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Abstract

The weight multiplicities of finite dimensional simple Lie algebras can be
computed individually using various methods. Still, it is hard to derive explicit
closed formulas. Similarly, explicit closed formulas for the multiplicities of maxi-
mal weights of affine Kac—-Moody algebras are not known in most cases. In this
paper, we study weight multiplicities for both finite and affine cases of classical
types for certain infinite families of highest weights modules. We introduce new
classes of Young tableaux, called the (spin) rigid tableaux, and prove that they are
equinumerous to the weight multiplicities of the highest weight modules under our
consideration. These new classes of Young tableaux arise from crystal basis ele-
ments for dominant maximal weights of the integrable highest weight modules over
affine Kac—Moody algebras. By applying combinatorics of tableaux such as the
Robinson—Schensted algorithm and new insertion schemes, and using integrals over
orthogonal groups, we reveal hidden structures in the sets of weight multiplicities
and obtain explicit closed formulas for the weight multiplicities. In particular we
show that some special families of weight multiplicities form the Pascal, Catalan,
Motzkin, Riordan and Bessel triangles.
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Introduction

The irreducible representations L(w) of finite dimensional complex simple Lie
algebras are fundamental objects in mathematics. We understand their structures
through the generating functions of weight multiplicities, i.e. the characters of
the representations, which can be computed by the celebrated Weyl’s character
formula. Individual weight multiplicities can be computed using Kostant’s formula
or Freudenthal’s recursive formula. One can also exploit the crystal basis theory,
initiated by Kashiwara [21], and its realizations such as Kashiwara—Nakashima
tableaux [22], Littelmann paths [31] and Mirkovic—Vilonen polytopes [17] to name
a few.

Nonetheless there are only a few explicit closed formulas in the literature for
weight multiplicities. Kostant’s formula involves a summation over the Weyl group
whose size becomes enormous as the rank increases, and Freudenthal’s formula is
recursive, and realizations of crystals convert computing weight multiplicities into
challenging combinatorial problems.

The theory of finite-dimensional simple Lie algebras was generalized to that of
Kac—Moody algebras in 1960’s, and the first family of infinite dimensional Lie alge-
bras is called affine Kac-Moody algebras. Representations of affine Kac-Moody al-
gebras have been studied extensively as their applications have been found through-
out mathematics and mathematical physics. In particular, weight multiplicities of
an integrable highest weight module V(A) over an affine Kac-Moody algebra are of
great interests as they can be interpreted in several different ways such as general-
ized partition numbers [30], Fourier coefficients of certain modular forms [16], and
numbers of isomorphism classes of irreducible modules over Hecke-type algebras
[128]. However, our understanding of weight multiplicities is, in general, very lim-
ited though we can compute them individually through generalizations of classical
formulas and constructions, e.g. [23].

The set of weights of V' (A) can be divided into §-strings and the first weight of
each string is called a mazimal weight. Maximal weights and their multiplicities are
fundamental in understanding the structure of V(A). Since weight multiplicities are
invariant under the Weyl group action, it is enough to consider dominant maximal
weights, and it is well-known that the set of dominant maximal weights for each
highest weight A is finite. Nevertheless, we do not have any explicit description
of dominant maximal weights and their multiplicities in most cases. Except for
trivial cases, only level 2 maximal weights of type AS) and their multiplicities
are completely known [38], and recently, some maximal weights of V' (kAg + Ay),

k€ Zsg,s=0,1,...,n, of type AY have been studied [13114][39], where Ay are

the fundamental weights. Other than type ASP, little is known about descriptions
of dominant maximal weights and their multiplicities.
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2 INTRODUCTION

In this paper, we study the multiplicities of dominant weights for finite types
and those of dominant maximal weights for affine types at the same time. We
introduce special classes of Young tableaux, called (spin) rigid Young tableaux,
which are equinumerous to the weight multiplicities of the certain highest weight
modules for finite and affine types simultaneously, and we derive explicit closed
formulas for the weight multiplicities when they are of level £k < 6 or k£ » 0. Our
closed formulas are practically computable, and related to binomial coefficients,
Catalan numbers, Motzkin numbers and their generalizations. We consider all
classical finite types and affine types, but more focus will be made on finite types
B,, and D,, and affine types BT(Ll)7 Dgl), Agl)_l, Agi) and ngzll.

We summarize the results of this paper in three main parts as follows.

First, we consider some families of highest weights A over affine Kac—-Moody
algebras of classical types, including all highest weights of levels 2 and 3, and
determine dominant maximal weights. See, e.g., Theorems [£.9], [5.14] and We
observe that a majority of dominant maximal weights are essentially finite and can
be associated with pairs of staircase partitions. We will denote the set of level
k (essentially finite) maximal dominant weights, associated with pairs of staircase
partitions, by smaxg (A|k) or smax$(A|k), depending on the corresponding finite
types. Each 7 € smaxg; (A|k) or smax] (A|k) is given an index (m, s) recording the
sizes of the associated staircase partitions.

A simple, yet crucial fact we prove is that two essentially finite dominant max-
imal weights of the same finite type with the same index (m,s) have the same
weight multiplicity even when their affine types are different. This fact is related to
a classification of the zero nodes of affine Dynkin diagrams (cf. [29]). Furthermore,
for essentially finite weights, the weight multiplicities of affine Kac-Moody alge-
bras are actually the same as those of the corresponding finite dimensional simple
Lie algebras, and we may use the theory of finite dimensional simple Lie algebras.
However, as indicated at the beginning of this introduction, explicit closed formu-
las are not available even for weight multiplicities of finite dimensional simple Lie
algebras. Therefore, we utilize a realization of affine crystals to determine weight
multiplicities.

Second, the realization of affine crystals we use is Young walls introduced by
Kang [18] which are visualization of Kyoto paths. We first embed the crystals of
V(A) into a tensor product of Young walls of level 1 fundamental representations
and investigate the sets of Young walls in the spaces of dominant maximal weights.
A careful analysis of the patterns of the Young walls leads to new classes of skew
standard Young tableaux that realize crystal basis elements of dominant maximal
weights in the tensor product of crystals. Namely, we define the set 8%7(7’;) of rigid
Young tableaux and the set S@Sfi) of spin rigid Young tableaux for any k£ > 2 and
0 < s < m. Roughly speaking, a rigid Young tableau is a skew tableau for which a
shift of the last row to the right by 1 makes the tableaux violate column-strictness.
For example, the following are rigid tableaux:

715]4] S]] [1210[8] 7]
-[3[1] 1B
6]2 6[5/4]3]2

Here we are using reverse standard Young tableaux and so the rows and columns
are decreasing. Similarly, a spin rigid Young tableau is a skew tableau for which a
shift of the last row to the right by 2 makes the tableaux violate column-strictness

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



INTRODUCTION 3

and whose shape satisfies certain conditions. For example, the following are spin
rigid Young tableaux:

[4[1] [ ]4[3]2]
12 51

3]

Using combinatorics of Young walls, we prove that the sets 5%55) and S@,(fi) are
equinumerous to the weight multiplicities of highest weight modules of finite and
affine types simultaneously (Theorems and [6.14)).

THEOREM 0.1. Let k> 2 and 0 < s <m < n.
(1) For n € smaxg (A|k) of index (m,s), we have

dim V(A), = [sBP| = dim L((k — 2)wn + @n_s) (b—2)wn 150 s
where L(w) is of type By, wy are the fundamental weights, and & are defined by

B {2wn ift =n,

W Wy otherwise.
(2) For n € smax] (A|k) of index (m,s — 1), we have
dim V(A), = |[s®®)| = dim L((k — 2)w,, + T
where L(w) is of type Dy, and & are defined by

wy ifl<t<n-—1,
W =< Wp1+w, ift=n—1,
2wp, ift =mn,

and the weights p are given by
{(k—2)wn+d;nm1 ifk=2, ork >3 and m#; s,

(k—3)wn +wn1+&n-m-1 ifk>=3andm=ys.

Our methods unexpectedly reveal hidden structures of weight multiplicities.
We consider highest weights in a family at the same time and form a triangular
array consisting of \s%%” or |s©£,]§)| as highest weights vary in the family. Inter-
estingly, the entries of the resulting triangular arrays count the number of certain
lattice paths and we construct bijections between the sets of lattice paths and the
corresponding sets of tableaux. These arrays are the Pascal, Catalan, Motzkin and
Riordan triangles for various families of highest weights. See the triangular arrays
in (@3) and (@4) for the Motzkin and Riordan triangles, respectively. See Example
[B.23 for the case of generalized Motzkin paths. Moreover, the entries of the tri-
angular arrays also represent some decomposition multiplicities of tensor products
of sly-modules, invoking Schur-Weyl type dualities ([2L[7]) into the structures of
weight multiplicities.

Third, we use various combinatorial methods to find explicit formulas for the
numbers |S%£,]f)\ and |S®7(7{f)\ for k = 2 (Theorems [(10] [.I6), for ¥ = 3 (The-
orems [B1] B2), and for the number \Oz)i,’f)\ for 2 < k < 5 (Theorem [0.2). In
particular, we use the Robinson—Schensted algorithm and a new insertion scheme
for the (spin) rigid tableaux, see Algorithm B8 We also use integrals over orthog-

onal groups to derive explicit formulas for \0%,(5” (Theorem [[0.9]). The set 0B
is nothing but the set of (reverse) standard Young tableaux with m cells and at
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4 INTRODUCTION

most k rows. In the literature an explicit formula for its cardinality is known only
for k < 5 ([10,[34]). We summarize our formulas as follows.

THEOREM 0.2. For 0 < s < m, we have

m 2u + s —
|S%£3L)| = ( MJ)’ |S©(231)71+s| = < ’0> (u = 0),

™5 u

|S%$)|:l§1<_ m ><<2¢+m—s>_<2i+_m—s>>,
= \2it+m—s ) t—1

m+1—03s,0—5s

i 3 3
D= Y D (1Bl 1B )
i=0
Cp + 1
N A R R
1, D) |=i 2m\ . l_mill 2m 1\ e
2m—1 = 21 11+ = 2'L+1 1+19
M2 (2m nlo2i / om
@(5) _ C.Civq — = C2
b2m|;§i+32i it g%mﬂ 2 +1) it
where C; = H%(QZ) 1s the i-th Catalan number.

