our experiments to Galois extensions of Q of degrees 4, 6, 8, 9 and 10, among all
number fields in the database. The corresponding statistics are summarized in Table 1.
For a given number field, there are infinitely many choices of defining polynomials.

LMFDB uses the normalized (reduced) polynomial where the sum of the squares of the
absolute values of all complex roots of a polynomial is minimized. If there is more than
one such polynomial, choose the polynomials whose discriminant have minimal absolute
value. If there are stillmultiple polynomials, sayP = xn+a1xn−1+a2xn−2+· · ·+an, choose
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Table 1 Galois extensions of degree 4, 6, 8, 9, 10 in LMFDB [37]

Degree Galois group Number of fields

4 C4 (4T1) 21873 (11.96%) 182860

C2
2 (4T2) 160987 (88.04%)

9 C9 (9T1) 284 (22.43%) 1266

C2
3 (9T2) 982 (77.57%)

6 C6 (6T1) 21146 (13.45%) 157168

S3 (6T2) 136022 (86.55%)

10 C10 (10T1) 1854 (33.86%) 5476

D5 (10T2) 3622 (66.14%)

8 C8 (8T1) 6206 (5.42%) 114576

C4 × C2 (8T2) 19550 (17.06%)

C3
2 (8T3) 10767 (9.40%)

D4 (8T4) 27796 (24.26%)

Q8 (8T5) 50257 (43.86%)

the one where the vector S(P) := (|a1|, a1, . . . , |an|, an) has smallest lexicographic order
(see [1] for more details). Note that these features (sum of squares of zeros, coefficients,
etc.) are not field invariants, and the models trained on such data highly depend on such
normalizations. See Sect. 3.3.2, 3.4.2, and Polynomial coefficients paragraphs of 3.6.1, and
3.6.2 for the experiments.
The p-adic field database in LMFDB is primarily based on the computations of Jones and

Roberts [30–32], along with several other sources for specific data columns. Key columns
include the ramification degree, inertia degree, Galois group, (wild) inertia group, and
Galois splitting model [14]. As of now, the database contains all degree n extensions ofQp
for p < 200 and n ≤ 23; see the completeness page for p-adic fields [2].

3 Galois groups of number fields
In this main section, we investigate how a Galois group can be determined from a finite
number of coefficients of the Dedekind zeta function and also from polynomial coeffi-
cients. This question is motivated and guided by machine learning (ML) experiments,
in which these coefficients are used as features of the dataset. The details of the ML
experiments are presented alongside theorems and proofs. While Galois groups can be
determined by various classical methods, it is somewhat surprising that this particular
approach of using zeta coefficients has not been explored in the existing literature. It is
also worth noting that our criteria could only be formulated after analyzing the outcomes
of the ML experiments.

3.1 Experimental details

As previously mentioned, we used the number field database from the LMFDB [37]. The
zeta coefficients are separately computed using the function zeta_coefficients of
SageMath [43] tomake dataset for the experiments. For each experiment, we report aver-
age and standard deviation of accuracy, balanced accuracy, and per-class precision, recall,
F1 over 5 different random splits of ratio 80 to 20 for training and test sets. All machine
learning experiments were conducted using the default setup of the scikit-learn

library [41], with fixed random state and no hyperparameter tuning except for setting the
maximum number of iterations in logistic regression, which is set to be 10000.
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For logistic regressionmodels, they are trainedwithLBFGSsolverwithL2-regularization.
For decision trees, we trained them with Gini criterion and we did not set the maximum
depths, so that the nodes are expanded until all leaves are pure.We also use best splitter,
which uses midpoints of features values as thresholds. See the official scikit-learn
documentations [5,6] for more details about default configurations.

3.2 From experiments to theorems

We briefly describe the overall workflow underlying our machine learning experiments
and the subsequent process of formulating and proving theorems.
In the decision tree experiments involving zeta coefficients, we observe that coefficients

indexed by perfect powers consistently appear near the top of the trees. In the cases of
quartic and nonic extensions, the resulting decision trees (Figures 1 and 2) are remarkably
simple. This allows us to readily conjecture that the vanishing of certain zeta coefficients
characterizes cyclic extensions.We are able to prove both this conjecture and its converse
(see Corollary 3.3).
For sextic, octic, and decic extensions, the decision trees become more intricate; nev-

ertheless, the prominence of coefficients with perfect power indices remains evident.
Motivated by this pattern, we conduct further exploratory data analysis (EDA), which
reveals that specific values of zeta coefficients at prime-power indices occur only when
the extension has a particular Galois group and when the corresponding prime satisfies
certain congruence conditions. We subsequently establish these phenomena rigorously
using Propositions 2.3, 2.4, and Theorem 2.6, together with additional group-theoretic
arguments.

3.3 Quartic and nonic fields

Let K/Q be a Galois extension of degree 4. There are two possible Galois groups: cyclic
groupC4 = Z/4 or the Klein groupV4 = C2

2 = Z/2×Z/2. It is completely known how to
determine the Galois group of a splitting field of a quartic polynomial f (x) ∈ Q[x] in terms
of discriminants and resolvents [21, p. 613]. Particularly, for a quartic Galois extension K ,
one has

Gal(K/Q) �
⎧
⎨

⎩
V4 if 
K is a perfect square,

C4 otherwise.
(7)

Similarly, if K/Q is a degree 9 Galois extension, then there are only two possible Galois
groups: cyclic group C9 = Z/9 or C2

3 = Z/3 × Z/3. In general, only possible Galois
groups for degree �2-Galois extensions for prime � are C�2 or C2

� , since those are the only
groups of order �2 up to isomorphism. In the rest of this subsection, we will use zeta and
polynomial coefficients, respectively, to distinguish between the two cases.

3.3.1 Learning Galois groups from zeta coefficients

3.3.1.1 Decision tree We found that decision tree models can achieve almost perfect
accuracy (100% on 4 out of 5 runs) for distinguishing Galois groups of quartic fields using
zeta coefficients an(K ) up to n ≤ 1000. Moreover, the splitting of the first few decision
nodes (including the root node) has a form of am2 (K ) = 01, i.e., whether am2 (K ) is zero

1 In the actual experiments, the conditions are of the form am2 (K ) ≤ 0.5, since we are using the best splitter which
chooses midpoints of feature values as thresholds [4].
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Fig. 1 A decision tree predicts the Galois groups of quartic fields from zeta coefficients up to a1000(K )

Fig. 2 A decision tree predicts the Galois groups of nonic fields from zeta coefficients up to a1000(K )

or not, and predicts as a cyclic extension when it is true (Figure 1). This strongly suggests
the criterion: For a quartic Galois extension K/Q, we have Gal(K/Q) � C4 if am2 (K ) = 0
for somem ≥ 2.
Similarly, for degree 9 Galois extensions of Q, decision tree models can achieve 100%

accuracy on distinguishing Galois groups (C9 or C2
3 ) with zeta coefficients an(K ) up to

n ≤ 1000. More surprisingly, Fig. 2 shows that the model uses only three zeta coefficients
a1000, a343 and a27 out of 1000, and it strongly suggests that the prediction is based on
the cube-indexed zeta coefficients. From these observations, it is natural to ask if one can
distinguish two possible Galois groups of degree �2 Galois extensions of Q, using �-power
coefficients. In particular, it is natural to conjecture the following: Let K/Q be a Galois
extension of degree �2. If ap� (K ) = 0 for some prime p, then K/Q is a cyclic extension.
In Theorem 3.1, we show that the conjecture is true. More precisely, using Proposition

2.1 and Corollary 2.2, one can list all the possible decomposition types of a given prime p
in K and the corresponding Euler factors and p�-th zeta coefficients, as shown in Table
2. By proving that certain decomposition types cannot occur for C2

� -extensions, we show
that p�-th zeta coefficients are nonvanishing for such extensions.
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Table 2 Decomposition types, Euler factors, and ap(K ) and
ap� (K ) for degree �2 extensions

(e, f, g) Euler factor ap(K ) ap� (K )

(1, 1, �2) (1 − p−s)−�2 = ∑
k≥0

(
�2+k−1
�2−1

)
p−ks �2

(
�2+�−1
�2−1

)

(1, �, �) (1 − p−�s)−� = ∑
k≥0

(
�+k−1
�−1

)
p−�ks 0 �

(1, �2 , 1) (1 − p−�2s)−1 = ∑
k≥0 p

−�2ks 0 0

(�, 1, �) (1 − p−s)−� = ∑
k≥0

(
�+k−1
�−1

)
p−ks �

(2�−1
�−1

)

(�, �, 1) (1 − p−�s)−1 = ∑
k≥0 p

−�ks 0 1

(�2 , 1, 1) (1 − p−s)−1 = ∑
k≥0 p

−ks 1 1

Theorem 3.1 Let � be a prime and K/Q be a Galois extension with Gal(K/Q) � C2
� .

Then, ap� (K ) �= 0 for all prime p.

Proof The last column of Table 2 shows that ap� (K ) = 0 if and only if the decomposition
type of p is (e, f, g) = (1, �2, 1), i.e., totally inerts in K . Hence, it is enough to show that
such decomposition type cannot occur for C2

� -extensions. If it happens, we should have
Ip = 1 and Dp = C2

� , but

Dp � Dp/Ip � Gal(Fp�2 /Fp) � C�2 ,

which is a contradiction. ��
In contrast, there are infinitely many primes p for which ap� (K ) = 0 when K is a

cyclic extension of degree �2. We can prove the following general statement for all cyclic
extensions of prime-power degree, which implies that the converse of Theorem 3.1 is also
true.

Theorem 3.2 Let � be a prime and K/Q be a cyclic extension of degree �m for somem ≥ 2,
i.e., G = Gal(K/Q) � C�m. Then, for any b ≥ 1 not divisible by �m, the natural density of
primes p such that apb (K ) = 0 is positive. More precisely, if ν = v�(b) < m is the �-adic
valuation of b, then the density of primes with apb (K ) = 0 is (�m−ν − 1)/�m−ν .

Proof Consider unramified prime p of decomposition type (e, f, g) = (1, �t , �m−t ). The
corresponding Euler factor is

ζK,p(s) = (1 − p−�t s)−�m−t =
∑

k≥0

(
�m−t + k − 1

�m−t − 1

)
p−�t ks

, and this shows apb (K ) = 0 if and only if t > ν, i.e., �t � b. For each t > ν, Frobp has order
�t and there are ϕ(�t ) = �t−1(� − 1)-many elements in C�m of order �t , so the density of
prime p with apb (K ) = 0 is

∑

ν<j≤m

�j−1(� − 1)
�m

= � − 1
�m

�ν(�m−ν − 1)
� − 1

= �m−ν − 1
�m−ν

.

Note that the natural density and Dirichlet density coincides in Chebotarev density theo-
rem. ��
By combining two theorems, we obtain the following result suggested by the decision

tree experiment.
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Corollary 3.3 Let � be a prime and K/Q be a Galois extension of degree �2, hence
Gal(K/Q) � C�2 or C2

� . Then, Gal(K/Q) � C�2 if and only if there exists a prime p
such that ap� (K ) = 0.

In fact, for each Galois group and prime, we can analyze the possible decomposition
types, as will be discussed below.

Proposition 3.4 Let K/Q be a quartic C4-extension and p ≡ 3 (mod 4) be a rational
prime with decomposition type (e, f, g) in K . Then, (e, f, g) �= (4, 1, 1).

Proof Assume (e, f, g) = (4, 1, 1). Since (p, 4) = 1, the corresponding extension Kp/Qp
(for some p|p) is a tamely ramified extension, and hence, we should have 4 | p − 1 by
Proposition 2.3. This cannot happen since p ≡ 3 (mod 4). ��

Proposition 3.5 Let K/Q be a quartic C2
2 -extension and p be a rational prime with

decomposition type (e, f, g) in K . Then:

1. (e, f, g) �= (1, 4, 1).
2. If p �= 2, then (e, f, g) �= (4, 1, 1).

Proof 1) Since C4 cannot be a quotient of C2
2 , we have (e, f, g) �= (1, 4, 1).

2) For odd p, the corresponding extension Kp/Qp is tamely ramified and the inertia
group has to be cyclic, so it cannot be totally ramified. ��

Example 3.6 (C4, sufficient condition) Assume that a quartic Galois extension K/Q fol-
lows the bold branch in Fig. 1, so that the decision tree predicts the Galois group to be
C4. In this case, we have

a302 = a22 · a32 · a52 = 1 ⇔ a22 = a32 = a52 = 1,

and

a640 = a27 · a5 > 0 ⇒ a5 �= 0.

From Table 2, we can check that the only possible decomposition type of p = 5 satisfying
a5 �= 0 and a52 = 1 is (e, f, g) = (4, 1, 1), i.e., totally ramified. By Proposition 3.5, K/Q

cannot be a C2
2 -extension and thus must be cyclic. This shows that the branch always

gives correct prediction.

A similar analysis can be carried out for nonic extensions.

Proposition 3.7 Let K/Q be a nonic C9-extension, and let p �= 3 be a rational prime with
decomposition type (e, f, g) in K . Then:

1. If p ≡ 4, 7 (mod 9), then (e, f, g) �= (9, 1, 1).
2. If p ≡ 2 (mod 3), then (e, f, g) /∈ {(3, 1, 3), (3, 3, 1), (9, 1, 1)}.

Proof 1) Assume that p �= 3 and (e, f, g) = (9, 1, 1). Then, the corresponding extension
Kp/Qp (for p|p) is a totally and tamely ramified C9-extension. By Proposition 2.3, this
implies p ≡ 1 (mod 9). Thus, p �≡ 4, 7 (mod 9) and p �≡ 2 (mod 3). In particular, this
proves the first claim.