For integers k = 1 and m = 0, we have

m ti+2k—i— 3\ \"
|0%gk)| = Z <t " > det <( ' ti+2k—i—j j)) )
titettp=m N Uk | 2 | ij=1

. . k
|0%5721k+1)|: Z ( m )det <C(ti+2klj)) ’
to+t1+-+tp=m th tla ceey tx 2 ij=1

where C(z) = C, = %H(Qf) if « is an integer and C(z) = 0 otherwise.

When k increases, the numbers |5%£,]§)\ and |S@£,’§)| (and thus the weight multi-
plicities) stabilize and we find their closed formulas (Corollary @8 and Theorem [0.9]).
In particular, from limy_, |si)gf) |, we obtain a triangular array of numbers, called
Bessel triangle, consisting of the coefficients of Bessel polynomials, see (@.4).

The organization of this paper is as follows. In chapter [Il we fix notations
and present basic definitions for affine Kac—-Moody algebras and quantum affine
algebras. Throughout this paper we mainly use the notations of affine types, even
though we study finite types together. In chapter 2] after the theory of crystals is
reviewed briefly, we describe constructions of Young walls and explain embeddings
of highest weight crystals into tensor products of level 1 crystals. A connection
between affine types and finite types is pointed out in section In chapter Bl we
explain a correspondence between Young walls and Young tableaux, and introduce
some families of Young tableaux that will be used later. Chapter [ is devoted
to lattice paths and triangular arrays of numbers. The entries of the triangular
arrays are the numbers of certain types of lattice paths and also the decomposition
multiplicities of tensor products of slo-modules. All the entries of the triangular
arrays are also to appear as weight multiplicities.
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In chapter Bl we determine dominant maximal weights for certain families of
highest weight modules. These families include all highest weight modules of levels
2 and 3 except for types Ang ) and C’y(bl). We classify staircase dominant maximal
weights according to their finite types. In chapter [6] we investigate the Young
walls of dominant maximal weights and define (spin) rigid Young tableaux. Using
combinatorics of Young walls, we prove that the sets of (spin) rigid tableaux count
weight multiplicities.

Chapter [0 is concerned about the level 2 cases. We prove that the weight
multiplicities form the Catalan triangle and the Pascal triangle. The main tool is
an insertion scheme for tableaux. We also construct bijections between the set of
lattice paths and the set of rigid Young tableaux in s%ﬁ?). In chapter B we consider
the level 3 cases and prove that the weight multiplicities form the Motzkin triangle
for rigid Young tableaux and the Riordan triangle for spin rigid Young tableaux. We
prove both cases using the Robinson—Schensted algorithm and provide a different
proof for the Motzkin case using an insertion scheme which naturally realizes the
Motzkin triangle through combinatorics of tableaux. An explicit bijection from the
set of rigid tableaux in 52353) to the set of generalized Motzkin paths is also given.

In chapter [@ we investigate the limits of weight multiplicities of level k as k
increases. We observe that the weight multiplicities given by the numbers of (spin)
rigid Young tableaux stabilize as k increases, and compute the limits explicitly. The
computation uses formulas for the numbers of involutions in the symmetric groups.

In the final chapter, we consider the set S,(,f ) of standard Young tableaux with
m cells, at most k rows and exactly ¢ rows of odd length. Both 0%5,’? and 0@,(5)
can be considered as special cases of the set S,(ff 't Using the Robinson—Schensted
algorithm, we find a relation between \Sy(,]f’o)|, |S,(,Zf’k)| and |0‘B$7]i71)|. Using this
relation and some known results, we find an explicit formula for |S,gf ’t)| for every
0 <t<k<b5 Wethen express |0‘B,(7]f)| as an integral over the orthogonal group

O(k). By evaluating this integral we obtain an explicit formula for |0‘B£,If)|.
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CHAPTER 1

Affine Kac—Moody algebras

1.1. Preliminaries

Let I = {0,1,...,n} be an index set. An affine Cartan datum (A, P, P11V 1II)
consists of

a) a matrix A = (a;;); jer of corank 1, called an affine Cartan matriz, satis-
3)ig
fying, for all 4,5 € I,
(1) Qi = 2, (11) a;; € Z<0 for 1 # j, (111) A5 = 0 if aj; = 0,
b) a free abelian group P¥ = @, Zh, ® Zd, the dual weight lattice, with
( group =0 , g ,
h:=C®y PV,
c) a free abelian group P = @ _,ZA; ® Z5 < h*, the weight lattice,
(c) g i=0 g
(d) a linearly independent set IIV = {h; | i € I} < PV, the set of simple
coToots,
e) a linearly independent set IT = {«; | i € I} < P, the set of simple roots,
() y indep P
which satisfy, for all 7,j € I,
<hi7aj>:aij7 <h27Aj>= 5i,j7 <h276>=07
<d, Oéi> = 51"0, <d, Az> = O7 <d, 6> =1.
We call A; the i-th fundamental weight, 6 =

and d the degree derivation.

Let ¢ = > ,_; a; h; be the unique element such that a; € Z>, and

Zc = {hE@ZhZ

el

(1.1)

ser @i (@i € Z1) the null root

<h,ai>—0forallz'el}.

We say that a weight A € P is of level k if (¢, A) = k (see [15] Chapters 5 and 6]).
Note that, for A = 3., m;A;, we have

{e,A) = Zmiaiv.
iel
For reader’s convenience, we list a;’s and a;’s for classical affine types in Table [[11
Recall that A is symmetrizable in the sense that DA is symmetric where
D = diag(d; :== a)a; ' |ie ).

There exists a non-degenerate symmetric bilinear form ( | ) on b* ([15, (6.2.2)])
which is defined in terms of the basis {ag, a1, ..., an, Ao} by

(1.2) (ailay) = diagj, (| Ao) = ag "6i 0, (AolAo) =0,

7
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8 1. AFFINE KAC-MOODY ALGEBRAS

Type (ao,a1,...,an) (ay,ay,...,aY)
A (1,1,...,1) (1,1,...,1)
BY (1,1,2,2,...,2) (1,1,2,2,...,2,1)
o | (1,2,2,...,2,1) (1,1,...,1)

b | (1,1,2,2,...,2,1,1) | (1,1,2,2,...,2,1,1)
AZ L2220 | (L1,2.2,...,2)

ARl 2220 (1,2,2,...,2)
D), (1,1,...,1) (1,2,2,...,2,1)

TABLE 1.1. a;’s and a;’s for classical affine types

and which satisfies
(eviloy)
B s = 9
e =2 )

for all 4,5 € I. In this paper, we choose ( | ) such that

(a|la) =2 for a long root a.

We denote by Pt := {A € P | {(h;,A) € Z>q, i € I} the set of dominant integral
weights. The free abelian group Q := @, ; Zay is called the root lattice and we
set QF 1= @,; Zso«;. For an element § = >,._; k;a; € QT, we define the integer
ht(3) := >};cs ki, called the height of 5, and a subset Supp(f) = {i € I | k; # 0} of
I, called the support of f3.

DEFINITION 1.1. The affine Kac-Moody algebra g associated with an affine
Cartan datum (A, PV, P,IIV 1I) is the Lie algebra over € generated by e;, f; (i € I)
and h € PV satisfying following relations:

(1) [h,h'] =0, [h,e;] = ai(h)es, [h, fi] = —ci(h)f; for all h,h' € P¥ and
iel,

(2) [ei7fj] = (Si,jhi fOI' Z,j S I,

(3) (ad €;)' 7% (e;) = (ad fi)' 7@ (f;) = 0/if i # j, where (ad 2)(y) = [2,y].

A g-module V is called a weight module if it admits a weight space decomposition

V= @ Vi
pneP
where V, = {ve V| h-v = (h,pyv for all h € PV}. A weight module V' over g is
integrable if all e; and f; (i € I) are locally nilpotent on V.

DEFINITION 1.2. The category Ojy consists of integrable g-modules V' satisfy-

ing the following conditions:

(1) V admits a weight space decomposition V' = @ ,cp Vi and dime (V) < 0
for each weight pu.
(2) There exist a finite number of elements Ay, ..., A; € P such that

wt(V) < D(A1) u---u D()y).
Here wt(V) :={pe P |V, # 0} and D(A) := {X =2, ; kia; | ki € Z=o}.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.1. PRELIMINARIES 9

It is well-known that the category Ojy is a semisimple tensor category with
its irreducible objects being isomorphic to the highest weight modules V(A) (A €
P1), each of which is generated by a highest weight vector vay. Recall, e.g. from
[15] Chapter 10], that if M, N € Oy, then

(a) M ~ N if and only if ch(M) = ch(N),
(b) ch(V(A)) = e *ch(V (A +t5)) for A€ PT and t € Z,

where ch(M) := X . p(dime My, )e” is the character of M.
For n € wt(V(A)), we define

(1.3)

Supp, (1) := Supp(A — 7).

The dimension of the p-weight space V(A), is called the multiplicity of p in
V(A). A weight p is mazimal if g+ 6 ¢ wt(V(A)). The set of all maximal weights
of VI(A) of level k is denoted by max(A|k).

ProposITION 1.3. ([15], Chapter 12.6]) For each A € P of level k, we have

wt(V(A) = || {n—s8]seZso}
pemax(Alk)

We denote by max™ (A]k) the set of all dominant maximal weights of level k in
V(A), ie.,
max " (A]k) := max(A|k) n P*.
It is well-known that
max(A|k) = W -maxT (Alk), where W is the Weyl group of g.
Let by be the €-vector space spanned by {h; | ¢ € Iy} for Iy := I\{0}. Define the
orthogonal projection —: h* — b ([15) (6.2.7)]) by
p—> 71 = g — p(c) Ao — (1| Ao)d.

We denote by Q the image of Q under the orthogonal projection .
For later use, we present the Dynkin diagrams of classical affine types.

Y /\ 0
I

Ay e e N
Al o 1 2 no oM

,
n=1 ™ Bp’l el o o———>>e
1 2 3 n—1 n
A —> A to0 *n
e o O o .,
U s | [
1 2 3 n—2 n—1
0
L@ I :
A
dp—1 e— b o ole———s
1 2 3 n—1 n
PN rel——o o ole———e A <—o O o———>e .
Al ™o L 2 n—1 np) 1 2 n—1 n

For an affine Dynkin diagram Ay and a subset J & I, we denote by Ag|; the
full-subdiagram of Ay whose vertices are in J. We call a vertex s in Ay extremal
if Ag|7, for I := I\{s} is a connected Dynkin diagram of finite type. For example,
every vertex in A AW is extremal, while 0, 1 and n are all the extremal vertices of
Apa. In (T4, each solid dot e denotes an extremal vertex.

Let g, be the finite dimensional subalgebra of g corresponding to Ag|;, for an
extremal vertex s. Then each finite dimensional simple Lie algebra gg, of classical

type appears as the subalgebra g, of an affine Lie algebra g as follows:

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



10 1. AFFINE KAC-MOODY ALGEBRAS

9fin An Bn Cn Dn
o [ AV B0 AL D, | O AR AL | B AL, DY
TABLE 1.2. Relationship between gg, and g

By slightly abusing notations, we denote by Iy = {aq, ..., a,} the set of simple
roots of gg and w; (1 <@ < n) the fundamental dominant weights of gg. Then we
have

a5 @ {ai fi#0, o {wi=AiaiVA0 if i 0,

QG = 1 e i e
—ay 0 ifi=0, 0 if i =0,
where 6 = aja1 + asag + - + ap, (see [15] §12]). Note that there exist bilinear
forms ( | ) and {, ) associated to gg which are induced by the projection ~
Define

kCar = {pre by | (u|ay) =0 forie Iy, (ulf) <k} where 6 := 8 — apap.

PROPOSITION 1.4. ([I5] Proposition 12.6]) The map u — i defines a bijection
from max*t (Alk) onto kCar n (A + Q) where A is of level k. In particular, the set
max ™ (A|k) is finite.

CONVENTION 1.5. We denote an arbitrary fundamental weight of level 1 by
boldfaced A to distinguish them from other (fundamental) weights.

1.2. Quantum affine algebras

We denote by ~ the smallest positive integer such that fyw e Zforalliel.
Let ¢ be an indeterminate and m,n € Z=q. For i € I, let ¢; = ¢% and

—y n

s S 1 B ) NI
I | R et
DEFINITION 1.6. The quantum affine algebra U,(g) associated with an affine
Cartan datum (A, PV, P,I1Y,1I) is the associative algebra over Q(¢*/"7) with 1,
generated by e;, f; (i € I) and ¢" (h e vy~ PV) satisfying the following relations:

(1) ¢ =1, ¢"¢" = ¢, qheig" = ¢ovey, M figh = gD, for

h,h' e y~1PV,
K- K !
(2) eifj — fiei = (51‘,3‘17_11, where K; = qg“,
T ql
l—aij l—aij
1-aij=k), ,(k l—ai—k) o o(k U

(3) D (ke e = N (kT g — 0 i i

k=0 k=0

Here we set
e i=e/[n);!  and £V = f7/[n];l.

We define integrable U,(g)-modules, the category O, the character for M e
Of . and highest weight modules VI(A) for A € P* in the standard way ([11]). It
is well-known that O is a semisimple tensor category with its irreducible object

being isomorphic to V4(A) for some A € PT and
(1.6) ch(V(A)) =ch(V?(A)) and hence dimg(V(A),) = dimgg)(VI(A),)
for any p € P.
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CHAPTER 2

Crystals and Young walls

In this chapter, we briefly review the theory of crystals developed by Kashiwara
([20121]). Then we recall the combinatorial realization of affine crystals, called the
Young walls, due to Kang ([18]).

2.1. Crystals

For an index i € T and M = @
uniquely expressed as

M, € OL,, every element v € M,, can be

HEP int?

v = Z fi(k)vk;

k>0
where p(h;) + k = 0 and vi, € Ker e; N M), 4, The Kashiwara operators €; and f,
are defined by

(2.1) év = Z fi(kfl)vk, fiv = Z fi(kﬂ)vk.
k>1 k=0
Let Ag = {f/9€Q(q) | f,9 € Q[g], g(0) # 0} and M a weight U,(g)-module.
DEFINITION 2.1. A erystal basis of a U,(g)-module M consists of a pair (L, B)
with the Kashiwara operators é; and f; (i € I) as follows:
(1) L =@, Ly is a free Ag-submodule of M such that
M ~Q(q) ®s, L where L,=LnM,,

(2) B = ||, By is a basis of the Q-vector space L/qL, where B, = B n

(L,Uf/qui)u _
(3) € and f; (i € I) are defined on L, i.e., &L, f;L < L,
(4) the induced maps é; and f; on L/qL satisfy
&B,f;Bc BL{0}, and fib=10 ifandonlyif b=¢b for b b € B.
The set B has a colored oriented graph structure as follows:
b—5b ifandonlyif fib=1.
The graph structure encodes information on the structure of M € Of ;. For exam-
ple,
e |B,| = dimgy M, for all ue wt(M),
e the graph of B is connected if and only if M is irreducible.
THEOREM 2.2 ([21]). For A € P™*, the module VI(A) has a crystal basis
(L(A),B(A)) given as follows:
(1) L(A) is the Ag-submodule generated by {fir---fooa|r=0ipell,
(2) B(A) = {fi, - fi,on + qL(A) [ r = 0,1, € T}\{0}.

11
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12 2. CRYSTALS AND YOUNG WALLS

By (L3), (I.6) and the above theorem, we have that for k € Z, |B(A),| =
‘B(A + k6>u+k¢5| and

(2.2) ch(V(A) = > BA)le = > [BA+kS),le"*.

pewt(V(A)) pewt(V(A))

DEFINITION 2.3. An (affine) crystal associated to an affine Cartan datum
(A, PV, P,IIV,II) is the set B together with maps

wt:B — P, g,0:B—>Zu{-w0} and é&,f;: B— Bu{0} (iel)

satisfying the following conditions:
(i) Forie I, b e B, we have
©i(b) =& (D) +(hi, wt (b)), wt(&;b) = wt(b)+a if b0, wt(f;b) =wt(b)—ay if f;b#0,
(ii) if &b € B, then £;(€;b) = &;(b) — 1 and ;(&;b) = ¢;(b) + 1,
(iii) if fib € B, then ;(f;b) = £i(b) + 1 and @;(fib) = @i(b) — 1,
(iv) fib="V ifand only if b= &/ forallie I, b,b € B,
(V) if El(b) = —00, then élb = fzb =0.

DEFINITION 2.4. The tensor product By ® By of crystals B; and Bs is defined
to be the set By x By whose crystal structure is given by
(1) Wt(bl ® bg) = Wt(bl) + Wt(bg),
(ii) &i(b1 ® b2) = max(gi(b1),&i(b2) — <hi, Wt(b1))), i(b1 ® b2) = max
(¢i(b2), @i (1) + Chi, wt(b2))),

ey~ €iby @by if @i(b1) = €i(b2),
i(b b)) =

(i) &b @ b2) bi ®€;by if pi(b1) < ei(b2),
~ f;b1®b2 if Lpi(bl) > z(b2);
(b1 ®@b2) = ~
f( ! 2) {b1®fib2 lf gpz(bl) < z(bg).

THEOREM 2.5. [20,21] For M and N € OL  with crystals By and By, the
tensor product By; ® By is the crystal of M @ N € Ol .

2.2. Connection to finite type

This section is important in understanding the results of this paper. We would
like to make an emphasis on the fact that the formulas in this paper simultaneously
cover the weight multiplicities of affine types and those of finite types. Further-
more, many of the formulas cover not merely one affine type but multiple affine
types at the same time. Though these observations can easily be made from the
graph structure (Theorem [Z8]) of an affine crystal, they do not seem to be widely
recognized in the literature. Therefore, we list the observations as two separate
theorems (Theorems 2.7 and 2.9) below.

Recall that B(A) can be understood as a colored oriented graph. For an ex-
tremal vertex s € I, we denoted by B(A)|r, the graph obtained by removing the
arrows —— of color s. Throughout this section, s denotes an extremal vertex in 1.

THEOREM 2.6 ([21]). As gs-crystals, we have

A, = |_|B(w’

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2.3. YOUNG WALLS FOR LEVEL 1 REPRESENTATIONS 13

where each B(w') is a connected component of B(A)|1,, which is a crystal of some
irreducible module L(w") over Uy(gs).

For an extremal s € I and a highest weight A = .., m;A; € P™, we denote by
B(A)|7, the connected component of B(A)|r, originated from the highest weight el-
ement v5 in B(A). Then, by Theorem 2.6, B°(A)|7, = B(w) for w = Dien (s} MiWi,
where w; are the fundamental weights of gs. Then the following theorem is obvious.

THEOREM 2.7. Let A = Y., m;A; € Pt be a dominant integral weight for g
and w = Zid\{s} miw; for gs. Then, for p = A—3. ; kioa; € wt(V(A)) such that
ks=0andn=w— Zie[\{s} kiay, we have

(2.3) B(A), =B(w), and dim(V(A),) = dim(L(w),).
Motivated by this theorem, we make a definition that will be useful later.
DEFINITION 2.8. Let A = >, _,m;A; € PT. A weight p = A — >, kia; €

wt(V(A)) is called essentially finite of type X,, if there is an s € I such that ks = 0
and g, is of finite type X,, with X = A B,C or D.

In chapter B we will see that most of the dominant maximal weights of affine
Kac—Moody algebras are essentially finite.

Let g and g’ be two different affine Kac—-Moody algebras, and consider their
integrable highest weight modules V' (A) and V(A’), respectively. If n € wt(V(A))
and p € wt(V(A’)) are essentially finite of the same type X,,, then it is clear from
Theorem [2.7] that the weight multiplicities of n and u are determined by the finite
type X,, without regard to the difference in their affine types. We make it precise
in the theorem below whose proof is immediate from Theorem [2.71

THEOREM 2.9. We assume the following:

(1) For V(A) over an affine g and n € wt(V(A)), there exists an extremal
s ¢ Suppy (1) such that Ng|r, is of finite type X,,.