   60 Page 10 of 49 K.-H. Lee et al. Res Math Sci          (2026) 13:60 

2) Now, assume p ≡ 2 (mod 3). We already know (e, f, g) �= (9, 1, 1). Assume (e, f, g) =
(3, 1, 3). Then, the corresponding extension Kp/Qp is a totally and tamely ramified C3-
extension. Then, Proposition 2.3 again shows p ≡ 1 (mod 3), a contradiction. For the
case of (3, 3, 1), the corresponding extension Kp/Qp has an unramified C3-subextension
K̃ ⊂ Kp, where Kp/K̃ is totally and tamely ramified C3-extension. Since the residue field
of K̃ is Fp3 , Proposition 2.3 implies that p3 ≡ 1 (mod 3), which contradicts to p ≡ 2
(mod 3). ��

Proposition 3.8 Let K/Q be a nonic C2
3 -extension, and let p �= 3 be a rational prime with

decomposition type (e, f, g) in K . Then:

1. If p ≡ 1 (mod 3), then (e, f, g) /∈ {(1, 9, 1), (9, 1, 1)}
2. If p ≡ 2 (mod 3), then (e, f, g) /∈ {(1, 9, 1), (3, 1, 3), (3, 3, 1), (9, 1, 1)}

Proof The decomposition type (e, f, g) = (1, 9, 1) (resp. (9, 1, 1)) cannot occur since C9 is
not a quotient (resp. subgroup) ofC2

3 . Now assume p ≡ 2 (mod 3). If (e, f, g) = (3, 1, 3), we
have (p) = p31p

3
2p

3
3, and a corresponding extension of local fields Kp/Qp (for any p = pi)

is a totally and tamely ramified C3-extension. By Proposition 2.3, we have 3 | p − 1, a
contradiction. If (e, f, g) = (3, 3, 1), we have (p) = p3 with f (p|p) = 3. Let K̃ = KIp be the
fixed field of the inertia group Ip, which is an unramified C3-extension of Qp. Then, its
residue field is Fp3 , andK/K̃ is a totally and tamely ramifiedC3-extension. By Proposition
2.3 again, we get 3 | p3 − 1, which contradicts to p ≡ 2 (mod 3). ��
By Proposition 3.8 and Table 2, we have:

Corollary 3.9 Let K/Q be a nonic extension withGal(K/Q) � C2
3 , and let p be a rational

prime. If p ≡ 2 (mod 3), then we have ap3 (K ) ∈ {3, 165}.

Example 3.10 (C9, sufficient condition) Assume that a nonic Galois extension K/Q fol-
lows the bold branch in Figure 2, so that a103 = a23 · a53 ≤ 4. Then, Gal(K/Q) � C9.
Indeed, if Gal(K/Q) � C2

3 , then by Corollary 3.9, we should have a103 = a23 ·a53 ≥ 3 ·3 =
9. This explains the correctness of the prediction.

Example 3.11 ( False positive for C2
3 ) Although the decision tree (Figure 2) attains 100%

accuracy on the test set, this does not imply that it is a perfect classifier. Indeed, there exists
a C9-extension that satisfies all the conditions of the right-most branch (the dashed bold
branch).With brute-force search, we found a prime q = 960643 satisfying q ≡ 1 (mod 9)
and p

q−1
9 ≡ 1 (mod q) for p = 2, 3, 5, 7. Let L = Q(ζq), and let K be the unique nonic

subextension of L. Then, the Frobenius at p = 2, 3, 5, 7 are all trivial on K , so these primes
split completely in K . From Table 2, we find that a23 = a33 = a53 = a73 = 165, satisfying
all the inequalities required by the decision tree, even though K is not a C2

3 -extension.
The extension is ramified only at 960643, and it is not currently listed in LMFDB [37].
Note that there are infinitely many such primes q by the Chebotarev density theorem.

More precisely, an odd prime q satisfies q ≡ 1 (mod 9) if and only if
9(x) = x6+x3+1 ≡
0 (mod q) has a solution. For such a prime q, we have p

q−1
9 ≡ 1 (mod q) if and only if the

polynomial fp(x) := x9 − p has a solution modulo q. By the Chebotarev density theorem,
the set of primes q for which all of 
9(x), f2(x), f3(x), f5(x), f7(x) have solutions modulo
q has positive (natural) density; for example, the compositum of the splitting fields of
these polynomials has a degree 39366 = 2 · 39 (which can be verified, for instance, using
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Magma [11]). Hence, at least 1/39366 of all primes split completely in the compositum,
and for such primes q, each polynomial has a solution modulo q.

3.3.1.2 Logistic regression We also trained logistic regression models and see if they
can successfully distinguish Galois groups for quartic and nonic number fields.With 1000
zeta coefficients (resp. with standard normalization), they can obtain accuracy of 99.60%
(resp. 99.41%) and 97.16% (resp. 78.51%) for quartic and nonic fields, respectively (Tables
15 and 16). We checked the indices with largest and smallest weights (Table 3). One can
find that most of the indices for large weights are square or cube-indexed coefficients,
which means that the model tends to predict output as 1, which corresponds to C2

2 or C2
3 ,

when those features are large. These results align well with Corollary 3.3.
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Fig. 3 A decision tree predicts the Galois groups of quartic fields from polynomial coefficients

We also compared the distribution of the absolute values of the model weights for
square-indexed (resp. cube-indexed) coefficients with the overall distribution. We found
that the former tends to be higher on average than the latter (Figure 10). For quartic (resp.
nonic) fields, the average absolute value of all weights is 0.19 (resp. 0.02), while the average
for square-indexed (resp. cube-indexed) coefficients is 1.79 (resp. 0.20). This shows that
the logistic regression models, like the decision tree models, are also able to learn that
such coefficients are useful for prediction.
Tables 15 and 16 also include results for different subsets of zeta coefficients: using

only square-indexed (or cube-indexed) coefficients or using only prime(-power)-indexed
coefficients. Notably, using just 31 square-indexed coefficients still yields an accuracy of
99.99% (resp. 100%) for quartic fields (resp. nonic fields), further validating their impor-
tance. Moreover, the performance of models trained only on prime-power-indexed coef-
ficientsmatches that ofmodels using all coefficients, indicating that the logistic regression
model is able to learn the importance of such coefficients for prediction, in agreement
with the decision tree model. In contrast, the model achieves only 91.11% accuracy on
quartic dataset with prime-indexed coefficients, which is not particularly high given the
dataset’s bias: 88.04% of quartic Galois fields have C2

2 as their Galois group (Table 1).

Remark 3.12 Mostly, the performance of logistic regressionmodels with normalized zeta
coefficients is similar or better than one trained with original zeta coefficients, e.g., quartic
(15), sextic (21), and decic (26). However, this is not the case for nonic Galois extensions,
where the accuracy with original zeta coefficient (97.60%) is much higher than with nor-
malized (78.51%), where the latter barelymatches themajority baseline (Table 1). It would
be interesting to figure out why this happens specifically for nonic extensions.

3.3.2 Learning Galois groups from polynomial coefficients

Wealso conduct experiments onpredictingGalois groups from the coefficients of defining
polynomials, using decision tree and logistic regressionmodels. Similar experiments were
previously carried out in [25] using random forest models.
Let c0, . . . , cd−1 be the coefficients of a monic polynomial of degree d, so that f (x) =

xd+∑d−1
k=0 ckx

k ,where the polynomial is uniquely determined by the procedure described
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Table 4 Mean (left) and median (right) of polynomial coefficients for quartic extensions
c0 c1 c2 c3

C4 1.0 · 1011 2.1 · 106 −1.1 · 107 0 −4.1 · 104 −189 −0.6 −1
C2
2 6.3 · 107 9.7 · 104 77.1 0 −4.6 · 102 −52 −0.5 0

Table 5 Mean (left) and median (right) of polynomial coefficients for nonic extensions

c0 c1 c2 c3

C9 −4.5 · 108 −1.9 · 105 8.1 · 108 8.1 · 106 −4.9 · 107 −5.0 · 104 −2.4 · 107 −4.6 · 106
C2
3 −1.5 · 109 −5.4 · 104 −8.4 · 108 −1.0 · 106 −1.2 · 108 −1.9 · 106 −9.4 · 106 −9.1 · 105

c4 c5 c6 c7 c8
C9 4.4 · 105 1.2 · 104 2.0 · 105 8.9 · 104 −1.3 · 103 −211 −7.3 · 102 −657 −0.5 0

C2
3 6.2 · 105 6.1 · 104 1.1 · 105 3.5 · 104 −8.4 · 102 −346 −4.6 · 102 −340 −0.9 0

in Section2.3.Using these polynomial coefficients as features, decision treemodels achieve
reasonably high accuracies of 95.16% and 94.15% for quartic and nonic fields, respectively,
although the resulting models are highly complex and not easily interpretable. Neverthe-
less, we found that the distributions of the coefficients vary significantly across Galois
groups, and themodels appear to exploit this variation for prediction (Figure 3). As shown
in Table 4, the constant term c0 tends to bemuch larger for polynomials withGalois group
C4 compared to those with C2

2 , while c1 and c2 (resp. c3) are much (resp. slightly) smaller.
There are 146,288 quartic fields in the training set, of which 17,483 (resp. 128,805)

have Galois group C4 (resp. C2
2 ). The first node of the decision tree checks whether

c2 ≤ −16, 650. Only 576 of theC2
2 -extensions (0.44% of the 128,805C2

2 -extensions) satisfy
this condition, while 3,025 of the C4-extensions (17.3% of the 17,483 C4-extensions) do.
Following the remaining dashed path in Fig. 3, the tree predicts that a quartic field with

c0 ≤ 5,075,281,152, c1 ≤ −80,278, and c3 > −2

has Galois group C4. This prediction is reasonable in light of the discrepancy in the
distribution of polynomial coefficients shown in Table 4.
Similarly, we found that the distributions of polynomial coefficients differ significantly

across Galois groups of nonic extensions (Table 5), and the decision tree model appears
to use this information for prediction. The first node of the tree checks whether c1 ≤
233,597,936 ≈ 2.3 × 108; if the condition is not satisfied, the model predicts the Galois
group to be C9. This is reasonable, considering that the values of c1 for C9-extensions
are typically large and positive, while those for C2

3 -extensions tend to be negative. At
present, we do not have a clear mathematical explanation for this discrepancy, and it
would be interesting to explore one. We emphasize again that this phenomenon may
strongly depend on how LMFDB selects a unique defining polynomial for each number
field (see Section 2.3).
In contrast, the logistic regression model performed very poorly on quartic fields when

using polynomial coefficients, achieving only 22.45% accuracy, which is significantlyworse
than the accuracy by amajority guess. This poor performance is due to the largemagnitude
of the polynomial coefficients; after standard normalization, themodel’s accuracymatches
or higher than the majority baseline: 88.06% for quartic fields and 85.46% for nonic fields
(the majority baselines are 88.04% and 77.57%, respectively).
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Fig. 4 A decision tree predicts Galois groups of sextic fields from zeta coefficients up to a1000(K )

Tables 15 and 16 summarize the performance of the models on quartic and nonic fields.

3.4 Sextic fields

For a degree 6 Galois extension K/Q (a sextic extension), there are two possible Galois
groups: C6 (cyclic) and S3. In particular, the nonabelian group S3 can arise as a Galois
group, which makes the sextic case more interesting than the previously discussed cases
of degree 4 and 9.
There have been various works on computing the Galois groups of sextic fields (includ-

ing non-Galois extensions) from their defining polynomials [8,15,18]. As noted at the
beginning of this Section 3, our interest lies in investigating how the Galois group can be
determined from a finite number of Dedekind zeta function coefficients and polynomial
coefficients, guided by the interpretation of machine learning (ML) experiments.

3.4.1 Learning Galois groups from zeta coefficients

3.4.1.1 Decision tree A decision tree model trained on zeta coefficients with n = 1000
achieves an accuracy of 98.96% in classifying the Galois groups of sextic fields. Similar to
the quartic and nonic cases, we found that the top nodes of the tree correspond to square-
or cube-indexed coefficients (see Fig. 4, where the first few nodes are a28 , a26 , a36 , a34 ,
a182 , a202 , etc.). Based on this observation, we trained a model using only the square- and
cube-indexed coefficients up to n = 1000 (there are 38 such numbers) and obtained an
even higher accuracy of 99.31%.
Whenwe realized importance of square- and cube-indexed coefficients in decision trees’

performances, we performed exploratory data analysis (EDA) on the dataset we used2. In
particular, for each prime p, we investigated the possible values of ap2 (K ) and ap3 (K ) over

2This can be reproduced, for small primes, with verify_galois.sage in the GitHub repository.
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Table 6 Decomposition types, Euler factors, p, p2, p3-th zeta coefficients of sextic extensions

(e, f, g) Euler factor ap(K ) ap2 (K ) ap3 (K )

(1, 1, 6) (1 − p−s)−6 = ∑
k≥0

(k+5
5

)
p−ks 6 21 56

(1, 2, 3) (1 − p−2s)−3 = ∑
k≥0

(k+2
2

)
p−2ks 0 3 0

(1, 3, 2) (1 − p−3s)−2 = ∑
k≥0(k + 1)p−3ks 0 0 2

(1, 6, 1) (1 − p−6s)−1 = ∑
k≥0 p

−6ks 0 0 0

(2, 1, 3) (1 − p−s)−3 = ∑
k≥0

(k+2
2

)
p−ks 3 6 10

(2, 3, 1) (1 − p−3s)−1 = ∑
k≥0 p

−3ks 0 0 1

(3, 1, 2) (1 − p−s)−2 = ∑
k≥0(k + 1)p−ks 2 3 4

(3, 2, 1) (1 − p−2s)−1 = ∑
k≥0 p

−2ks 0 1 0

(6, 1, 1) (1 − p−s)−1 = ∑
k≥0 p

−ks 1 1 1

all sextic Galois extension in LMFDB. Interestingly, we found that the possible values of
ap2 (K ) depend on theGalois group and p (mod 3). Particularly, we found thatwhen p ≡ 1
(mod 3), then ap2 (K ) = 1 only if K/Q is a cyclic extension, and when p ≡ 2 (mod 3),
then ap2 (K ) = 1 only if K/Q is a sextic extension. Also, we observed that ap3 (K ) = 1 only
if K/Q is a cyclic extension.
In the remainder of this subsection, we prove the above observation (Corollary 3.16) and

explain how it can be used to show that the bold branch of the tree (Fig. 4) give provably
correct predictions (Example 3.17). As in previous cases, we analyze the possible values of
the zeta coefficients based on the decomposition types of primes. Table 6 lists the Euler
factors and the corresponding zeta coefficients for each possible decomposition type.