(2) For V(A') over another affine g’ and p € wt(V(A')), there exists an ex-
tremal s" ¢ Suppy,(p) such that Ay g, is of the same finite type X,.

(3) There exists a bijection o : I, — Iy which induces a diagram isomorphism
Nglr, = Aglr, and a crystal isomorphism B(A)°|;, ~ B(A)|;, so that

n=A-— Z mia;  and  p=A— Z Mo (i) Ao (i)

il iel,

Then we have
dimV (A),, = dimV (A'),,.

2.3. Young walls for level 1 representations

In [18], Kang constructed realizations of level 1 highest weight crystals B(A)

for all classical quantum affine algebras except C’y(bl) in terms of reduced Young walls.
For the rest of this section, we assume that g is an affine Kac-Moody algebra of
2 2 1 1 2

type AQ . a2 5D DD or DC)
Young walls are built from colored blocks. There are three types of blocks
whose shapes are different and which appear depending on affine Cartan types as

follows:
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14 2. CRYSTALS AND YOUNG WALLS

Shape Width Thickness Height Type
@ - D 1 1 1 all types
= I T R e DT F O
(- 10-7 ! 1/2 1| A® BV DY

The walls are built on the ground-state wall , which is given below as the
shaded part in ([2.4]), by the following rules:

(1) Blocks should be built in the pattern given below in (Z.3)), (2.6) or ([2.7).

(2) No block can be placed on top of a column of half-unit thickness.

(3) There should be no free space to the right of any block except the right-
most column.

Ground-state Young walls corresponding to A are given as follows:

Now we give the patterns mentioned above:

1 1 1 1 1 n—1|n—1n—1n—1n—1 n—1n—1|n—1n—1{n—1
i R A oo oo RN AN
1 1 1 1 1 1 1 1 1 1 n—1n—1n—1in—1n—1 n—1n—1|n—1n—1jn—1
0Ojlo0jJo]JOfoO
0Ojlo0jJo0jJO0foO
1 1 1 1 1
n—1in—1n—1n—1n—1 1 1 1 1 1 2122 2 2
n n n n n 0 0 0 0 1 0 1 0 1
n|n|n|n 0 0 0 0 0 0 1 0 1 0
n|mn|n|n|n n—1in—1jn—1n—1jn—1 1 1 1 1 1 2 2 2 2 2
1 1 1 1 1 1 1 1 1 1 n—1|n—1n—1in—1n—1 n—1n—1n—1jn—1|n—1
( 2 . 5 ) 0 0 0 0 0 0 0 0 n|in|n|n|n n | n n|n|mn
000D FeE B ERE et BT E B T B A B R e T Y e
A;zn)’ Ao wa?llv Ao Dfill’ A BS)’ A
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2.3. YOUNG WALLS FOR LEVEL 1 REPRESENTATIONS 15

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
1/10/11/10/]1 0 r/10/11/10 r/10/11/10 1 0/11/70 1710
o110 1,70 1170 17071 0 1 07110 1 0 11/0 1
22| 2|2]2 2022 2]2 212222 202|222
n—1in—1in—1fn—1{n—1 n—1|n—1|n—1|n—1|n—1 n—2|n—2\n—2\n—2n—2 n—2n—2n—2n—2/n—2|
n|n[n|n|n n|n[n|n|n -V n -y n h- - n -y |n f-
n|n|[n|n|n n|n[n|n|n n|A-1/"n|/a-1/n n|A-1/"n| A1/ n
n—1n—1|n—1n—1{n—1 n—1n—1n—1n—1n—1 n—2[n—2\n—2n—2n—2 n—2\n—2\n—2\n—2n—2|
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
(2 6) A0 AL A0 A1 o A1 A40A10 A0 A1 4041 o 1404140
FO W B o M B e 3 G H P 1 1 FO ] e ] s O i B s 8 O s B e H
(1) (1) (1) (1)
Br, 1 Br’, Ao Dn’s Ay Dy, Ao
22| 2|22 202 2|2]2 n—2n—2ln—2\n—2\n—2| n—2\n—2n—2n—2n—2|
1 0 1 0 1 0 1 0 1 0 - n - n - n — n — n
0 1 0 1 0 1 0 1 0 1 n|A-1/"n|fA-1/"n =1/ n | A—1/"n| A—
2 2 2 2 2 2 2 2 2 2 n—2n—2n—2\n—2n—2 n—2n—2\n—2n—2/n—2|
n—1in—1n—1fn—1{n—1 n—1in—1jn—1n—1jn—1 2 2 2 2 2 2 2 2 2 2
0 1 0 1 0 0 1 0 1 0
n|n|n|n|n n|ln|n|n|n
1 0 1 [ 1 1 [ 1 0 1
n—1n—1n—1in—1jn—1 n—1n—1n—1n—1jn—1 2 2 2 2 2 2 2 2 2 2
2 2 2 2 2 2 2 2 2 2 n—2|n—2\n—2n—2n—2 n—2n—2n—2n—2/n—2
(2.7) TA0ALA0AL 0 A1 A0A140 7 [T v Ty " A S
0 I 0 1 0 1 B 1 O 1 RV ) e 1V o) Y I Vo Y —{
(2) (2) (1) (1)
Agp1s A Asn1s Ao Drn’s Ay Dy’ Ay

According to the ground-state Young walls in (Z4]), we classify the fundamental
weights A of level 1 into two types:
e Type B : those A whose ground-state Young wall consists of half-height
blocks,
e Type® : those A whose ground-state Young wall consists of half-thickness
blocks.

REMARK 2.10. For classifying fundamental weights A; of level 1, we use 96 and
® by the following reason:

o When consists of half-height blocks, the vertex ¢ in the affine Dynkin
diagram is an extremal vertex incident on a doubly-laced incoming arrow,
which can be identified with the extremal vertex n in the Dynkin diagram
Ap, .

e When consists of half-thickness blocks, the vertex 7 in the affine
Dynkin diagram is an extremal vertex incident on a simply-laced edge,
which can be identified with an extremal vertex n or n — 1 in the Dynkin

diagram Ap, .

Later, we will see that this classification is closely related to finite simple Lie
algebras of type B,, and D,,.
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16 2. CRYSTALS AND YOUNG WALLS

REMARK 2.11. For g = BV or Aéi)fl, the patterns of Young walls based on
Ag and A, are the same up to one column; that is, if we ignore the first column of
the pattern for Ay, then we get the pattern for Ay (see (Z6]) and (Z7)).

We denote by YA a Young wall stacked on whose type will be clear from
the context. For a Young wall Ya, we write YA = (yr)jey = (-..,¥2,%1) as a
sequence of its columns from the right. For u € Z1, we define Young walls (YA )s.
and (YA )<y as follows:

(YA)>u = ( s Yut2 Yut1, yu)a (YA)éu = (yua Yu—15Yu—25- -+, yl)'

ExaMPLE 2.12. For g = Bél) and Ay, the following is an example of a Young
wall Ya,:

/7]
A
5 2
= 3]
(2.8) . % 3
5 o 2 (2
110 9U9k0%

DEFINITION 2.13.

(1) A column of a Young wall is called a full column if its height is a multiple
of the unit length and its top is of unit thickness.

(2) A Young wall is said to be proper if none of the full columns have the
same heights.

(3) An i-block of a proper Young wall Yy is called a removable i-block if Yz
remains a proper Young wall after removing the block.

(4) A place in a proper Young wall Y is called an admissible or addable i-slot
if YA remains a proper Young wall after adding an i-block at the place.

A partition A of m is a weakly decreasing sequence of positive integers (A, =
A2 = -+ = A\ > 0) such that |\ := Zle A; = m, and we write A — m. Each
integer \; is called a part of A\. For a given partition A = (A1, A2, ..., Ag), we say
that the integer £(\) := k is the length of \. We denote by ¢J the empty partition.
We say that a partition A is strict if \; > A1 for 1 <i < €(A) —1. Weset A; =0
when i > ¢(X).

For a partition A = (A1, Aa,..., ;) and 1 < u < k, we define partitions As,,
and Ag, as follows:

A;u = (Au7>\u+1a .o .,)\k), )\Su = ()\1,A27. . ,Au)

DEFINITION 2.14.
(a) For a given proper Young wall Yo = (y;)72,, define |Ya| = (Jy1], |y2],---)
to be the sequence of nonnegative integers, where the |y;| is the number

of blocks in the i-th column of YA above the ground-state wall , and
call |Ya| the partition associated to Y.
(b) For a strict partition A and a fundamental weight A of level 1, we denote

by YA the Young wall with ground-state wall if it is the unique Young
wall whose associated partition [Y}| is equal to .

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2.3. YOUNG WALLS FOR LEVEL 1 REPRESENTATIONS 17

ExaMpPLE 2.15. For the proper Young wall given in Example 2121 the as-
sociated partition is A = (6,3,1). However, there are two proper Young walls
corresponding to the partition (6,3, 1):

A v
2 2
3] 3]
373" 373
ik 2|2
Ul %%

Thus YE&B’I) is not uniquely determined. On the other hand, for the partition
(5,3,1), one can easily see that Yf&g’l) is well-defined (see [33] also).

For the rest of this paper, we will always deal with partitions A such that the
Young walls Y} are uniquely determined, unless otherwise stated.

We denote by Z(A) the set of all proper Young walls on , and define the
Kashiwara operators €; and f; on Z(A) as follows: Fix i € I and let YA = ()2,
be a proper Young wall.

(a) To each column y, of Ya, assign

—— if y, is twice i-removable,
— if y,, is once ¢-removable,
—+ if y, is once i-removable and once i-addable,
+ if y,, is once i-addable,
++ if y, is twice i-addable,
otherwise.