Proposition 3.13 Let K/Q be a sextic extension with Gal(K/Q) � C6, and let p
be a prime with decomposition type (e, f, g) in K . If p ≡ 5 (mod 6), then (e, f, g) /∈
{(3, 1, 2), (3, 2, 1), (6, 1, 1)}.

Proof Assume (e, f, g) ∈ {(3, 1, 2), (3, 2, 1), (6, 1, 1)}. In all cases, the decomposition group
has order ef = 3 or 6, and the corresponding extension Kp/Qp is a totally ramified C3-
or C6-extension. (For (e, f, g) = (3, 1, 2), we have (p) = p31p

3
2, and we choose either p1 or

p2 as p.) Let K̃ ⊂ Kp be the unique subextension of degree 3 over Qp. Then, K̃/Qp is a
totally and tamely ramified C3-extension (note that p ≡ 5 (mod 6) implies p �= 2, 3, so
the extension is tame), and Proposition 2.3 implies that 3 | (p − 1), which contradicts the
assumption p ≡ 5 (mod 6). ��

Lemma 3.14 Let p ≡ 1 (mod 6) be a prime. Then, any degree 6 Galois extension of Qp is
cyclic.

Proof Let K/Qp be a sextic Galois extension withG = Gal(K/Qp) � S3. Since (p, 6) = 1,
the extension is tamely ramified, the inertia group I is cyclic. Then, G fits into the short
exact sequence

1 → Ce → G → Cf → 1, (8)

and the assumptionG � S3 implies (e, f ) = (3, 2). Let τ be a generator of the inertia group
I � C3, and let σ be a lift of Frobenius, i.e., a generator ofCf . By Proposition 2.4 and p ≡ 1
(mod 3), we have

στσ−1 = τp = τ ,
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which implies that τ and σ commute. Thus, G � C3 × C2 � C6, contradicting G � S3. ��

Corollary 3.15 Let K/Q be a sextic extension with G = Gal(K/Q) � S3, and let p be a
rational prime with decomposition type (e, f, g) in K . Then:

1. For any p, (e, f, g) /∈ {(1, 6, 1), (2, 3, 1)}.
2. If p ≡ 1 (mod 6), then (e, f, g) /∈ {(3, 2, 1), (6, 1, 1)}.
3. If p ≡ 2 (mod 3), then (e, f, g) /∈ {(3, 1, 2), (6, 1, 1)}.

Proof 1) The cases (e, f, g) = (1, 6, 1) and (2, 3, 1) cannot occur for any prime p. Indeed, in
either case, G = Dp (for p | p) and Dp/Ip � C6 or C3. However, this is impossible since
S3 admits no such quotients.
2) When p ≡ 1 (mod 6), Lemma 3.14 implies that the decomposition group cannot

have order 6 with G ∼= S3, i.e., ef �= 6. This excludes (3, 2, 1) and (6, 1, 1).
3) Lastly, assume p ≡ 5 (mod 6). Then, the decomposition type (e, f, g) = (6, 1, 1) is not

possible, since the inertia group of a tamely ramified extension must be cyclic, and C6 is
not a subgroup of S3. If (e, f, g) = (3, 1, 2), then Kp/Qp is a totally ramified C3-extension,
which cannot exist when p ≡ 5 (mod 6), as explained in the proof of Proposition 3.13.
For p = 2, assume it has a decomposition type of (e, f, g) = (3, 1, 2). Since 2 � 3, the

corresponding local extension Kp/Q2 is tamely ramified. By Proposition 2.3, we should
have e | p − 1, a contradiction. If it has decomposition type (e, f, g) = (6, 1, 1), one can
consider a cubic subextension of the corresponding local extension, which reduces to the
case (e, f ) = (3, 1). ��
By Proposition 3.13, Corollary 3.15, and Table 6, we obtain the following result.

Corollary 3.16 Let K/Q be a sextic Galois extension and p ≥ 5 be a prime.

1. If p ≡ 1 (mod 6), then the set of possible values of ap2 (K ) is given by

ap2 (K ) ∈
⎧
⎨

⎩
{0, 1, 3, 6, 21} if Gal(K/Q) � C6,

{0, 3, 6, 21} if Gal(K/Q) � S3.
(9)

Particularly, if there exists a prime p with p ≡ 1 (mod 6) and ap2 (K ) = 1, then
Gal(K/Q) � C6.

2. If p ≡ 2 (mod 3), then the set of possible values of ap2 (K ) is given by

ap2 (K ) ∈
⎧
⎨

⎩
{0, 3, 6, 21} if Gal(K/Q) � C6,

{0, 1, 3, 6, 21} if Gal(K/Q) � S3.
(10)

Particularly, if there exists a prime p with p ≡ 5 (mod 6) and ap2 (K ) = 1, then
Gal(K/Q) � S3.

3. The set of possible values of ap3 (K ) is given by

ap3 (K ) ∈
⎧
⎨

⎩
{0, 1, 2, 4, 10, 56} if Gal(K/Q) � C6,

{0, 2, 4, 10, 56} if Gal(K/Q) � S3.
(11)

Particularly, if there exists a prime p with ap3 (K ) = 1, then Gal(K/Q) � C6.
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Example 3.17 (C6, sufficient condition) Consider the bold branch in Figure 4. If a sextic
field satisfies the inequalities, then we have 0 < a192 ≤ 2, and hence, a192 = 1 since a192
cannot be 2 (Table 6). Since 19 ≡ 1 (mod 6), Corollary 3.16 implies that the field has to
be a C6-extension, which shows that the branch always gives a correct prediction.

One may ask whether Corollary 3.16 can distinguish between C6- and S3-extensions
by searching for primes p such that ap2 (K ) = 1. Table 21 shows that ap2 (K ) = 1 occurs
only when the decomposition type of p is (3, 2, 1) or (6, 1, 1), implying that pmust ramify
in K . Consequently, for any Galois sextic extension K , verifying that ap2 (K ) = 1 for a
ramifying prime p with p ≡ 1 (mod 6) suffices to conclude that K is a C6-extension.
Table 17 presents the distribution of sextic fields according to the value of ap2 (K ) for a
fixed prime p and Galois group G ∈ {C6, S3}. For example, about 7% of C6-extensions on
LMFDB satisfy a192 (K ) = 1. In such cases, the above procedure correctly identifies the
Galois group.
3.4.1.2 Logistic regression Using the first 1000 zeta coefficients (resp. with standard

normalization), the logistic regressionmodel achieves an accuracyof 98.40% (resp. 97.40%)
(Table 21). Table 7 lists the indices with the largest and smallest weights, along with their
corresponding values.Notably,most of the indiceswith largeweights (except for 52 among
the top 10) are products of prime powers with exponents that are multiples of 2 or 3.
As in the case of quartic and nonic fields (Section 3.3), we also compared the distribution

of the absolute values of model weights for indices divisible by squares or cubes with the
overall distribution. We found that the former is, on average, higher than the latter (Fig.
13a and b). The average absolute value of all weights is 0.63, while the average for indices
divisible by square or cube factors is 3.94. This indicates that the logistic regressionmodel
aligns with the decision tree model in identifying the importance of such features.

3.4.2 Learning Galois groups from polynomial coefficients

As in the case of quartic and nonic fields (Section 3.3), the decision tree model achieved a
high accuracy of 97.56% with polynomial coefficients, although the trained model is very
complicated and not easy to interpret the meaning of nodes. However, we found that it
tends to classify a given sextic field as a S3-extension when coefficients are “small.” For
example, there are 125,734 fields in the training set, where 17,029 (resp. 108,785) of them
have a Galois group C6 (resp. S3). The first node of the tree asks whether c2 ≤ 520, 127
or not, and 108442 of S3-extensions (99.76% among 108785 S3-extensions) satisfy the
condition, while 5831 C6-extensions (34.24% among 17,029 C6-extensions) satisfy the
opposite conditionof c2 > 520, 127.Table 8 shows themean andmedianof thepolynomial
coefficients c0, c1, . . . , c5 for each Galois group. The magnitudes |c0|, |c1|, . . . , |c5| are, on
average, much larger for C6-extensions.
In contrast, the logistic regressionmodel performed very poorly when using polynomial

coefficients, achieving an accuracy of only 26.12%. Similarly to the discussion at the end
of Sect. 3.3.2, this is due to the large magnitude of polynomial coefficients. After normal-
ization, the model achieves 86.73% accuracy, which is slightly above the majority baseline
(86.55%, Table 1). In particular, the balanced accuracy is only 50.72%, where the confusion
matrix (d) of Fig. 11 shows that logistic regression models’ predictions are highly biased
toward S3.
Table 21 summarizes the results for sextic extensions.
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Table 8 Mean (left) and median (right) of polynomial
coefficients of sextic extensions

c0 c1 c2 c3 c4 c5
C6 4.4 · 1017 1.5 · 105 −3.7 · 1014 −2.3 · 103 7.6 · 1010 1.3 · 105 9.1 · 106 −2 −3.1 · 103 −77 −1.1 −1
S3 2.2 · 109 7.2 · 105 −2.4 · 106 0 2.0 · 105 2.3 · 104 8.6 · 102 0 −1.4 · 102 −50 −0.7 0

Fig. 5 A decision tree predicts Galois groups of decic fields from zeta coefficients up to a1000(K )

3.5 Decic fields

As in the sextic case, there are two possibleGalois groups for decicGalois extensionsK/Q:
C10 (cyclic, abelian) and D5 (dihedral, nonabelian). There are few prior works that focus
on computing Galois groups of decic extensions, but several studies consider number
fields of higher degrees, including [18,22,34].

3.5.1 Learning Galois groups from zeta coefficients

3.5.1.1 Decision tree A decision tree model trained on the first 1000 zeta coefficients
achieves an accuracy of 97.19% in classifying the Galois groups of decic fields. Figure 5
shows the resulting tree, where the top nodes correspond to indices divisible by squares
or fifth powers. Based on this observation, we trained a decision tree using only the 114
indices up to n = 1000 that are divisible by squares or fifth powers and obtained a higher
accuracy of 98.56%.
As in previous cases, we analyze the possible values of the zeta coefficients based on

the decomposition types of primes. In particular, by performing EDA as in the sextic
extension case, we found that ap2 (K ) can be 1 only if K has a certain Galois group,
depending on p ≡ 1 (mod 10). Table 9 lists the Euler factors and the p2- and p5-th zeta
coefficients corresponding to eachpossible decomposition type.Theobservation is proved
in Corollary 3.21, and this can be used to prove that the bold branches of Figure 5 give
provably correct predictions (see Example 3.22).

Proposition 3.18 LetK/Q be adecicGalois extensionwithGalois groupGal(K/Q) � C10
and p be a rational prime. Denote by (e, f, g) the decomposition type of p in K . If p = 2 or
p ≡ 3, 7, 9 (mod 10), then (e, f, g) /∈ {(5, 1, 2), (5, 2, 1), (10, 1, 1)}.

Proof The proof is similar to that of Proposition 3.13 and Corollary 3.15.
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Table 9 Decomposition types, Euler factors, and p, p2, p5-th zeta coefficients of decic extensions

(e, f, g) Euler factor ap(K ) ap2 (K ) ap5 (K )

(1, 1, 10) (1 − p−s)−10 = ∑
k≥0

(k+9
9

)
p−ks 10 55 2002

(1, 2, 5) (1 − p−2s)−5 = ∑
k≥0

(k+4
4

)
p−2ks 0 5 0

(1, 5, 2) (1 − p−5s)−2 = ∑
k≥0(k + 1)p−5ks 0 0 2

(1, 10, 1) (1 − p−10s)−1 = ∑
k≥0 p

−10ks 0 0 0

(2, 1, 5) (1 − p−s)−5 = ∑
k≥0

(k+4
4

)
p−ks 5 15 126

(2, 5, 1) (1 − p−5s)−1 = ∑
k≥0 p

−5ks 0 0 1

(5, 1, 2) (1 − p−s)−2 = ∑
k≥0(k + 1)p−ks 2 3 6

(5, 2, 1) (1 − p−2s)−1 = ∑
k≥0 p

−2ks 0 1 0

(10, 1, 1) (1 − p−s)−1 = ∑
k≥0 p

−ks 1 1 1

For p = 2 and (e, f, g) = (5, 1, 2), assume such extension exists. Since 2 � 5, the corre-
sponding local extension Kp/Q2 is tamely ramified, and Proposition 2.3 implies e | p− 1,
a contradiction. For (e, f, g) = (5, 2, 1) or (10, 1, 1), one can consider the unique quintic
subextension of the local extension and reduce to the previous case (e, f ) = (5, 1).
For p ≡ 3, 7, 9 (mod 10), assume (e, f, g) ∈ {(5, 1, 2), (5, 2, 1), (10, 1, 1)}. Then, the corre-

sponding extensionKp ofQp (for some prime p|p) is totally ramifiedC5- orC10-extension.
In either case, there exists a totally ramified C5-subextension K̃ ⊂ Kp. Since (p, 5) = 1,
the extension K̃/Qp is tamely ramified, and Proposition 2.3 implies that p ≡ 1 (mod 5),
which contradicts the assumption p ≡ 3, 7, 9 (mod 10). ��

Lemma 3.19 Let p ≡ 1 (mod 10) be a prime. Then, any decic Galois extension of Qp is
cyclic.

Proof The proof is similar to that of Lemma 3.14. If K/Qp is a decic Galois extension
with G = Gal(K/Qp) � D10, then the extension is tamely ramified from (p, 10) = 1, and
hence, the inertia group I is cyclic. By considering the same exact sequence (8) in Lemma
3.14, we should have (e, f ) = (5, 2). Now, applying Proposition 2.4 gives a contradiction. ��

Proposition 3.20 Let K/Q be a decic D5-extension and p be a rational prime. Let (e, f, g)
be the decomposition type of p in K . Then:

1. If p = 2, then (e, f, g) /∈ {(1, 10, 1), (2, 5, 1), (5, 1, 2), (5, 2, 1), (10, 1, 1)}.
2. If p = 5, then (e, f, g) /∈ {(1, 10, 1), (2, 5, 1)}.
3. If p ≡ 1 (mod 10), then (e, f, g) /∈ {(1, 10, 1), (2, 5, 1), (5, 2, 1), (10, 1, 1)}.
4. If p ≡ 3, 7 (mod 10), then (e, f, g) /∈ {(1, 10, 1), (2, 5, 1), (5, 1, 2), (5, 2, 1), (10, 1, 1)}.
5. If p ≡ 9 (mod 10), then (e, f, g) /∈ {(1, 10, 1), (2, 5, 1), (5, 1, 2), (10, 1, 1)}.

Proof The proof is similar to that of Corollary 3.15.
First, the case of (1, 10, 1) can be easily excluded for all p, since C10 cannot arise as a

quotient ofD5. Also, if a prime p has decomposition type (2, 5, 1), then the decomposition
group is isomorphic toD5 and has a normal subgroup of order 2. This is impossible, since
any such normal subgroup must lie in the center, whereas the center of D5 is trivial as 5
is odd.
If p ≡ 3, 7, 9 (mod 10), then (e, f, g) �= (10, 1, 1), since the inertia group of a tamely rami-

fied extensionmust be cyclic, butC10 is not a subgroup ofD5. Similarly, the decomposition
types (1, 10, 1) and (2, 5, 1) are excluded, as neither C10 nor C5 can occur as a quotient of
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D5. If (e, f, g) = (5, 1, 2), then the corresponding extension Kp/Qp is a totally and tamely
ramified C5-extension and Proposition 2.3 gives p ≡ 1 (mod 5). Thus, (e, f, g) = (5, 1, 2)
is excluded for p ≡ 3, 7, 9 (mod 10). If (e, f, g) = (5, 2, 1), a corresponding D5-extension
Kp/Qp has an unramified quadratic extension K̃ ⊂ Kp whereKp/K̃ is a totally and tamely
ramified C5-extension. Since the residue field of K̃ is Fp2 , Proposition 2.3 implies that
p2 ≡ 1 (mod 5), and hence, p �≡ 3, 7 (mod 10). ��

As a result, we obtain the following information about the values of ap2 (K ) and ap5 (K )
for a decic field K .

Corollary 3.21 1. If p ≡ 1 (mod 10), then the set of possible values of ap2 (K ) is given
by

ap2 (K ) ∈
⎧
⎨

⎩
{0, 1, 3, 5, 15, 55} if Gal(K/Q) � C10,

{0, 3, 5, 15, 55} if Gal(K/Q) � D5.
(12)

Particularly, if there exists a prime p with p ≡ 1 (mod 10) and ap2 (K ) = 1, then
Gal(K/Q) � C10.

2. If p ≡ 9 (mod 10), then the set of possible values of ap2 (K ) is given by

ap2 (K ) ∈
⎧
⎨

⎩
{0, 5, 15, 55} if Gal(K/Q) � C10,

{0, 1, 5, 15, 55} if Gal(K/Q) � D5.
(13)

Particularly, if there exists a prime p with p ≡ 9 (mod 10) and ap2 (K ) = 1, then
Gal(K/Q) � D5.

3. For p �= 5, the set of possible values of ap5 (K ) is given by

ap5 (K ) ∈
⎧
⎨

⎩
{0, 1, 2, 126, 2002} if Gal(K/Q) � C10,

{0, 2, 126, 2002} if Gal(K/Q) � D5.
(14)

Particularly, if there exists a primep �= 5 such that ap5 (K ) = 1, thenGal(K/Q) � C10.

Example 3.22 (C10, sufficient condition) Assume that a decic extension K/Q follows
one of the bold branches in Figure 5. Then, a26 (K ) ≤ 17 and a25 (K ) ≤ 1. If (e, f, g) =
(1, 2, 5), then by Corollary 2.2, we have a26 (K ) = 35 > 17, so this decomposition type
cannot occur. Furthermore, from Table 9, the condition a25 (K ) ≤ 1 implies (e, f, g) ∈
{(1, 10, 1), (2, 5, 1), (5, 2, 1), (10, 1, 1)}, which cannot be the casewhenK/Q is aD5-extension
by Proposition 3.20. Hence, K/Q must be a cyclic extension.

3.5.1.2 Logistic regression Using 1000 zeta coefficients (resp. with standard normal-
ization), the logistic regression model achieves an accuracy of 93.81% (reps. 94.70%)
(Table 26). Table 10 lists the indices with the largest and smallest weights, along with their
corresponding values. One can observe that all the top ten indices with largest weights
correspond to square indices. This reflects the importance of square- and quintic-indexed
coefficients in the classification.
We also compared the distribution of the absolute values of model weights for indices

divisible by squares or fifth powers with the overall distribution, and found that the former
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Table 10 Indices of the 10 largest and smallest weights (with actual weight values in parentheses)
among 1000 logistic regression coefficients used to classify Galois groups of decic fields with
normalized zeta coefficients
top 25 (3.9) 49 (3.4) 961 (2.4) 121 (2.3) 9 (2.3) 841 (1.7) 529 (1.7) 289 (1.6) 169 (1.4) 361 (1.3)
bottom 343 (–2.7) 31 (–2.1) 11 (–2.1) 5 (–1.6) 125 (–1.6) 17 (–1.5) 29 (–1.5) 23 (–1.3) 13 (–1.3) 19 (–1.2)

Bold numbers correspond to indices that are squares

Table 11 Mean (left) and median (right) of polynomial
coefficients for decic extensions

c0 c1 c2 c3 c4

C10 3.3 · 1019 1.8 · 105 −1.0 · 1018 −5.0 · 105 7.7 · 1015 1.5 · 107 3.7 · 1013 0 −5.7 · 1011 7.8 · 102
D5 8.1 · 106 8.1 · 105 −2.0 · 105 0 7.7 · 105 1.3 · 105 −6.0 · 103 0 2.9 · 104 1.4 · 104

c5 c6 c7 c8 c9
C10 −2.7 · 108 −8.4 · 103 1.6 · 107 2.5 · 104 −4.5 · 102 0 −2.5 · 102 −55 −1.6 −1

D5 −1.0 · 103 0 1.7 · 103 7.0 · 102 −9.2 0 −1.2 −4 −1.3 0

is higher on average (Fig. 13c and d). The average of all weights is 0.22, while the average
of the weights for indices with square or quintic factors is 0.99. This indicates that the
logistic regressionmodel is able to learn the importance of such coefficients for prediction,
in agreement with the decision tree model.

3.5.2 Learning Galois groups from polynomial coefficients

Using polynomial coefficients, the decision tree model achieved an accuracy of 86.71%.
As in previous cases, the model’s performance may stem from discrepancies in the dis-
tributions of the coefficients across Galois groups (Table 11). For example, the first node
asks whether c2 ≤ 8,101,335, and approximately 99% of the D5-extensions in the training
set satisfy this condition. In contrast, the logistic regression model achieved only 46.25%
accuracy, which improves to 66.18% after normalization, close to the proportion of D5-
extensions. Recall the discussion at the end of Sect. 3.3.2.
Table 26 summarizes the results for decic extensions.

3.6 Octic fields

For degree 8 Galois extensions, there are five possible Galois groups: Three abelian groups
(C8, C4 × C2, and C3

2 ) and two are nonabelian groups (D4 and Q8).
There are several works that study the Galois groups of octic fields. Most of these focus

on fields defined by specific types of degree 8 polynomials, although they are not limited
to Galois extensions. For example, Chen, Chin, and Tan provide a complete classification
of possible Galois groups for doubly even octic polynomials (i.e., f (x) = x8 + ax4 + b)
and palindromic even octic polynomials (i.e., f (x) = x8 + ax6 + bx4 + ax2 + 1 with
a �= 0) by analyzing linear resolvents [16]. Awtrey and Patane generalized their result
for palindromic even octic polynomials over Q to arbitrary characteristic zero fields [9].
However, these results are not enough to give a complete characterization ofGalois groups
for arbitrary defining polynomials; for example, the quaternion group cannot occur as the
Galois group of an octic field defined by a doubly even octic polynomial [16, Theorem
3.1].
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Fig. 6 A decision tree predicts Galois groups of abelian octic fields from zeta coefficients up to a1000(K )

Table 12 Decomposition types, Euler factors, and p� and p�2 -th zeta coefficients for degree �3

extensions

(e, f, g) Euler factor ap� (K ) a
p�2 (K )

(1, 1, �3) (1 − p−s)−�3 = ∑
k≥0

(
�3+k−1
�3−1

)
p−ks

(
�3+�−1
�3−1

) (
�3+�2−1

�3−1

)

(1, �, �2) (1 − p−�s)−�2 = ∑
k≥0

(
�2+k−1
�2−1

)
p−�ks �2

(
�2+�−1
�2−1

)

(1, �2 , �) (1 − p−�2s)−� = ∑
k≥0

(
�+k−1
�−1

)
p−�2ks 0 � + 1

(1, �3 , 1) (1 − p−�3s)−1 = ∑
k≥0 p

−�3ks 0 0

(�, 1, �2) (1 − p−s)−�2 = ∑
k≥0

(
�2+k−1
�2−1

)
p−ks

(
�2+�−1
�2−1

) (2�2−1
�2−1

)

(�, �, �) (1 − p−�s)−� = ∑
k≥0

(
�+k−1
�−1

)
p−�ks �

(2�−1
�−1

)

(�, �2 , 1) (1 − p−�2s)−1 = ∑
k≥0 p

−�2ks 0 1

(�2 , 1, �) (1 − p−s)−� = ∑
k≥0

(
�+k−1
�−1

)
p−ks

(2�−1
�−1

) (
�+�2−1

�−1

)

(�2 , �, 1) (1 − p−�s)−1 = ∑
k≥0 p

−�ks 1 1

(�3 , 1, 1) (1 − p−s)−1 = ∑
k≥0 p

−ks 1 1

3.6.1 Distinguishing between abelian extensions

In [25, Section 5.2], the authors found that a random forest classifier trained on zeta
coefficients up to n = 1000 can distinguish between different abelian octic extensions
with high accuracy (95.47%). The three possible Galois groups are C8, C4 × C2, and C3

2 .
We use a single decision tree for the classification task and find that it achieves a higher
accuracy of 98.61%. As in the case of quartic extensions, we observe that the first few
nodes of the decision tree focus on square-indexed zeta coefficients. Motivated by this, we
train a decision tree using only square-indexed coefficients with n ≤ 1000, which results
in an even higher accuracy of 98.91%.
Figure 6 shows that the model predicts the Galois group to be C8 whenever a fourth-

power-indexed coefficient am4 (K ) vanishes for some m. This strongly suggests that the
Galois group is cyclic if there exists a prime p such that ap4 (K ) = 0. Similarly, the right
part of Fig. 6 shows that themodel predicts theGalois group to beC4×C2 when the field is
not cyclic and the square-indexed coefficients are small. Motivated by these observations,
we studied the distribution of ap2 (K ) and ap4 (K ) for fixed primes p and formulated a
conjecture, which we are able to prove rigorously (Corollary 3.25). The proof follows from
a couple of theorems established below.
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Theorem 3.23 Let � be a prime, and let K/Q be a Galois extension of degree �3 with
G = Gal(K/Q) � C3

� . Then for any prime p and any integer b ≥ 1, we have apb� (K ) �= 0;
that is, the pb�-th zeta coefficients are always nonzero.

Proof Since every element ofC3
� has order atmost �, andDp/Ip ⊂ G/Ip is a cyclic group of

order f (when p has decomposition type (e, f, g) inK ), wemust have f = 1 or �. Therefore,
only 7 cases from Table 12 are possible, and the corresponding Euler factors are all of the
form (1− p−s)−g or (1− p−�s)−g . The nonvanishing of the pb�-th coefficient then follows
immediately. ��
Theorem 3.24 Let K/Q be a degree �3 abelian extension withG = Gal(K/Q) � C�2 ×C�.
Then, the set of rational primes p for which ap� (K ) = 0 has positive (natural) density.
Moreover, ap�2 (K ) �= 0 for all primes p; that is, the p�2-th zeta coefficients are always
nonzero.