(b) From this sequence of +’s and —’s, we cancel out every (+,—)-pair to
obtain a finite sequence of —’s followed by +’s, reading from left to right.
This finite sequence (—---—,+---+) is called the i-signature of Y and
is denoted by sig;(Ya).

(c) We define €;Y A to be the proper Young wall obtained from Yo by removing
the i-block corresponding to the right-most — in the i-signature of Yy.
We define €;Ya = 0 if there is no — in the i-signature of Y4.

(d) We define f;Ya to be the proper Young wall obtained from YA by adding
an ¢-block to the column corresponding to the left-most + in the -
signature of Yo. We define fiYA = 0 if there is no + in the i-signature of
Ya.

For the Yj, in Example 212 one can compute that
SigO(YAo) = (_7 ) +)7 Sigl(YAo) = ('7 K _)7 Sig2(YAo) = (""7 ) ')v Sig3(YAo) = ('7 -+, )
We define

(a) wt(Ya) = A =D micy,
(b) &i(Ya)(resp. ¢;(Ya)) = the number of —’s (resp +’s) in sig;(Ya),
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18 2. CRYSTALS AND YOUNG WALLS

where m; is the number of i-blocks that have been added to the ground-state wall

. We also define
cont(Ypa) = A —wt(Yp) = Zmiai
el
and call it the content of Yu.
For the Young wall Y,, in Example 212 we have
wt(Ya,) = Ao — (2ap + 21 + 3ae + 3az) and cont(Ya,) = 200 + 201 + 3az + 3as.

DEFINITION 2.16. Let YA = (..., 92,%1) and Yo = (..., ¥5,9]) be Young walls
of the same affine type. For t,u € Z>1, we write

(Ya)>t 2 (Yar)>u

if the following two conditions hold for each s € Z>:

(a) the ground patterns for y;4, and y, , , coincide with each other,

(b) cont(yes) — cont(y ) € Q*.
Here, for a column y of a Young wall Y4, we define cont(y) = > ,_; mia;, where m;
is the number of i-blocks in the column y that have been added to the ground-state

wall [A]

Recall we denote the null root by & = agag + a1a1 + -+ + apay,.

DEFINITION 2.17. Set d =2 if g = Dfﬁl and d = 1, otherwise.

(i) A connected part of a column in a proper Young wall is called a d-column if
it contains dag-many 0-blocks, da;-many 1-blocks, ..., da,-many n-blocks
(see Table [Tl for a;’s).
(ii) A d-column in a proper Young wall Y4 is removable if one can remove the
S-column from YA and the result is still a proper Young wall.
(iii) A proper Young wall is said to be reduced if it has no removable d-column.

We denote by Y(A) the set of all reduced proper Young walls on .

THEOREM 2.18 ([18/19]).

(1) The set Z(A) with &, fi,wt,e; and @; is an affine crystal.

(2) The set Y(A) is an affine subcrystal which is isomorphic to B(A), where
B(A) is the crystal of the highest weight module V(A).

(3) As crystals,

@D B(A—ms)®rm g~ D)

Z(A) = m=0
M= S BA - 2mpern g = D),
m=0

where p(m) denotes the number of partitions of m.

2.4. Higher level representations

In this section, we will realize the crystal B(A) for (¢, A) > 2 in terms of tensor
products of Young walls. We will see that a crystal B(A) of level k € Z>; (up to
7.8) appears in a connected component of @ B(A®)®: (3 k; = k) for some A()’s
of level 1.
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2.4. HIGHER LEVEL REPRESENTATIONS 19

To begin with, we consider the crystal B(kA) of level k and see that B(kA) is
realized as

the subcrystal of J(A)®*¥ whose graph is the connected component
of the k-fold tensor of ground-state Young walls, denoted by =

| —

k-times

Next we consider B(Ag) where Ay is a fundamental weight of level 2. In order to
embed B(A;) (up to Z8, see [22)) into a tensor product Y(A") @ Y(A”) of crystals
Y(A’) and Y(A”) (see (3) in Theorem 2.I])) for some A’ and A” of level 1, we first
need equations of the form

(2.10) Ay —md=A +A"— Ztiai for some m € Z and t; € Z>g, i € I.

iel
For each g and a fundamental weight A of level 2, an equation of the form (Z.I0)
is explicitly given in what follows according to whether A’ and A” are of type ©

or B. Using (L2) with the basis {ag, a1, ..., an, Ao}, one can check that equations
in the below hold:

(2.11)
2u—1
Type D: Aoy —ud =2A0 — (uao + (u—1)a1 + Z (2u — z‘)ai> ,
i=2
2u
ANoys1 —ud=A1+ Ao — (uao + wo + Z(Zu +1-— i)a¢> ,
i=2
n—2u+1
Ap_ou=2A, — (uan + (u—1Danp—1 + Z (i—(n— 2u))ai) ,
i=n—2
n—2u
An72u71 =An_1+A, — (’U,Oén +ucn—1+ Z (Z — (TL —2u — 1))az) .
i=n—2
(2.12)
n u—1
Type B: Ay, =2A, — Z (i — uw)ay, Ay —ud=2A0 — Z (u—i)a.
i=utl i=0

Here A, denotes a fundamental weight of level 2 and hence the range of u is de-
termined by the affine type of given Young walls (see Table [[LT]). We observe that
what is subtracted in the right-hand side of each of the formulas in (Z.11]) and (2.12])
corresponds to a specific type of partitions. To be precise, we need the following
definition.

DEFINITION 2.19. For a positive integer m, we denote by A(m) the strict par-
tition given by
Am) =(m,m—1,...,2,1),
and call A(m) the m-th staircase partition. We also set A(m) = ¢ for any non-
positive integer m.

Now, for each A of level 2, the crystal B(Aj;) is realized up to a weight shift by
an element of Z5 as the subcrystal of Y(A") ® Y(A”) generated by a highest weight

crystal ® Y)\(,,S ) for some staircase partition A(s). Concretely, we associate a
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20 2. CRYSTALS AND YOUNG WALLS

tensor product of Young walls to a fundamental weight A, of level 2 using (2.11))

and (2.12).
2u—1
. . 0,0 A2u—1
(i) For type ©,Ag, — u = 2A( — (uao +(u— Do + Z (2u — i)ay )<_> - ®YA(0 u=1)

i=2

2u
. A2
Aoy i1 —ud = Ay + Ag — (ucx0+ua1 + ) (2u+171)ai)<—>: ®Y ( u) |
i=2
0,1 _ A(2u)

n—2u+1 A2 1
) n n u—
Ap_oy =20p — (uap + (u—Dag, 1+ Y (i~ (n—2u))ay | « An~_2u = ®YA" .
i=n—2
n—2u
1 A(2u
Ayt = Dpyq + Mg — (uan fuap_1+ Y 2(L7(n72u71))a )<_> NG A,l @Yy ( )
i=n—

n—l,n L A(2u)
OYM'_@)YATL .

ExXAMPLE 2.20. For g = Dgl), we describe Ag,o and Ag’7 .

3]
3 14
5

00| _ 212 6,7 |55
A4 _® ‘ ’ A2 _®6767
0140

n

(ii) For type B, Au—QAn—< Z (i —u)a ><—>m -®Y ),

i=u+1

u—1
Au—u6=2A0—<Z(u—z ) AOO =[Ao]@ Y)Y,

i=0
Note that all of level 2 are contained in Y(A) ® Y(A') for some A and A’.

ExaAMPLE 2.21. For g = B§1), we have

';J\ICTJ|

AT |=[Ar]® 7

The tensor products of Young walls given above will be denoted by without
superscripts if there is no possible confusion. One can see that the crystal B(Ay) is

realized as the subcrystal of Y(A")®YV(A”) generated by for each fundamental
weight A, of level 2.

Next, the crystal B((k—2)A+A;) of level k is realized as the subcrystal
of Y(A)®F2@YV(A)Q@V(A”) generated by the highest weight crystal

(2.13) (k—2)A |®| As | whose weight is (k — 2)A + Ag up to Z5 (see (Z2)).
k
Here, = ® as defined in (2.9)).

REMARK 2.22.
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2.4. HIGHER LEVEL REPRESENTATIONS 21

(1) There are several other possible realizations of B((k—2)A+Ay) depending
on the choice of highest weight crystals. For example, the connected
component originated from

[aA]@[A.]®[bA] = YA @ VA) @ VA @ V(AP (a+b=k-2)

is also a realization of B((k —2)A + A;), and we can also choose different
highest weight crystals for Ag.

(2) For each A € PT of level k with A = > m;A;, the crystal B(A) can
be realized as the subcrystal of Y(A;) @ V(Ai,) ® -+ ® V(A4 ) for some

. . . . ®m;
(41,12, . ..,%x), which is generated by ®?:0 . (Here we abuse nota-

tions a little bit and write = even when A; is of level 1.)

Throughout this paper we will use the following notational convention.

CONVENTION 2.23. For a statement P, the number §(P) is equal to 1 if P is
true and 0 if P is false. Sometimes, we will write dp for §(P).
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CHAPTER 3

Young tableaux and almost even tableaux

In this chapter we make connections between tensor products of Young walls
and Young tableaux.

3.1. Young tableaux

For partitions AV and A®), we define the partition (V) » A by rearranging
the parts of A() and A(?) in a weakly decreasing way. As an obvious generalization,
for partitions XY, A2 XE=D AF) e set

(3.1) ﬁlA@) = A L A@) g A ()
t=

EXAMPLE 3.1. For partitions A(Y) = (7,3,1), A(® = (8,6,6,3) and \®) =
(7,5,4,1), we have

i

t=

A =(8,7,7,6,6,5,4,3,3,1,1).

The Young diagram Y* associated to a partition A = (A1, g, ..., \x) is a finite
collection of cells arranged in left-justified rows, with the i-th row length given by
Ai-

We also define a partial order < on the set of all partitions, called the inclusion
order, in the following way:

pc X ifand only if Y <Y

A skew partition, denoted by A/u, is a pair of two partitions A and p satisfying
p < . For a skew partition \/u, the skew Young diagram Y™* is the diagram
obtained by removing cells corresponding to Y* from Y*. The notation \/u - m
means that the number of cells in YV is m.