Proof From Table 12, any unramified prime p with decomposition type (1, �2, �) or
(1, �3, 1) (i.e., inert in K ) satisfies ap� (K ) = 0. The set of such primes has positive density
by the Chebotarev density theorem. For the second part, from Table 12 again, it suffices
to show that the decomposition type (1, �3, 1) cannot occur in K . This follows from the
fact that C�3 is not a subquotient of C�2 × C�. ��
Corollary 3.25 Let K/Q be an abelian Galois extension of degree 8. Then, the following
holds:

1. We have ap2 (K ) �= 0 for all primes p if and only if Gal(K/Q) � C3
2 .

2. We have ap4 (K ) = 0 for some prime p if and only if Gal(K/Q) � C8.

Proof 1. (⇒) If Gal(K/Q) � C8, then Theorem 3.2 with � = 2, m = 3, and b = 2 shows
that there are infinitely many primes p such that ap2 (K ) = 0. Theorem 3.24 implies the
same conclusion when Gal(K/Q) � C4 × C2. (⇐) This is precisely Theorem 3.23 with
� = 2 and b = 1.
2. (⇒) If Gal(K/Q) � C3

2 , then Theorem 3.23 shows that ap4 (K ) is always nonzero, by
taking � = b = 2. The case Gal(K/Q) � C4 × C2 follows from Theorem 3.24. (⇐) This
follows from Theorem 3.2 with � = 2,m = 3, and b = 4. In particular, there are infinitely
many such primes p. ��
Example 3.26 (C8, sufficient condition)Consider the bold branch in Figure 6. If an abelian
octic field satisfies the inequalities along this branch, then either a54 = 0 or a34 = 0. By
Corollary 3.25, this implies that the field must be a C8-extension. Therefore, the branch
always yields a correct prediction.

As before, we can provide a list of the decomposition types that do not occur for each
Galois group and prime p. (Propositions 3.27–3.29)

Proposition 3.27 Let K/Q be a C8-extension and p be a rational prime with decomposi-
tion type (e, f, g) in K . Then:

1. If p = 2, then (e, f, g) /∈ {(1, 8, 1), (2, 4, 1), (4, 2, 1)}.
2. If p ≡ 5 (mod 8), then (e, f, g) �= (8, 1, 1).
3. If p ≡ 3 (mod 4), then (e, f, g) /∈ {(4, 1, 2), (4, 2, 1), (8, 1, 1)}.
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For p ≡ 1 (mod 8), each decomposition type (e, f, g) occurs in some example.

Proof p = 2 case is a direct consequence of Proposition 2.6; if g = 1, then 2 totally
ramifies in K and the only possibility is (e, f, g) = (8, 1, 1).
For odd primes p, Proposition 2.3 shows that a totally ramifiedC8-extension ofQp exists

only if p ≡ 1 (mod 8). Hence, such an extension is not possible when p ≡ 5 (mod 8) or
p ≡ 3 (mod 4). Similarly, if p ≡ 3 (mod 4), there is no totally and tamely ramified
C4-extension of Qp, which excludes (e, f, g) = (4, 1, 2) and (4, 2, 1). ��

Proposition 3.28 Let K/Q be a C4 × C2-extension and p be a rational prime with a
decomposition type (e, f, g) in K . Then:

1. (e, f, g) �= (1, 8, 1).
2. If p ≡ 1 (mod 4), then (e, f, g) �= (8, 1, 1).
3. If p ≡ 3 (mod 4), then (e, f, g) /∈ {(4, 1, 2), (4, 2, 1), (8, 1, 1)}.

Proof The largest possible cyclic quotient ofC4×C2 isC4. Hence, f ≤ 4 and this excludes
(e, f, g) = (1, 8, 1).
For odd primes p, the corresponding extension Kp/Qp is tamely ramified, so both the

inertia subgroup Ip and the quotient Dp/Ip are cyclic, of orders e and f , respectively. In
particular, the decomposition type (e, f, g) = (8, 1, 1) is impossible, sinceC8 cannot embed
into C4 × C2. If (e, f, g) = (4, 1, 2) or (4, 2, 1), then Proposition 2.3 implies p ≡ 1 (mod 4),
so such types are excluded when p ≡ 3 (mod 4). ��

Proposition 3.29 Let K/Q be a C3
2 -extension and p be a rational prime with decomposi-

tion type (e, f, g) in K . Then:

1. If p = 2, then (e, f, g) /∈ {(1, 4, 2), (1, 8, 1), (2, 4, 1), (8, 1, 1)}.
2. If p is odd, then (e, f, g) /∈ {(1, 4, 2), (1, 8, 1), (2, 4, 1), (4, 1, 2), (4, 2, 1), (8, 1, 1)}.

Proof For p = 2 and (e, f ) = (1, 4), there is no such extension, since decomposition group
of such extension should be C4, which cannot be a subgroup of C3

2 . Similarly, if ef = 8,
then the decomposition group is C3

2 . Since Gal(F2f /F2) � Cf has to be a quotient of the
decomposition group, we have f ≤ 2 and this rules out (e, f ) = (1, 8) and (2, 4).
In the case of (8, 1), assume that there exists a totally ramified C3

2 -extension Kp of Q2.
There are7quadratic extensionsofQ2,whichareQ2(

√−1),Q2(
√±2),Q2(

√±3),Q2(
√±6),

including the unique unramified extension Q2(
√−3). Since there are exactly 7 (normal)

subgroups of C3
2 of index 2 (which can be counted by the number of nonzero vectors

in F3
2 corresponding to the normal vectors of the corresponding hyperplanes), all of the

quadratic extensions of Q2 appear as a subextension of Kp. In particular, it contains the
unramified extension Q2(

√−3) and cannot be totally ramified.
When p is odd, the corresponding local field extensions Kp/Qp (for p | p) are tamely

ramified. The assertion then follows from the fact that the only cyclic subgroups or quo-
tients of C3

2 are trivial or isomorphic to C2, so we must have e, f ≤ 2. ��

Example 3.30 (C4 ×C2) Based on Propositions 3.27–3.29, one way to distinguishC4 ×C2
from the other two possibilities using zeta coefficients is to show that the decomposition
type at p = 2 is (2, 4, 1). For instance, this is enforced when a22 = a23 = 0 and a24 = 1, as
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one can see from Table 12. However, we were not able to identify a branch in the decision
tree (Fig. 6) that uses this condition to predict the Galois group as C4 × C2.

Example 3.31 ( False positive forC3
2 ) We also have an example of a “false positive” branch

in Fig. 6, similar to Example 3.11.
The only branch that predicts the Galois group as C3

2 in Figure 6 is the right-most
branch (dashed bold branch). In fact, the model achieves 100% recall and precision on
the test set when the Galois group is C3

2 , i.e., there are no false positives or negatives for
C3
2 . However, there exist non-C3

2 abelian octic extensions that satisfy all the inequalities
along this path but are not included in our dataset. Indeed, using a brute-force search,
we find a prime q = 14836487689 such that q ≡ 1 (mod 8) and p

q−1
8 ≡ 1 (mod q) for

all p = 2, 3, 5, 7, 11, 17, 23, 29, 31. Then, all these primes p completely split in the unique
C8-subextension K of Q(ζq), so ap2 = 36 from Table 12 and the field satisfies all the
inequalities on the dashed path, but is not a C3

2 -extension. Note that this field is not listed
in LMFDB [37]; there is no number field ramified at q). As in Example 3.11, there are
infinitely many such q by the Chebotarev density theorem. Although these are the only
examples we found from the trees, it would be interesting to find more such examples in
other branches or tasks.

3.6.1.1 Logistic regression With 1,000 zeta coefficients (resp. with standard normaliza-
tion) as input, the logistic regression model achieved 93.81% (resp. 92.88%) accuracy in
classifying abelian octic Galois groups (see Table 29). Table 13 lists, for each Galois group,
the indices corresponding to the 10 largest and 10 smallest model weights, along with the
weight values. Since this is a 3-way classification task, the model has a total of 3 × 1000
weights and 3 bias terms. In comparison, all the other logistic regression experiments in
this study were binary classification tasks, each involving 1,000 weights and one bias.
Anotable pattern is thatmany indices associatedwith significantly large or smallweights

are squares. For instance, among the 10 largest weights for the Galois group C3
2 , all of

them correspond to square indices. Also, 25 appears as the index of the seventh and sixth
smallest weight for C8 and C4 × C2, while it is the index of the second largest weight
for C3

2 . This indicates that a large value of a25 pushes the model toward predicting C3
2 .

The average absolute values of all weights are 0.32, 0.20, and 0.27 for the three Galois
groups. However, when restricted to square-indexed coefficients, these averages increase
significantly to 2.36, 1.27, and 2.50. This indicates that themodel identifies square-indexed
coefficients as particularly informative, consistentwith the interpretations drawn from the
decision tree model.
3.6.1.2 Polynomial coefficients Using polynomial coefficients, both the decision tree

and logistic regressionmodels performpoorly, achieving accuracies of 77.21% and 19.11%,
respectively. The latter improves to 64.89% after normalization. Recall the discussion at
the end of Section 3.3.2.

3.6.2 Distinguishing between nonabelian extensions

Wetrainedadecision tree to classify nonabelianocticGalois extensions, i.e., distinguishing
between D4- and Q8-extensions. The model achieved a high accuracy of 98.67%, and
we observed that the top nodes in the tree correspond to square-indexed coefficients.
However, the previous approach does not yield a criterion based on zeta coefficients to
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distinguish between the two groups, since the possible decomposition types for a given
prime are identical for both D4- and Q8-extensions. In particular, for primes p ≤ 17, we
checked that all the decomposition types that are not ruled out by Proposition 3.34 can
occur for some number field in LMFDB.3

Proposition 3.34 describes the decomposition types that cannot occur in either D4- or
Q8-extensions. We first present two lemmas needed for the proof.

Lemma 3.32 Let p ≡ 1 (mod 4) be a prime. Then, any degree 8 Galois extension of Qp
has Galois group either C8 or C4 × C2.

Proof The proof is similar to that of Lemma 3.14. Let K/Qp be an octic Galois extension
with Galois group G. Since (p, 2) = 1, the extension is tamely ramified, and the argument
in Lemma 3.14 shows that G � Ce × Cf . Thus, G must be abelian. Moreover, G cannot
be isomorphic to C3

2 , since at least one of e or f must be 4, and hence, the exponent of G
must be at least 4. ��
By a similar argument, we also obtain the following:

Lemma 3.33 Let p be an odd prime. Then, any degree 8 Galois extension of Qp with
decomposition type (e, f ) = (2, 4) is abelian.

Proof If p ≡ 1 (mod 4), then Lemma 3.32 shows the claim. If p ≡ 3 (mod 4), the
extension is still tamely ramified, and the same argument as in Lemma 3.14 shows that
the short exact sequence must split, and hence, G must be abelian. ��
Proposition 3.34 Let K/Q be an octic Galois extension with Galois group D4 or Q8. Let
p be a rational prime with decomposition type (e, f, g) in K . Then:

1. For all prime p, (e, f, g) /∈ {(1, 8, 1), (2, 4, 1)}.
2. If p ≡ 1 (mod 4), then (e, f, g) /∈ {(4, 2, 1), (8, 1, 1)}.
3. If p ≡ 3 (mod 4), then (e, f, g) /∈ {(4, 1, 2), (8, 1, 1)}.

Proof First of all, we have (e, f, g) �= (1, 8, 1) for any prime p, since C8 cannot arise as a
quotient of either D4 or Q8. Assume that a prime p has decomposition type (e, f, g) =
(2, 4, 1). Then, the decomposition group Dp has a normal subgroup Ip of order e = 2,
whose quotient has to be cyclic (isomorphic to Gal(Fp4/Fp) � C4). However, the only
normal subgroup of order 2 in D4 (resp. Q8) is the center, i.e., 〈r2〉 where r is the rotation
by 90 degree (resp. 〈−1〉), and the quotients by the subgroup are isomorphic to C2

2 , since
the square of any element belongs to the center. This proves (e, f, g) /∈ {(1, 8, 1), (2, 4, 1)}
for any p.
For odd p, a corresponding local extension Kp/Qp has to be tame and so both Ip and

Dp/Ip are cyclic of order e and f , respectively, which excludes the possibilities (1, 8, 1)
and (8, 1, 1). For p ≡ 1 (mod 4), (e, f, g) �= (4, 2, 1) follows from Lemma 3.32. For p ≡ 3
(mod 4), Lemma 3.33 shows (e, f, g) �= (2, 4, 1). If p ≡ 3 (mod 4) has a decomposition type
of (e, f, g) = (4, 1, 2), then a corresponding local extension is totally and tamely ramified
quartic extension, so Proposition 2.3 shows p ≡ 1 (mod 4) and gives a contradiction. ��
Since the proposition above applies to both nonabelian octic extensions, it does not

help distinguish between the two cases. Nonetheless, we observe that the distributions of

3See src/verify_galois.sage of the GitHub repository.
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Fig. 7 A decision tree predicts commutativity of Galois groups of octic fields from zeta coefficients up to
a1000(K )

square-indexed coefficients differ significantly betweenD4- andQ8-extensions (Table 27).
This discrepancy partially explains why the decision tree model achieved high accuracy
using square-indexed zeta coefficients. It would be interesting to derive an explicit formula
for the probability P[ap2 (K ) = a | Gal(K/Q) � G] and P[Gal(K/Q) � G | ap2 (K ) = a]
over all Galois extensions K with Galois group G (ordered by their discriminants or
heights) in terms of a and p.
3.6.2.1 Polynomial coefficients With polynomial coefficients, the decision tree model
yields a high accuracy of 98.76%. By examining the first few nodes, we reach a conclusion
similar to the sextic case (Sect. 3.4.2): The model tends to classify a given octic field as a
D4-extension when the coefficients are “small.” For example, among the 62442 fields in
the training set, 22307 (resp. 40135) have Galois groupD4 (resp.Q8). The first node of the
decision tree checks whether c4 ≤ 167573; 20953D4-extensions (93.93% of 22307) satisfy
this condition,while 39594Q8-extensions (98.65%of 40135) satisfy the opposite inequality
c4 > 167573. We also computed the mean and median of the polynomial coefficients
c0, c1, . . . , c7 for each Galois group and found that the magnitudes |c0|, |c1|, . . . , |c6| are
significantly larger for Q8-extensions (Table 14).
In contrast, the logistic regression model achieves only 68.21% (resp. 84.33%) accuracy

with polynomial coefficients (resp. normalized polynomial coefficients); see Table 30.