We will identify a usual partition A with the skew partition \/¢J. In this iden-
tification, every definition on the skew partitions in this section induces a definition
on the usual partitions.

DEFINITION 3.2.

(1) A tableau T is a filling of the cells in the skew Young diagram Y* with
integers 1,2,...,m for some skew partition A/u + m such that every
integer 1 < i < m appears exactly once. In this case we say that the
shape Sh(T') of the tableau T is A/pu.

(2) A standard Young tableau is a tableau in which the entries in each row
and each column are increasing. We denote by SM* the set of standard
Young tableaux of shape \/u.

(3) A reverse standard Young tableau is a tableau in which the entries in each
row and each column are decreasing. We denote by R# the set of reverse
standard Young tableaux of shape \/u.

23
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24 3. YOUNG TABLEAUX AND ALMOST EVEN TABLEAUX

ExaMPLE 3.3. The following tableaux are a reverse standard Young tableau of
shape (4,3,1) and a standard Young tableau of shape (4,3, 1):

6/4[3]

2/1] eRUID, T/ = e

7[8] esU3D,

T =

EIRIES

‘»&MH

Note that there is an obvious bijection between RM* and S** that replaces
each integer ¢ by m + 1 — 4, where \/u — m. The two tableaux in Example 3.3
correspond to each other under this bijection. Thus we have |RM#| = |SMH|.
We will sometimes identify reverse standard Young tableaux and standard Young
tableaux using this bijection. We denote by f* = |[R*| = |S*|. Recall that there is
a well known formula for f* called the hook-length formula.

In this paper, we only consider reverse standard Young tableaux except the last
3 sections. Hence, for simplicity, we call a reverse standard Young tableau just a
Young tableau.

For later use, we define another notation related to a tableau.

DEFINITION 3.4. For a Young tableau T with m cells, we denote by T. for
1 < s < m the tableau which is obtained by removing all cells filled with ¢ such
that ¢ < s and replacing v > s with u — s for all u > s.

For T in Example B.3]

513[2]

\)ﬁ
—
I
NEE
—

Let %,(q]i) denote the set of Young tableaux with m cells and at most k rows.

It is well known that the cardinality of %S,]f) is equinumerous to the number of
(k+1,k,...,1)-avoiding involutions in the symmetric group &,,.
In the literature an explicit formula for |%5§)\ is known only for k& < 5 as follows.

THEOREM 3.5. [10/34] We have

%]
B2 = (\m ], B3P (™),
lzJ 21
=0

%] .
@) _ . L B) — m M
Bl = Cramga Qg Bl = 6 2, (m) G+ 210+ 3

7

where C,,, = ﬁ(zgl) is the m-th Catalan number.

Note that each element T in ‘Bgf) can be identified with a sequence Ap =

D /\(k)) of strict partitions, where A(¥) is the partition obtained by reading
the ith row of T'. Using this identification we have

%5,?:{3:(%”, e AD) Lo, XOSAED (1i<h) and AV s -5 A0 :?\(m)} .
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3.3. SOME FAMILIES OF YOUNG TABLEAUX 25

In Example [33] the tableau T' can be identified with ((8,6,4,3) 2 (7,2,1) > (5)) €

6]43] [ ] T 1T

«—> D D

[]~aoo
[\
—

3.2. Tensor products of Young walls

As we have seen in Definition 2.14] we can construct a Young wall when we
have a partition A and a fundamental weight A of level 1. As before, for a given
skew shape p/p with k rows, we will identify a (skew) Young tableau T of shape
p/u with the sequence Ay = (A ... X*)) of strict partitions, where A(¥) is the
partition obtained by reading the ith row of T'. Then we can make a correspondence
between a (skew) Young tableau T of shape p/u with k rows and a k-fold tensor
product of Young walls,

YA or Ya i= YA, ®YA. ® - ®YA,  withA=)p,
for a fixed sequence A = (A;,, A4, ..., A;,) of fundamental weights of level 1.

EXAMPLE 3.6. For g = Dgl), let A = (Ao, Ag) and consider the Young wall
AZ’O in Example Then we have the correspondence

_LI- T (BAG) _ AG) _[100
T=3r — Y —®YA0 =AM}

For g = Bgl), consider T' = 5 111 3]2] of shape (4,2)/(1) and A = (Ag, A1). Then

the corresponding Young wall YX is given by

3.3. Some families of Young tableaux

In this section, we shall introduce special families of Young tableaux and study
the cardinalities of them.
A composition \ of m is a sequence (A1,...,A;) of nonnegative integers such

that Zf;l A =m.

DEFINITION 3.7. We say that a composition A of m is almost even if there
are exactly one or two odd parts. We write A |-g m to denote an almost even
composition A of m.

We denote by 505,’? (k < m) the subset of ‘B,(Tlf) consisting of the tableaux T
such that Sh(T") I-o m and call T' e D) an almost even tableau of m with at most
k rows.
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26 3. YOUNG TABLEAUX AND ALMOST EVEN TABLEAUX

EXAMPLE 3.8. For m = 5,6 and k = 2, we have

312] . ~@ [5]4]3]2]_ ~@ 6/5[3[2] . ~@ [6]5]4]3[2]_ ~®@
11 €D, 1 €D; 11 ¢ D¢, 1 €eDg.

(@21

and

For € € {0,1} and k < m, we denote by “I?g,’f) the subset of B consisting of
the tableaux T satisfying

A=Sh(T)+m and X;=¢€ (mod2) foralll<i<k.

We say that T € “BS,]:) is an e-parity tableau for € € {0,1}. We set ‘13,(7]? = 0‘1355) u
1‘137(7]?) and call it the set of parity tableauz of m cells with at most k rows.

EXAMPLE 3.9. The following are examples of parity tableaux:

%32|€15¥é3), Zgﬂl\eo,‘pé@.
On the other hand, W:have
= 204 3® = 0| |15 (note that Az = 0 £ 1 mod 2), 23 2] g p)
REMARK 3.10. Note that @éi)%l = ‘Béa,l (m = 1), and by Theorem B35 we
have

2 2 2m —1
of =13 = (7).

Furthermore, one can observe that, for each m > 1,
¢ B D OB and D, — L
o there exists a bijection v : @éi)l — O‘BS,)L such that (T is the tableau
which is obtained by moving the cell filled with 1 from its row in T" to the
other row.
Since |SBS,)1| = (27’;:) by Theorem [B.5] we have
2m —1 2
(") -

) ) 9 1/2m
62 DR - PR - P - 3 (27
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CHAPTER 4

Lattice paths and triangular arrays

In this chapter, we find an interesting relationship among Young tableaux with
at most k = 2 or 3 rows, triangular arrays related to lattice paths and composition
multiplicities of m-fold tensor products of irreducible sl;-modules.

4.1. Motzkin triangle

DEFINITION 4.1. A Motzkin path is a path on the lattice Z? starting from (0, 0),
having three kinds of steps called an up step U = (1,1), a horizontal step H = (1,0),
and a down step D = (1,—1), and not going below the z-axis.

EXAMPLE 4.2. The following path is a Motzkin path from (0,0) to (10, 1):

0,00 (20) (4,0) (6,0) (8,0) (10,0)

We also express the above path as a sequence of steps by UHHUUDDDHU.
DEFINITION 4.3. A generalized Motzkin number M, s for m > s > 0 is the
number of all Motzkin paths ending at the lattice point (m,s). In particular, we

write My, = M, oy and call it the m-th Motzkin number.

Interestingly, the Motzkin number M,, is also equal to the number of all Young
tableaux with m cells and at most 3 rows, see [4]. That is, we have

A recursive formula and a closed formula for M, ) are known and easy to derive:

(4.2) Mim,s) = Min—1,6) + Mm—1,s-1) + Mm—1,541)

ST

27
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28 4. LATTICE PATHS AND TRIANGULAR ARRAYS

Consider the following triangular array consisting of My, ,) and reflecting the
recursive relation (£2).

(4.3) <

Here a solid line represents the contribution of a number to the number connected
by the line in the next column. For example, we obtain 76 as 25 + 30 + 21 from the
previous column. We call this triangular array the Motzkin triangle.

REMARK 4.4. For m € Zxq, let V,, be the (m + 1)-dimensional irreducible
module over sly. In particular, the standard module V is (isomorphic to) V; and
the adjoint module V is Vo. The Clebsch—-Gordan formula yields

Vi ®V >V, 0@V, ®Vyyo form = 2.

Using (42), one can show that M, ) is equal to the multiplicity of V.11 in
V ® VO™, The same observation holds for V := V3 @ V; (see [2]); that is, one can
check that M, ) is equal to the multiplicity of V in V®™ Thus we have

3M = Z (S + 1)M(m,s)~
s=0

4.2. Riordan triangle

DEFINITION 4.5. A Riordan path is a Motzkin path without horizontal steps
on the z-axis.

ExAMPLE 4.6. The following path is a Riordan path:

44) gt

0.0 @0 @) 60 60 100

Note that the path in [@I)) is not a Riordan path.

DEFINITION 4.7. A generalized Riordan number R, s for m > s > 0 is the
number of all Riordan paths ending at the lattice point (m,s). In particular, we
write Ry, = R 0) and call it the m-th Riordan number.

The Riordan number R,, has a closed formula: Rg = 1, Ry = 0 and

[m/2] .
1 m+1 m—1—1
— > 2.
Rm = 1 Z( i )( i—1 > for m 2 2

i=1
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4.2. RIORDAN TRIANGLE 29

We see that R(,, ) has a recursive formula

(4.5) Rim,s) =

R(m—l,s) + R(m—l,s—l) + R(m—17s+1) if s > 1,
Rim—1,1) if s =0.

Consider the following triangular array consisting of R, sy and reflecting the
recursive formula (4.3]).

We call this triangular array the Riordan triangle.

REMARK 4.8. Let V be the adjoint representation of sls as before. By the same
argument as in Remark 4] the number R, ;) is equal to the multiplicity of Vs,
in the decomposition of V¥, Then we have the identity

3M = 2(28 + 1)R(m,s)~
s=0

Let ﬁ(m,s) = M(m,s) — R(m,s)- In other words, ﬁ(m,s) is the number of Motzkin
paths ending at (m, s) which have at least one horizontal step on the z-axis.