3.6.3 Distinguishing between abelian and nonabelian extensions

We also conducted experiments on distinguishing between abelian (C8, C4 ×C2, C3
2 ) and

nonabelian (D4,Q8) extensions as a binary classification task. Using 1000 zeta coefficients,
the decision tree model achieved an accuracy of 96.58%. We observed that the model
primarily focuses on square-indexed coefficients (Fig. 7). By combiningPropositions 3.27–
3.29 and 3.34, one can derive criteria that distinguish abelian from nonabelian extensions.

Corollary 3.35 Let K/Q be an octic Galois extension, and let p be a rational prime.

1. If ap4 (K ) = 0, then Gal(K/Q) is a C8-extension (hence abelian).
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2. For p ≡ 1 (mod 4), if ap4 (K ) = 1 or ap2 (K ) = 1, then Gal(K/Q) is abelian.
3. If p ≡ 3 (mod 4), ap4 (K ) = 1, and ap2 (K ) > 0, then Gal(K/Q) is nonabelian.

Proof Let (e, f, g) be the decomposition type of p in K .

1. If ap4 (K ) = 0, Table 12 shows thatwemust have (e, f, g) = (1, 8, 1), which implies that
Gal(K/Q) is isomorphic to the decomposition group (g = 1), and the decomposition
group is isomorphic to Gal(Fp8/Fp) � C8 (e = 1). This proves the claim. (Note that
there is no C8-extension of Q with p = 2 which inerts or unramifies by Proposition
2.6.)

2. From Table 12, the condition ap2 (K ) = 1 or ap4 (K ) = 1 implies that the possible
decomposition types of p are (1, 8, 1), (2, 4, 1), (4, 2, 1), or (8, 1, 1). By Proposition 3.34,
all of these possibilities are excluded for nonabelian extensions, and thus the exten-
sion must be abelian.

3. The condition ap4 (K ) = 1 implies that the possible decomposition types of p are
(2, 4, 1), (4, 2, 1), or (8, 1, 1). Also, ap2 (K ) > 0 implies that the decomposition type
cannot be (2, 4, 1), and hence, we must have (e, f, g) ∈ {(4, 2, 1), (8, 1, 1)}. However,
by Propositions 3.27–3.29, such decomposition types cannot occur for abelian octic
extensions when p ≡ 3 (mod 4), so Gal(K/Q) must be nonabelian.

��

Example 3.36 (abelian, sufficient condition) Assume that an octic Galois extension K/Q

follows the leftmost bold branch of Fig. 7, so that a54 (K ) ≤ 1. Then, a54 (K ) = 0 or 1 and
Corollary 3.35 shows that the extension must be abelian.
Similarly, consider the right-most bold branch of Fig. 7. If an octic Galois extension

satisfies all the inequalities along this path, then a132 (K ) = 1, which again forces K to be
an abelian extension by Corollary 3.35.

Example 3.37 (nonabelian, sufficient condition) Consider the middle bold branch of Fig-
ure 7. If an octic Galois extension K/Q satisfies all the corresponding inequalities, then
we have a34 (K ) = 1 and a32 (K ) > 0. Then, Corollary 3.35 implies that K must be a
nonabelian extension, i.e., the branch always yields a correct prediction.

In contrast, we found that logistic regression models perform poorly in distinguishing
between abelian and nonabelian extensions, whether using zeta coefficients or polynomial
coefficients. The model achieved only 76.27% (resp. 75.83%) accuracy with 1000 zeta
coefficients (resp. with standard normalization).
Tables 29, 30, and 31 in the Appendix summarize the results for octic extensions.

4 Conclusion
In this paper, we apply interpretable machine learning (ML) methods to the problem of
classifying Galois groups and prove several new theorems based on the resulting interpre-
tations. These results offer different perspectives that emerged only through the analysis
of ML outputs. Our study highlights the potential of ML not merely as a predictive tool,
but as a means to generate mathematical conjectures and contribute to the discovery of
rigorous mathematical theorems.We hope that this emerging methodology will continue
to gain momentum and contribute to meaningful advances in mathematics.
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We conclude this paper by proposing possible directions for future research on Galois
groups. First, it is natural to ask if there are similar criteria in other degrees for determining
Galois groups from Dedekind zeta coefficients. For example, Yang-Hui He asked whether
the following statement is true: For a given degree d, there exist (possibly infinitely many)
pairs (n, a) of natural numbers such that, for any Galois extension K/Q of degree d, the
condition an(K ) = a implies that K is a cyclic extension.
Next, one can consider more general extensions—including non-Galois extensions—

and attempt to predict the Galois groups of their splitting fields. For example, up to
isomorphism there are five possible Galois groups of quartic fields (C4, C2 × C2, D4, A4,
and S4), and it would be interesting to see whether simpleML algorithms, such as decision
trees, can still classify these groups effectively. One can also study extensions of number
fields whose base field is not necessarily Q, using the zeta function coefficients of both the
base and extension fields to predict the corresponding Galois groups. Ultimately, it would
be very interesting if these ML experiments led to new efficient algorithms for computing
Galois groups of number fields.
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Table 15 Performance of decision tree (DT) and logistic regression (LR) models on distinguishing
Galois groups of quartic extensions, using zeta coefficients (ZC) or polynomial coefficients (PC) as
features, averaged over 5 different random splits. We report accuracy (ACC), balanced accuracy
(BACC), per-class precision, recall, and F1. For the latter three metrics, top (resp. bottom) row
corresponds to the class of C4 (resp. C2

2 ). The majority baseline is 88.04% (C2
2 )

Model Feature ACC BACC Precision Recall F1

DT ZC all (1000) 100.00 ± 0.00 99.99 ± 0.02 100.00 ± 0.00 99.98 ± 0.04 99.99 ± 0.02

100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

squares (31) 99.99 ± 0.01 99.97 ± 0.02 99.97 ± 0.03 99.95 ± 0.04 99.96 ± 0.03

99.99 ± 0.01 100.00 ± 0.00 99.99 ± 0.00

primes (168) 91.11 ± 0.09 79.27 ± 0.30 62.64 ± 0.94 63.69 ± 0.54 63.16 ± 0.69

95.06 ± 0.06 94.84 ± 0.11 94.95 ± 0.05

prime powers (193) 100.00 ± 0.00 99.99 ± 0.02 100.00 ± 0.00 99.98 ± 0.04 99.99 ± 0.02

100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

PC (4) 95.16 ± 0.18 87.82 ± 0.32 80.73 ± 0.93 78.18 ± 0.61 79.43 ± 0.65

97.05 ± 0.06 97.46 ± 0.16 97.25 ± 0.11

LR ZC all (1000) 99.60 ± 0.03 98.88 ± 0.09 98.76 ± 0.19 97.93 ± 0.19 98.34 ± 0.09

99.72 ± 0.03 99.83 ± 0.03 99.78 ± 0.01

all (normalized, 1000) 99.41 ± 0.03 98.27 ± 0.09 98.26 ± 0.02 96.77 ± 0.16 97.51 ± 0.14

99.56 ± 0.02 99.77 ± 0.03 99.66 ± 0.02

squares (31) 98.05 ± 0.06 92.29 ± 0.25 98.85 ± 0.08 84.72 ± 0.05 91.24 ± 0.27

97.96 ± 0.08 99.87 ± 0.01 98.91 ± 0.04

primes (168) 88.04 ± 0.17 50.00 ± 0.00 0.00 ± 0.00 0.00 ± 0.00 0.00 ± 0.00

88.04 ± 0.00 100.00 ± 0.00 0.00 ± 0.00

prime powers (193) 99.65 ± 0.02 98.92 ± 0.01 99.16 ± 0.22 97.94 ± 0.06 98.55 ± 0.08

99.72 ± 0.01 99.89 ± 0.03 99.80 ± 0.01

PC (4) 22.45 ± 0.57 44.34 ± 0.43 10.53 ± 0.17 73.12 ± 1.41 18.40 ± 0.30

80.98 ± 0.66 15.56 ± 0.86 26.10 ± 1.23

PC (normalized, 4) 88.06 ± 0.18 50.08 ± 0.05 100.00 ± 0.00 0.16 ± 0.09 0.32 ± 0.18

88.06 ± 0.18 100.00 ± 0.00 93.65 ± 0.10
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Table 16 Performance of decision tree (DT) and logistic regression (LR) models on distinguishing
Galois groups of nonic extensions, using zeta coefficients (ZC) or polynomial coefficients (PC) as
features, averaged over 5 different random splits. We report accuracy (ACC), balanced accuracy
(BACC), per-class precision, recall, and F1. For the latter three metrics, top (resp. bottom) row
corresponds to the class of C9 (resp. C2

3 ). The majority baseline is 77.57% (C2
3 )

Model Feature ACC BACC Precision Recall F1

DT ZC all (1000) 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

cubes (10) 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

primes (168) 92.50 ± 0.66 88.60 ± 1.68 84.27 ± 3.78 81.57 ± 4.21 82.76 ± 2.16

94.75 ± 1.25 95.62 ± 1.23 95.17 ± 0.51

prime powers (193) 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

PC (9) 94.15 ± 2.58 92.16 ± 3.48 86.19 ± 6.74 88.38 ± 5.38 87.18 ± 5.29

96.48 ± 1.81 95.94 ± 2.12 96.20 ± 1.70

LR ZC all (1000) 97.16 ± 0.92 94.66 ± 1.67 97.24 ± 3.90 90.01 ± 3.70 93.36 ± 1.93

97.10 ± 1.38 99.30 ± 0.89 98.18 ± 0.63

all (normalized, 1000) 78.51 ± 2.84 67.19 ± 2.42 52.57 ± 4.16 46.52 ± 4.72 49.13 ± 2.91

84.91 ± 3.15 87.86 ± 2.29 86.32 ± 2.16

cubes (10) 95.97 ± 0.52 91.12 ± 0.48 99.59 ± 0.82 82.33 ± 0.98 90.14 ± 0.62

95.13 ± 0.77 99.90 ± 0.21 97.45 ± 0.42

primes (168) 73.70 ± 1.80 56.77 ± 2.15 37.88 ± 9.01 26.13 ± 2.87 30.73 ± 4.79

80.41 ± 2.34 87.42 ± 2.23 83.73 ± 1.35

prime powers (193) 96.52 ± 0.77 93.57 ± 1.05 96.13 ± 1.93 88.16 ± 2.12 91.94 ± 1.30

96.59 ± 1.00 98.98 ± 0.56 97.77 ± 0.55

PC (9) 84.52 ± 2.95 68.65 ± 2.50 83.28 ± 5.46 39.65 ± 5.08 53.44 ± 4.55

84.71 ± 3.31 97.65 ± 1.01 90.69 ± 1.98

PC (normalized, 9) 85.46 ± 3.37 68.72 ± 3.27 95.69 ± 3.81 37.93 ± 6.79 53.86 ± 6.74

84.54 ± 3.81 99.50 ± 0.45 91.36 ± 2.15

A.2 Sextic and decic fields

See Tables 17, 18, 19, 20, 21, 22, 23, 24, 25, 26

Table 17 Distribution of ap2 (K ) with Galois group G ∈ {C6 , S3} for sextic extensions and
p = 2, 3, 5, 7, 17, 19

a22 a32 a52 a72 a172 a192

G C6 S3 C6 S3 C6 S3 C6 S3 C6 S3 C6 S3

0 0.78 0.04 0.53 0.22 0.75 0.27 0.50 0.33 0.72 0.31 0.64 0.36

1 – 0.26 0.29 0.11 – 0.06 0.23 – – 0.01 0.07 –

3 0.08 0.16 0.10 0.31 0.11 0.42 0.17 0.42 0.15 0.50 0.17 0.45

6 0.09 0.50 0.05 0.30 0.05 0.17 0.02 0.13 0.02 0.06 0.01 0.05

21 0.05 0.03 0.03 0.06 0.10 0.08 0.07 0.12 0.11 0.12 0.12 0.15
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Table 18 Distribution of Galois group G ∈ {C6 , S3} for sextic extensions and given ap2 (K ) with
p = 2, 3, 5, 7, 17, 19.