LEMMA 4.9. Form > s > 1, we have
R(m,s) = R(m,sfl)-

PRrROOF. We prove this by constructing a bijection ¢ : A — B, where A is the
set of Motzkin paths ending at (m,s — 1) with at least one horizontal step on the
z-axis and B is the set of Riordan paths ending at (m,s) so that |A| = ﬁ(m,s,l)
and |B| = Ry, ). Let T = tyty...t,, € A, where ty,to,...,ty are the steps of
T in this order. Let ¢; be the first horizontal step on the z-axis. Then we define
d(T) =ty...t;i—1(1, 1)ti41 ...ty It is easy to see that ¢ is a bijection from A to
B. O

There is a simple relation between Motzkin numbers and Riordan numbers.
LEMMA 4.10. For m = 0, we have
M., = R + Rig1-
PROOF. By definition, we have M,,, = R,, + R;,,. By Lemma 3] we have
R = ﬁ(m,o) = Rim,1) = Rim+1,00 = Rm1. O

Note that R, ) = M) = 0 if m < s.
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30 4. LATTICE PATHS AND TRIANGULAR ARRAYS

ProroOsITION 4.11. For m,s > 1, we have

R(m7s) = M(m—l,s) + M(m—l,s—l) - R(m—l,s)a

and

m—s

R(m,s) = Z (_1)i(M(m+17i,s) + M(m+17i,sfl))~
i=0

PROOF. The left side of the first equation is
Rim,s) = Rim—1,s-1) + Rim—1,5) + Rem—1,541)-
The right side is
R(m—l,s) + ﬁ(771—1,5) + R(m—l,s—l) + §(771—1,5—1) - R(m—l,s)'

By Lemma [4£.9] these two quantities are equal.
Using the first identity iteratively, we obtain the second identity. (Il

PRrROPOSITION 4.12. For m = 1, we have
R = (05241 = 1B

PROOF. One can see that %,(ﬁ) = ‘]35731) |_|©52). Consider the map ¢ : ‘135,31) —
@7(2)71 given by

T+— T>17
where T.1 is defined in Definition 34l Then it is easy to check that the map ¢ is
a bijection. Thus we have |‘J3£3)| = \@53)_1| Now we use an induction on m. If

m = 1, then \‘}35‘3)| = Ry = 0. Assume that |‘I37(3)\ = R,,. Since M,,, = \%S)L we
have
3
Bl = DD = My, — 1B
=M,, — R, = Rjni1 by Lemma .10 O

REMARK 4.13. The set of parity tableaux ‘BS) and the set of almost even
tableaux @gll can be taken as tableaux models for the Riordan number R,,, so

much as the set %7(7?{) can be used to realize the Motzkin number M,,.

4.3. Catalan triangle
DEFINITION 4.14. A Dyck path is a Motzkin path without horizontal steps.
EXAMPLE 4.15. The following path is a Dyck path:

"

0.0) @0 %0 (6.0 6.0 (0.0

Note that the path in (@) is not a Dyck path.

DEFINITION 4.16. A generalized Catalan number C(y, o for m > s > 0 is the
number of all Dyck paths ending at the lattice point (m, s). In particular, we write
Ci = C(2m,0) which is known as the m-th Catalan number.
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A recursive formula and a closed formula for C,, ,) are also well-known:

ml(s +1)
(4.7) Clm,s) = d(m =2 s) W7 Cim,s) = Com—1,641) + Clm—1,5—1)>

where we write m =5 s for m = s (mod 2).
We have the following triangular array consisting of C,, ) and reflecting the
recursive relation (7).

1/

1/0\\...

1/0\6/<~

1/0\5/0\~<
1/0\4/0\14/--~
1/0\3/0\9/ 0 \\
1/0\2/0\5/0\14/~~
1/0\1/0\2/0\5/ 0 \\

By the same argument as in Remark [£4] the number C,, ;) is equal to the multi-
plicity of V; in the decomposition of VO™,

REMARK 4.17. Using the well known bijection [37, Exercise 6.19.xx] between
the standard tableaux of shape (n,n) and the Dyck paths from (0,0) to (2n,0),
one can easily see that the number of standard tableaux of shape A = (m + s,m)
coincides with the number Cg,, 4 4)-

4.4. Pascal Triangle

If we consider lattice paths from (0,0) to (m, s) form > s > 0, having U = (1,1)
and D = (1,—1), that may go below the z-axis, then the number B, ;) of such
paths is given by

m
B(m,s) = 5(m =2 S) (M)
2
Clearly, we have B(,, sy = Bn—1,641) T B(m—1,s—1) and the corresponding triangular
array is the (half of the) Pascal triangle. The number By, ;) is also equal to the
multiplicity of V,,, s in the composition series of V,,, @ V™ where V is the standard
module over sly as before.
We present the following triangular array consisting of B, , for reference.

1/0\\7/...

(4.8) 1/0\6/0\___
1/0\5/0\21/---
1/0\4/0\15/0\~~

17 e TNy TN g N g

e T T T
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CHAPTER 5

Dominant maximal weights

In this chapter, we investigate the set of dominant maximal weights of highest
weight modules V(A) over affine Kac—Moody algebras of classical types. We will see
that most of the dominant maximal weights of levels 2 and 3 are essentially finite,
and will classify them into the corresponding finite types. Then, by Theorem [2.9]
the multiplicities of distinct dominant maximal weights of the same finite type can
be determined simultaneously even though they appear in highest weight modules
over different affine Kac-Moody algebras. In other words, the multiplicities of
essentially finite dominant maximal weights depend only on their finite types.

Another goal of this chapter is to determine certain families of dominant maxi-
mal weights of all levels, which can be associated with pairs (A(m), A(s)) of staircase
partitions and are essentially finite of type B, or D,. Again, applying Theorem
29 we see the following;:

For two essentially finite dominant maximal weights of the same finite
(5.1) type, which are associated with the same (A(m),A(s)), their multiplicities
coincide with each other, even when their affine types are different.

Throughout this chapter, the (fundamental) weights A of level 1 will be written
in boldface; the weights A of level 2 in regular; the weights A of level > 3 in upright.
As arguments and techniques are similar, some details are omitted for other types
after we consider type Br(ll) thoroughly.

1
5.1. Type Ail,)l

This case was studied in [13[14][38,89]. In this section, we briefly review
their results and show that the dominant maximal weights obtained in [38.[39] are
essentially finite. Hence we can reduce them as dominant weights for some L(w)
over A, _1.

ForO<s<nandl1l</< {H_SJ and 1 <u < ng,WedeﬁneA:=A0—1—AS
and
n—1 s l+s—1
A s = Z (k‘—n+£)ak+52ai+ Z (€ —j+s)ay,
k=n—/0+1 =0 j=s+1
s—1 n—1 u—1
oy s = 2 (k—s—l—u)ak—l—uZai—i—E(u—j)aJ—.
k=s—u+1 i=s j=0

LEMMA 5.1. [38, Theorem 1.4 (i)] For V(A) over A,(zl_)l,

ma (a12) = L {a - |1 |20 L {a -

33

1<u<|3|}.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



34 5. DOMINANT MAXIMAL WEIGHTS

The above lemma tells us that every element in max™ (A[2) is essentially finite,
since

(5.2) {+s<n—f¢+1 and u<s—u+l.
Now we show that we obtain all the dominant weights of L(w; + wiys) from

max " (A|2), where ¢ := {?J Since

J:[O,€+s—1]|_|[n—€+1,n—1] = Supp(\),) & I :=[0,n — 1]

and {4+ s <n—{£+1 for all ¢, we can choose s+t as an extremal vertex (see (L4)).
Thus
O o= (A [{A- 2, | 1<e<t}

can be considered as a subset of dominant maximal weights of L(w; 4+ wiys) over
A,_1 via the embedding

[0,t+s—1]u[t+s+1,n—1] — {1,2,...,n—1} such that z —> a = s+t—z (mod n).
Hence Q7 can be identified with
(53) {Wtfr + Wi+t s+r | 0<r< t}

which is a subset of dominant weights of L(w; + wits). (Here we set wg := 0.) By
[12] §13], L(w; + wiys) has (¢ + 1)-many dominant weights and hence the set in
(E3) indeed coincides with the set of dominant weights of L(w; + wyys).
By a similar argument, the set
Leus 3]
2

Q= (A} {A - n.
(5.4) {wy—r + Wnesyr—r | 0< T < T}

can be identified with the dominant weights

of L(wy + wp—siv) over A,_q, where ¢/ := {gJ

5.2. Type BT(Ll)

Assume that g = Br(Ll). If A = Ag + A, one can check that there are only
two maximal weights A and A; + A, — 6, and their multiplicities are 1 and n,
respectively. When A = A + A,,, the same is true with Ay replaced by Aj.

Assume that A is of level 2, other than Ay + A,, and A; + A,,; that is, for
0<s<n,

2A0 if 5 =0,

Ag+A, ifs=1,
A= (6370 + 5371)1\0 + 5S,nAn + A, = 0 1 1 S

2An if s = n,

A otherwise.

Recall that
d=ap+a1+2(ae+-+ay,) and c=ho+h +2(ha+ - +hpn_1)+ Iy,
and we have

(5.5) 2Cat 0 (A+Q) = {)\=K+Zmiai

i=1

@w@>0ﬂ<i<W7W@<2}

where 0 = a1 + 2(ae + -+ + ).
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LEMMA 5.2. Let A = (05,0 + 05,1) Ao + As (0 < s<n—1). Then the following
weights are in max™t(A|2), i.e., they are dominant mazimal weights of V(A) :

(1 + 62u—1+s,n)A2u—1+s —ud =
n)kA(2u—2-+s A(s—1
(5.6a) A — cont (YXO)* ( )) + cont (YA(0 ))
for 1460 <u<|(n—s+1)/2],
A2u—1+s A(s—1
(5.6b) (1 + doytsn)Aouts —ud = A —cont (YA(O )) + cont (YA(O )>
for 1<u<|(n—s)/2]
For A = 2Ay, we have Ag+ Ay —§ € max™ (A|2), which is not of the form in (G.G]).