a4 a9 a25 a49 a289 a361

G C6 S3 C6 S3 C6 S3 C6 S3 C6 S3 C6 S3

0 0.75 0.25 0.27 0.73 0.30 0.70 0.19 0.81 0.27 0.73 0.22 0.78

1 – 1.00 0.30 0.70 – 1.00 1.00 – - - 1.00 1.00 –

3 0.07 0.93 0.05 0.95 0.04 0.96 0.06 0.94 0.05 0.95 0.05 0.95

6 0.03 0.97 0.02 0.98 0.04 0.96 0.03 0.97 0.04 0.96 0.04 0.96

21 0.18 0.82 0.07 0.93 0.15 0.85 0.09 0.91 0.12 0.88 0.11 0.89

Table 19 Distribution of ap3 (K ) with Galois group G ∈ {C6 , S3} for sextic extensions and
p = 2, 3, 5, 7, 17, 19

a23 a33 a53 a73 a173 a193

G C6 S3 C6 S3 C6 S3 C6 S3 C6 S3 C6 S3

0 0.37 0.42 0.32 0.31 0.45 0.47 0.37 0.39 0.51 0.51 0.47 0.44

1 0.26 – 0.35 0.09 0.12 – 0.18 – 0.03 – 0.06 –

2 0.22 0.04 0.19 0.23 0.28 0.27 0.24 0.33 0.33 0.31 0.29 0.36

4 – – 0.06 0.01 – – 0.11 0.04 – – 0.04 0.01

10 0.09 0.50 0.05 0.30 0.05 0.17 0.02 0.13 0.02 0.06 0.01 0.05

56 0.05 0.04 0.03 0.06 0.10 0.08 0.07 0.12 0.11 0.12 0.12 0.15
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Table 20 Distribution of Galois group G ∈ {C6 , S3} for sextic extensions and given ap3 (K ) with
p = 2, 3, 5, 7, 17, 19

a23 a33 a53 a73 a173 a193

G C6 S3 C6 S3 C6 S3 C6 S3 C6 S3 C6 S3

0 0.12 0.88 0.14 0.86 0.13 0.87 0.13 0.87 0.13 0.87 0.14 0.86

1 1.00 – 0.37 0.63 1.00 – 1.00 – 1.00 – 1.00 -

2 0.46 0.54 0.11 0.89 0.14 0.86 0.10 0.90 0.14 0.86 0.11 0.89

4 – – 0.48 0.52 – – 0.32 0.68 – – 0.39 0.61

10 0.03 0.97 0.02 0.98 0.04 0.96 0.03 0.97 0.04 0.96 0.04 0.96

56 0.18 0.82 0.07 0.93 0.15 0.85 0.09 0.91 0.12 0.88 0.11 0.89
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Table 21 Performance of decision tree (DT) and logistic regression (LR) models on distinguishing
Galois groups of sextic extensions, using zeta coefficients (ZC) or polynomial coefficients (PC) as
features, averaged over 5 different random splits. We report accuracy (ACC), balanced accuracy
(BACC), per-class precision, recall, and F1. For the latter three metrics, top (resp. bottom) row
corresponds to the class of C6 (resp. S3). The majority baseline is 86.55% (S3)

Model Feature ACC BACC Precision Recall F1

DT ZC all (1000) 98.96 ± 0.02 97.95 ± 0.07 95.75 ± 0.18 96.57 ± 0.14 96.16 ± 0.08

99.47 ± 0.03 99.33 ± 0.02 99.40 ± 0.01

squares and cubes (38) 99.31 ± 0.04 98.60 ± 0.13 97.24 ± 0.32 97.64 ± 0.28 97.44 ± 0.15

99.63 ± 0.05 99.57 ± 0.05 99.60 ± 0.03

primes (168) 89.66 ± 0.17 80.38 ± 0.54 60.33 ± 0.69 67.69 ± 1.11 63.79 ± 0.63

94.88 ± 0.22 93.08 ± 0.13 93.97 ± 0.10

prime powers (193) 99.04 ± 0.04 98.21 ± 0.09 95.81 ± 0.37 97.09 ± 0.22 96.45 ± 0.13

99.55 ± 0.04 99.34 ± 0.06 99.44 ± 0.02

PC (6) 97.56 ± 0.08 94.65 ± 0.18 91.13 ± 0.35 90.67 ± 0.36 90.90 ± 0.26

98.55 ± 0.06 98.63 ± 0.06 98.59 ± 0.05

LR ZC all (1000) 98.40 ± 0.07 95.90 ± 0.19 95.47 ± 0.38 92.48 ± 0.40 93.95 ± 0.24

98.84 ± 0.06 99.32 ± 0.07 99.08 ± 0.04

all (normalized, 1000) 97.80 ± 0.10 94.35 ± 0.21 93.75 ± 0.45 89.63 ± 0.40 91.65 ± 0.33

98.40 ± 0.07 99.07 ± 0.08 98.73 ± 0.06

squares and cubes (38) 96.51 ± 0.13 89.79 ± 0.50 92.50 ± 0.18 80.60 ± 1.02 86.14 ± 0.59

97.04 ± 0.15 98.98 ± 0.03 98.00 ± 0.08

primes (168) 91.34 ± 0.15 69.36 ± 0.29 91.56 ± 0.67 39.27 ± 0.58 54.97 ± 0.56

91.33 ± 0.19 99.44 ± 0.04 95.21 ± 0.09

prime powers (193) 98.48 ± 0.03 95.99 ± 0.13 95.98 ± 0.29 92.58 ± 0.30 94.25 ± 0.07

98.85 ± 0.05 99.40 ± 0.05 99.12 ± 0.02

PC (6) 26.22 ± 4.75 50.69 ± 2.70 13.58 ± 0.74 84.15 ± 12.45 23.36 ± 1.54

90.48 ± 6.47 17.22 ± 7.35 27.97 ± 10.44

PC (normalized, 6) 86.73 ± 0.50 50.72 ± 1.22 99.26 ± 1.48 1.44 ± 2.45 2.73 ± 4.59

86.71 ± 0.47 99.99 ± 0.01 92.88 ± 0.26
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Table 22 Distribution of ap2 (K ) with Galois group G ∈ {C10 , D5} for decic extensions and
p = 2, 3, 5, 7, 11, 19.

a22 a32 a52 a72 a112 a192

G C10 D5 C10 D5 C10 D5 C10 D5 C10 D5 C10 D5

0 0.92 0.30 0.91 0.33 0.66 0.38 0.86 0.41 0.39 0.40 0.92 0.41

1 – – – – 0.18 0.06 – – 0.39 – – 0.02

3 – – – – 0.06 0.01 – – 0.16 0.04 – –

5 0.03 0.34 0.04 0.38 0.04 0.38 0.06 0.43 0.03 0.44 0.04 0.46

15 0.03 0.32 0.02 0.24 0.02 0.13 0.02 0.11 0.00 0.06 0.00 0.05

55 0.02 0.04 0.03 0.04 0.04 0.04 0.05 0.05 0.03 0.06 0.04 0.06

Table 23 Distribution of Galois group G ∈ {C10 , D5} for decic extensions and given ap2 (K ) with
p = 2, 3, 5, 7, 11, 19

a22 a32 a52 a72 a112 a192

G C10 D5 C10 D5 C10 D5 C10 D5 C10 D5 C10 D5

0 0.61 0.39 0.58 0.42 0.47 0.53 0.52 0.48 0.33 0.67 0.53 0.47

1 – – – – 0.61 0.39 – – 1.00 – – 1.00

3 – – – – 0.77 0.23 – – 0.67 0.33 – –

5 0.04 0.96 0.05 0.95 0.05 0.95 0.07 0.93 0.04 0.96 0.05 0.95

15 0.04 0.96 0.05 0.95 0.08 0.92 0.07 0.93 0.03 0.97 0.01 0.99

55 0.25 0.75 0.29 0.71 0.34 0.66 0.37 0.63 0.18 0.82 0.25 0.75

Table 24 Distribution of ap5 (K ) with Galois group G ∈ {C10 , D5} for decic extensions and
p = 2, 3, 5, 7

a25 a35 a55 a75
G C10 D5 C10 D5 C10 D5 C10 D5

0 0.35 0.34 0.39 0.38 0.35 0.39 0.47 0.43

1 0.32 – 0.22 – 0.26 0.05 0.09 –

2 0.28 0.30 0.33 0.33 0.26 0.38 0.37 0.41

6 – – – – 0.06 0.01 – –

126 0.03 0.32 0.02 0.24 0.02 0.13 0.02 0.11

2002 0.02 0.04 0.03 0.04 0.04 0.04 0.06 0.05
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Table 25 Distribution of Galois group G ∈ {C10 , D5} for sextic extensions and given ap5 (K ) with
p = 2, 3, 5, 7

a25 a35 a55 a75
G C10 D5 C10 D5 C10 D5 C10 D5

0 0.35 0.65 0.35 0.65 0.32 0.68 0.36 0.64

1 1.00 – 1.00 – 0.72 0.28 1.00 –

2 0.32 0.68 0.34 0.66 0.26 0.74 0.32 0.68

6 – – – – 0.77 0.23 - -

126 0.04 0.96 0.05 0.95 0.08 0.92 0.07 0.93

2002 0.25 0.75 0.29 0.71 0.34 0.66 0.37 0.63

Table 26 Performance of decision tree (DT) and logistic regression (LR) models on distinguishing
Galois groups of decic extensions, using zeta coefficients (ZC) or polynomial coefficients (PC) as
features, averaged over 5 different random splits. We report accuracy (ACC), balanced accuracy
(BACC), per-class precision, recall, and F1. For the latter three metrics, top (resp. bottom) row
corresponds to the class of C10 (resp. D5). The majority baseline is 66.14% (D5)

Model Feature ACC BACC Precision Recall F1

DT ZC all (n ≤ 1000) 97.19 ± 0.47 96.92 ± 0.62 95.61 ± 0.66 96.11 ± 1.18 95.85 ± 0.71

98.01 ± 0.57 97.73 ± 0.39 97.87 ± 0.36

squares and quintics (33) 98.56 ± 0.24 98.46 ± 0.26 97.60 ± 0.52 98.16 ± 0.45 97.88 ± 0.35

99.06 ± 0.21 98.76 ± 0.30 98.91 ± 0.18

primes (168) 85.50 ± 0.43 84.77 ± 0.46 76.50 ± 0.66 82.53 ± 0.67 79.40 ± 0.56

90.68 ± 0.48 87.02 ± 0.40 88.81 ± 0.39

prime powers (193) 98.14 ± 0.43 97.85 ± 0.57 97.50 ± 0.58 96.97 ± 1.02 97.23 ± 0.67

98.46 ± 0.50 98.73 ± 0.28 98.60 ± 0.32

PC (10) 86.71 ± 0.96 85.32 ± 1.07 79.96 ± 1.58 81.06 ± 1.69 80.50 ± 1.40

90.24 ± 0.83 89.59 ± 0.98 89.91 ± 0.77

LR ZC all (1000) 93.81 ± 0.54 93.51 ± 0.60 89.53 ± 0.77 92.57 ± 0.91 91.02 ± 0.65

96.12 ± 0.55 94.45 ± 0.54 95.28 ± 0.46

all (normalized, 1000) 94.70 ± 0.63 94.20 ± 0.70 91.77 ± 1.01 92.65 ± 0.94 92.21 ± 0.97

96.23 ± 0.44 95.75 ± 0.51 95.99 ± 0.47

squares and quintics (33) 94.47 ± 1.23 93.91 ± 1.36 91.55 ± 1.91 92.18 ± 1.89 91.86 ± 1.78

95.98 ± 0.99 95.64 ± 1.02 95.81 ± 0.94

primes (168) 85.88 ± 0.50 82.53 ± 0.80 83.91 ± 1.83 72.16 ± 1.90 77.56 ± 1.16

86.71 ± 0.72 92.91 ± 0.89 89.70 ± 0.31

prime powers (193) 96.57 ± 0.45 96.14 ± 0.53 95.06 ± 1.23 94.82 ± 1.26 94.93 ± 0.61

97.36 ± 0.63 97.46 ± 0.72 97.40 ± 0.35

PC (10) 46.25 ± 4.62 56.92 ± 4.79 37.71 ± 2.99 89.82 ± 8.35 53.05 ± 3.96

83.46 ± 10.91 24.02 ± 5.97 36.84 ± 7.05

PC (normalized, 10) 66.18 ± 0.79 50.06 ± 0.11 20.00 ± 40.00 0.11 ± 0.22 0.22 ± 0.45

66.17 ± 0.77 100.00 ± 0.00 79.64 ± 0.55

A.3 Octic fields

See Figs. 8, 9 and Tables 27, 28, 29, 30, 31
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Fig. 8 Confusion matrices for the quartic Galois field experiments with a decision tree, using all (n ≤ 1000)
zeta coefficients, b decision tree, using polynomial coefficients, c logistic regression, using all (n ≤ 1000)
normalized zeta coefficients, d logistic regression, using normalized polynomial coefficients

Fig. 9 Confusion matrices for the nonic Galois field experiments with a decision tree, using all (n ≤ 1000)
zeta coefficients, b decision tree, using polynomial coefficients, c logistic regression, using all (n ≤ 1000)
normalized zeta coefficients, d logistic regression, using normalized polynomial coefficients

Table 27 Distribution of ap2 (K ) for nonabelian octic extensions and p = 2, 3, 5, 7, 11, 13. Note that
ap2 (K ) �= 3 for odd p.

a22 a32 a52 a72 a112 a132

G D4 Q8 D4 Q8 D4 Q8 D4 Q8 D4 Q8 D4 Q8

0 0.11 0.24 0.21 0.30 0.26 0.38 0.24 0.41 0.28 0.46 0.30 0.50

1 0.32 0.48 0.10 0.50 0.13 0.09 0.04 0.38 0.02 0.32 0.06 0.07

2 0.17 0.06 0.18 0.10 0.05 0.41 0.10 0.08 0.07 0.07 0.01 0.29

3 0.10 0.15 – – – – – – – – – –

4 0.17 0.03 0.37 0.03 0.41 0.05 0.50 0.05 0.52 0.07 0.51 0.06

10 0.11 0.01 0.11 0.03 0.09 0.02 0.07 0.02 0.04 0.02 0.04 0.02

36 0.02 0.03 0.04 0.03 0.05 0.05 0.06 0.06 0.07 0.07 0.08 0.06
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Table 28 Distribution of Galois group G ∈ {D4 , Q8} for octic nonabelian extensions and given
ap2 (K ) with p = 2, 3, 5, 7, 11, 13

a22 a32 a52 a72 a112 a132

G D4 Q8 D4 Q8 D4 Q8 D4 Q8 D4 Q8 D4 Q8

0 0.21 0.79 0.28 0.72 0.28 0.72 0.24 0.76 0.25 0.75 0.25 0.75

1 0.27 0.73 0.10 0.90 – – 0.05 0.95 0.03 0.97 – –

2 0.62 0.38 0.49 0.51 0.45 0.55 0.41 0.59 0.35 0.65 0.33 0.67

3 0.27 0.73 – – 0.07 0.93 – – – – 0.03 0.97

4 0.77 0.23 0.86 0.14 0.83 0.17 0.84 0.16 0.81 0.19 0.82 0.18

10 0.80 0.20 0.68 0.32 0.66 0.34 0.64 0.36 0.52 0.48 0.54 0.46

36 0.29 0.71 0.38 0.62 0.38 0.62 0.36 0.64 0.36 0.64 0.41 0.59
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Table 29 Performance of decision tree (DT) and logistic regression (LR) models on distinguishing
Galois groups of abelian octic extensions, using zeta coefficients (ZC) or polynomial coefficients (PC)
as features, averaged over 5 different random splits. We report accuracy (ACC), balanced accuracy
(BACC), per-class precision, recall, and F1. For the latter three metrics, each of three rows correspond
to the class of C8, C4 × C2, C3

2 . The majority baseline is 54.03% (C4 × C2).

Model Feature ACC BACC Precision Recall F1

DT ZC all (1000) 98.61 ± 0.16 98.17 ± 0.26 96.06 ± 0.84 95.79 ± 0.79 95.92 ± 0.48

98.66 ± 0.27 98.74 ± 0.22 98.70 ± 0.14

99.96 ± 0.07 100.00 ± 0.00 99.98 ± 0.04

squares (31) 98.91 ± 0.18 98.66 ± 0.25 96.59 ± 0.55 97.11 ± 0.63 96.85 ± 0.49

99.08 ± 0.22 98.88 ± 0.17 98.98 ± 0.17

99.94 ± 0.07 100.00 ± 0.00 99.97 ± 0.03

primes (168) 77.43 ± 0.49 74.65 ± 0.45 70.84 ± 0.66 65.27 ± 1.37 67.93 ± 0.78

80.50 ± 0.30 81.34 ± 0.81 80.91 ± 0.48

75.37 ± 1.41 77.34 ± 0.78 76.34 ± 0.98

prime powers (193) 98.82 ± 0.16 98.48 ± 0.29 96.49 ± 0.71 96.56 ± 0.94 96.52 ± 0.45

98.91 ± 0.32 98.89 ± 0.23 98.90 ± 0.15

100.00 ± 0.00 100.00 ± 0.00 100.00 ± 0.00

PC (8) 77.21 ± 0.56 77.48 ± 0.60 83.02 ± 0.74 82.86 ± 0.74 82.94 ± 0.51

78.72 ± 0.55 79.16 ± 0.43 78.94 ± 0.42

71.05 ± 1.07 70.42 ± 1.50 70.73 ± 1.17

LR ZC all (1000) 93.81 ± 0.13 92.04 ± 0.19 89.03 ± 1.10 83.45 ± 0.65 86.14 ± 0.21

93.75 ± 0.31 94.94 ± 0.41 94.34 ± 0.16

96.46 ± 0.19 97.71 ± 0.37 97.08 ± 0.24

all (normalized, 1000) 92.88 ± 0.20 90.51 ± 0.15 85.31 ± 1.25 78.99 ± 0.74 82.02 ± 0.29

92.56 ± 0.28 94.38 ± 0.58 93.46 ± 0.22

97.50 ± 0.28 98.16 ± 0.28 97.83 ± 0.21

squares (31) 85.08 ± 0.73 81.87 ± 0.95 83.45 ± 2.29 64.86 ± 1.13 72.98 ± 1.37

86.29 ± 1.12 86.36 ± 0.52 86.32 ± 0.64

83.83 ± 0.45 94.41 ± 1.96 88.79 ± 0.66

primes (168) 57.99 ± 0.39 46.31 ± 0.45 49.11 ± 2.42 19.04 ± 0.54 27.43 ± 0.80

59.73 ± 0.36 80.72 ± 0.64 68.65 ± 0.28

54.81 ± 1.33 39.18 ± 1.00 45.69 ± 1.10

prime powers (193) 94.86 ± 0.28 92.99 ± 0.35 90.70 ± 1.38 84.06 ± 0.91 87.24 ± 0.56

94.39 ± 0.42 96.15 ± 0.46 95.26 ± 0.29

97.93 ± 0.30 98.77 ± 0.28 98.35 ± 0.22

PC (8) 19.11 ± 2.19 32.43 ± 0.42 16.45 ± 0.64 77.52 ± 20.78 26.85 ± 1.94

31.72 ± 25.96 0.28 ± 0.25 0.55 ± 0.50

34.93 ± 5.83 19.51 ± 19.91 17.39 ± 13.96

Table 29 continued

Model Feature ACC BACC Precision Recall F1

PC (normalized, 8) 64.89 ± 0.44 54.28 ± 0.42 90.86 ± 0.31 34.75 ± 1.16 50.26 ± 1.23

62.31 ± 0.63 88.26 ± 0.47 73.05 ± 0.46

66.40 ± 1.01 39.82 ± 0.45 49.78 ± 0.44
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Table 30 Performance of decision tree (DT) and logistic regression (LR) models on distinguishing
Galois groups of nonabelian octic extensions, using zeta coefficients (ZC) or polynomial coefficients
(PC) as features, averaged over 5 different random splits. We report accuracy (ACC), balanced
accuracy (BACC), per-class precision, recall, and F1. For the latter three metrics, top (resp. bottom)
row corresponds to the class of D4 (resp. Q8). The majority baseline is 64.39% (Q8)

Model Feature ACC BACC Precision Recall F1

DT ZC all (1000) 98.67 ± 0.08 98.52 ± 0.10 98.25 ± 0.05 98.00 ± 0.19 98.13 ± 0.10

98.89 ± 0.12 99.04 ± 0.04 98.96 ± 0.07

squares (31) 99.17 ± 0.09 99.09 ± 0.11 98.82 ± 0.08 98.84 ± 0.20 98.83 ± 0.11

99.36 ± 0.12 99.35 ± 0.05 99.35 ± 0.07

primes (168) 84.50 ± 0.43 83.16 ± 0.48 78.07 ± 0.42 78.52 ± 0.87 78.30 ± 0.51

88.08 ± 0.58 87.80 ± 0.31 87.94 ± 0.38

prime powers (193) 98.85 ± 0.06 98.73 ± 0.07 98.46 ± 0.24 98.32 ± 0.20 98.39 ± 0.08

99.07 ± 0.12 99.15 ± 0.13 99.11 ± 0.05

PC (8) 98.76 ± 0.11 98.64 ± 0.13 98.29 ± 0.14 98.23 ± 0.21 98.26 ± 0.16

99.02 ± 0.12 99.05 ± 0.07 99.04 ± 0.08

LR ZC all (1000) 97.51 ± 0.13 97.16 ± 0.16 97.07 ± 0.14 95.91 ± 0.25 96.49 ± 0.19

97.75 ± 0.15 98.40 ± 0.07 98.08 ± 0.11

all (normalized, 1000) 97.54 ± 0.10 97.16 ± 0.14 97.21 ± 0.21 95.84 ± 0.33 96.52 ± 0.12

97.72 ± 0.21 98.48 ± 0.10 98.09 ± 0.08

square (31) 77.73 ± 0.21 72.99 ± 0.18 74.76 ± 0.66 56.55 ± 0.46 64.39 ± 0.31

78.82 ± 0.39 89.44 ± 0.30 83.79 ± 0.21

primes (168) 71.93 ± 0.23 64.78 ± 0.10 68.04 ± 0.85 39.94 ± 0.43 50.33 ± 0.23

72.96 ± 0.43 89.62 ± 0.37 80.43 ± 0.24

prime powers (193) 97.76 ± 0.04 97.39 ± 0.05 97.55 ± 0.14 96.12 ± 0.15 96.83 ± 0.03

97.87 ± 0.09 98.67 ± 0.09 98.27 ± 0.04

PC (8) 68.21 ± 0.47 55.37 ± 0.18 99.57 ± 0.30 10.78 ± 0.36 19.45 ± 0.59

66.95 ± 0.48 99.97 ± 0.02 80.20 ± 0.35

PC (normalized, 8) 84.33 ± 0.38 87.78 ± 0.30 69.51 ± 0.61 99.76 ± 0.04 81.93 ± 0.42

99.82 ± 0.03 75.80 ± 0.59 86.17 ± 0.38
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Table 31 Performance of decision tree (DT) and logistic regression (LR) models on distinguishing
abelian and nonabelian octic extensions, using zeta coefficients (ZC) or polynomial coefficients (PC)
as features, averaged over 5 different random splits. We report accuracy (ACC), balanced accuracy
(BACC), per-class precision, recall, and F1. For the latter three metrics, top (resp. bottom) row
corresponds to the class of abelian (resp. nonabelian) extensions. The majority baseline is 67.89%
(nonabelian).

Model Feature ACC BACC Precision Recall F1

DT ZC all (1000) 96.58 ± 0.10 96.14 ± 0.15 94.37 ± 0.28 94.93 ± 0.37 94.65 ± 0.13

97.62 ± 0.20 97.35 ± 0.11 97.48 ± 0.08

squares (31) 97.20 ± 0.09 96.91 ± 0.12 95.16 ± 0.29 96.10 ± 0.25 95.63 ± 0.16

98.17 ± 0.13 97.71 ± 0.11 97.94 ± 0.07

primes (168) 77.65 ± 0.21 75.11 ± 0.33 64.06 ± 0.58 68.09 ± 0.88 66.01 ± 0.40

84.62 ± 0.45 82.13 ± 0.40 83.35 ± 0.17

prime powers (193) 96.64 ± 0.07 96.25 ± 0.13 94.36 ± 0.19 95.15 ± 0.33 94.75 ± 0.14

97.72 ± 0.14 97.34 ± 0.10 97.53 ± 0.05

PC (8) 84.08 ± 0.26 81.92 ± 0.28 74.59 ± 0.26 75.94 ± 0.42 75.26 ± 0.32

88.64 ± 0.29 87.89 ± 0.17 88.27 ± 0.23

LR ZC all (1000) 76.27 ± 0.25 69.61 ± 0.47 66.61 ± 0.87 51.23 ± 0.92 57.91 ± 0.84

79.41 ± 0.25 87.99 ± 0.24 83.48 ± 0.14

all (normalized, 1000) 75.83 ± 0.26 68.92 ± 0.43 66.00 ± 0.85 49.87 ± 0.78 56.81 ± 0.76

78.95 ± 0.26 87.98 ± 0.22 83.22 ± 0.16

squares (31) 67.88 ± 0.27 51.12 ± 0.15 46.38 ± 2.25 4.88 ± 0.20 8.83 ± 0.37

68.63 ± 0.32 97.36 ± 0.14 80.50 ± 0.19

primes (168) 70.69 ± 0.23 57.43 ± 0.29 61.94 ± 1.55 20.87 ± 0.44 31.21 ± 0.62

71.74 ± 0.28 94.00 ± 0.27 81.37 ± 0.16

prime powers (193) 76.01 ± 0.38 69.02 ± 0.65 66.54 ± 0.40 49.73 ± 1.56 56.91 ± 1.07

78.97 ± 0.58 88.30 ± 0.29 83.37 ± 0.23

PC (8) 66.41 ± 0.26 49.51 ± 0.10 25.85 ± 1.33 2.88 ± 0.11 5.18 ± 0.20

67.90 ± 0.31 96.13 ± 0.13 79.59 ± 0.00

PC (normalized, 8) 68.02 ± 0.31 50.01 ± 0.08 29.98 ± 11.85 0.31 ± 0.20 0.61 ± 0.40

68.13 ± 0.33 99.71 ± 0.07 80.95 ± 0.22
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B Figures
B.1 Quartic and nonic fields

See Fig. 10, 11, 12

Fig. 10 Distribution of the absolute values of the logistic regression model weights trained on normalized
zeta coefficients of quartic and nonic Galois extensions

Fig. 11 Confusion matrices for the sextic Galois field experiments with a decision tree, using all (n ≤ 1000)
zeta coefficients, b decision tree, using polynomial coefficients, c logistic regression, using all (n ≤ 1000)
normalized zeta coefficients, d logistic regression, using normalized polynomial coefficients
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Fig. 12 Confusion matrices for the decic Galois field experiments with a decision tree, using all (n ≤ 1000)
zeta coefficients, b decision tree, using polynomial coefficients, c logistic regression, using all (n ≤ 1000)
normalized zeta coefficients, d logistic regression, using normalized polynomial coefficients

B.2 Sextic and decic fields

See Figs. 13, 14, 15

Fig. 13 Distribution of the absolute values of the logistic regression model weights trained on normalized
zeta coefficients of sextic and decic Galois extensions
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Fig. 14 Confusion matrices for the nonabelian octic Galois field experiments with a decision tree, using all
(n ≤ 1000) zeta coefficients, b decision tree, using polynomial coefficients, c logistic regression, using all
(n ≤ 1000) normalized zeta coefficients, d logistic regression, using normalized polynomial coefficients

Fig. 15 Confusion matrices for the nonabelian octic Galois field experiments with a decision tree, using all
(n ≤ 1000) zeta coefficients, b decision tree, using polynomial coefficients, c logistic regression, using all
(n ≤ 1000) normalized zeta coefficients, d logistic regression, using normalized polynomial coefficients

B.3 Octic fields

See Fig. 16

Fig. 16 Confusion matrices for the abelian and nonabelian octic Galois field experiments with a decision
tree, using all (n ≤ 1000) zeta coefficients, b decision tree, using polynomial coefficients, c logistic regression,
using all (n ≤ 1000) normalized zeta coefficients, d logistic regression, using normalized polynomial
coefficients
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