PROOF. The equalities in (5.6al) and (5.6D) can be checked by direct compu-
tations. In each equation in (5.6a)) and (5.6D), the RHS shows that the image of
the weight under the orthogonal projection is in A 4+ Q, and the LHS shows that
the image of the orthogonal projection belongs to 2C,¢. Thus the weights are in
max " (A|2) by Proposition [[.4] O

Let g, be the finite dimensional subalgebra of g, generated by e;, h;, f; for
i € I, := I\{n}, as in Section [T Then g, is of type D,. For each dominant
maximal weight = A — Y. _; k;a; in (5.61), we have k,, = 0 and so  is essentially
finite of type D,,. Denote by w the dominant integral weight of g,, corresponding
to A and consider the highest weight module L(w) of g,, with highest weight w.

PROPOSITION 5.3. Let A = (85,0 + 05,1)A0 + As (0 < s <n—1), and consider
the correspondences

Av— w:= (050 + 6s,1)wpn + wp_s and A — Z kio; — w — Z kiOty—_;.
iel, i€l,

Then all the dominant weights of L(w) over g, of type D,, are obtained from A and
the weights in (B.61).

PROOF. Since
n ¢ Supp (cont (Yj\x(o2u71+s)) — cont (Yj‘x(osfl))) ,

we can take n as an extremal vertex. Thus we can identify the weights in (5.6D)
with

{wn—s—or | 1 <k <|(n—s)/2[} |_| {(0s,0 + 05,1 )wn + wn—s},
which is the subset of dominant weights of L((ds,0 + 0s,1)wn + wn—s) Over g, via
the embedding

I, =[0,n—1] > [1,n] such that i— n—1.
By [27), Lemma 2.6], L((ds,0 + 05,1 )wn +wn—s) has (|(n —s)/2| + 1)-many dominant

weights and hence the weights in (5.60) along with A coincides with the set of
dominant weight of L((ds,0 + ds,1)wn + Wn_s). O

REMARK 5.4. The above proposition shows that the weights in (5.6D)) are es-
sentially finite of type D,,. In Proposition [67] we will show that dim V' (A), for
= Agy_145 —ud in (BG4 is equal to dim V(A), for ' = (1 + dayts,n)Aouts — ud
in (B.6D). Thus they coincide with the multiplicity of L(w), for some w and
n € wt(L(w)).
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EXAMPLE 5.5. For g = Bél) and A = Aj, the dominant maximal weight A7 —
25 € max™ (A]2) can be written as follows:
6

A7 —26=A— {3ao+3a1+2(7—i)ai}+{ao+a1+a2}

i=2
(6]
55
Coa 444
= A — cont T3 513 + cont %%
[2]2]2]2]2

10,24 40 94140\%

Define Yj\\;(n) (e = 0,1) to be the Young wall determined by the staircase
partition A(n) such that the top of the first column is the half-thickness block with
color e.

EXAMPLE 5.6. The Yj‘\on(n) and Yj‘;(") for BS" are given as follows:

1

A3[ = 212 and Y;‘\g(‘g) =
31313 3
EREAET e

LEMMA 5.7. Let A = (1 + §5.0)As + ds1A0 (1 < s < n). Then the following
weights are in max*t(A]2):

(5.7a) (1 + 6yn)Ay = A —cont (Yj;(:_u)) + cont (Y;‘\(:_S)) (2 <u<s),

e o
w"oo )

(5.7b) Ao+ Ay =A—cont (Yx(:fl)) + cont (Yx(nnfs)) ,
(5.7¢) 2A1 — 6 =A—cont (Yf&(")) + cont (Yj\\(n"_s)) ,
(5.7d) 28 = A — cont (Y3) + cont (V3" ™).
For A = 2Ay, we have 2A € max™ (A|2) and
n
(58) 2A1 —26 = 2AQ -2 (O[O + Z Oéi> € max* (A|2),
i=2
which is not of the form in (B.1).
PROOF. One can use the same argument as in Lemma ([l

Let g1 (resp. go) be the finite dimensional subalgebra of g, generated by e;, h;, f;
for i € Iy := I\{1} (resp. i € Iy := I\{0}). Then g; and go are of type B,. One
can see that each dominant maximal weight © = A — Y., k;o; in Lemma [ is
essentially finite of type B,.

iel

PROPOSITION 5.8. For 0 < s < n, through the correspondences

A= (14 05n)As + (05,0 + 51) Ao —> wi= (Osn)wn + (1 + s 0)wsts,, and
A— 2 kiOéi _—> W — Z ki+5i+€71ai(6 = 0, 1),

i€l iel.
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all the dominant weights of L(w) over By, are obtained from the weights in Lemma

laywi}

PROOF. One can easily check that 0 (resp. 1) does not appear as an element

of support for weights in (5.7al), (5.7D) and (5.7d)) (resp. (5.7a), (5.7H), (5-7d) and

(B3)). Hence we can take 0 (resp. 1) as an extremal vertex. Thus we can identify
the weights in (B.7al), (B.70) and (B1Zd) (resp. (E7a)), (B.7H), (1d) and (5.]) with
{wr | 0 <k < s},
which is the subset of dominant weights of L((dsn)wn + (1 4 ds,0)wsts, ,) over By,

via the natural embedding
Iy = [1,’)1] - [1,71] (resp. [0] o [2,71] - [lan])
By [27, Lemma 2.4], L((0s,n)wn + (1 +0s,0)wss, o) has (s+1+43d50)-many dominant

weights and hence the weights in (5.7a)), (5.7b) and (BZd) (resp. (5.7a), (E.7h),
(E7d) and (58)) coincides with the set of dominant weight of L((dsn)wn + (1 +

05,0)Ws 6.0 )- 0

Let max; (A]2) be the set of the dominant maximal weights in Lemma 5.2 and
max;; (A]2) be the set of those in Lemma[5.7. Combining these two sets, we obtain
the whole set of dominant maximal weights as stated in the following theorem.

THEOREM 5.9. Assume that g = B7(ll) and A = (05,0 + 0s,1) Ao + 0snAp + As
(0 < s < n) is of level 2. Then we have

max ' (A|2) = max; (A]2) |_|max;§(A\2)7
and the number of elements in max*t(A|2) is equal to n + 2, since
lmax; (A]2)] =n—s and |max};(A]2)]=s+2.

Before we begin the proof of Theorem [B.9] we make some preparation. Recall
that for a statement P, the number §(P) is equal to 1 if P is true and 0 if P is
false. Sometimes, we will write dp for §(P).

Now we consider the conditions on max™ (A[2) for A = (05,0+0s,1)Ao+0s nAp+
Ay (0<s<n). Forn=A+Y" 20a; €2Cat n (A + Q) (see ([H)), the condition
B3 tells us that

(1) n(h1) = 221 — 22 = =51 s,

(i) n(hi) = —xi—1 + 22 =41 = —0is (2<i<n—1),

(m) n(hy) = —2Tp—1 + 22, = —20,,5,
and

(7}|9) =9 + (2 — (5571 — 2(5570) < 2.
Then by summing inequalities (2)~(n—1) and 3 x (n), we have
(5.9) —x1 + 2 = —0(s > 1).
We also have that
(a) fors<i<n-—1,
Tip1 = x; and x; = 41 imply Ty = Tip1 = Tipo = = Tp;
(b) for1<i<s—1,

—2; + i1 = —0(1 < i < 8);

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



38 5. DOMINANT MAXIMAL WEIGHTS

(c) for all 2 < i< n,
1 +x; = wip1 —0(i = s) xd(s=1).
With the inequality (1), the inequality (5.9) implies that
12 —0(s=1) and = -2§(s=1).
PrOOF OF THEOREM [0l (a) Assume that A = 2Ag. Then we have the in-
equalities
0<z1<22<2 and 2x;—x9=0.

Then (z1,z2) = (0,0), (1,1), (1,2), or (2,2). Now one can prove that, for n =
Yo wi € 2Car N Q such that n # 0, we have

n
Ziai—l—uZat for some 1 < u < n, or

n= n
22041-:21&1—25.

i=1

Here {3} ;i a; +ud,_, a;} contributes to (5.Gal) and (5.6L).

(b) Assume that A = Ag + A;. Then we have the inequalities
121, 122022, 201—a2>—1, —1+222—2x3=>0and z,, = --- = 19 = 1.

Then (z1,x2) = (O 0), (0,1), (1,1), or (~=1,—1). Now one can prove that, for
n=A+ Zz 1230 € 2Ca¢ N Q such that n # A1, we have

Z(z—l)a, u—lz for 2<u < n,

—_

Here {>; (i —

(c) Assume that A = A; (2 < s<n—1)or 2A,. Then we have inequalities

)a; + (u—1)> at} contributes to (5.6al) and (5.6h)).

121, 02222-2, —x1+1202-1, Y 2Tp 12 2Tsq1 2Ty,
—xi 1 +2x;—xi01 =20 fori<s, 2z —xz9 =0,
r1+x; 2w fori<s and x +x; = x40 — 1 fori>s.

Then (z1,z2) = (0,0), (1,0), (—1,—2), or (0,—1).
(1) Assume 7 = 0. Then, for 2 < i < s — 1, we have

(1-1) If there exists 1 < u < s — 1 such that ;11 = x; — 1, take ¢ the smallest
one; that is x4y = —1. Smce

—T — 2T441 — Ty = 0,

the inequality (BI0) implies 442 = —2. Repeating this process, we obtain xp11 =
xp — 1 for t < h < s—1. Since

—Ts—1 — 2375 — Ts+1 = _17
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we have x5 = x5,1 and hence x4 = 5.1 = -+ = x,. Thus 7 is of the following

form
S n

2(i—t+1) ai+(s—t+1)2at forT<t<s—1,
i=t t=s
which contributes to (5.7a) and (5.70).

(1-2) Now we assume that 1 = z3 = -+ = x5 = 0. Then we have, for u > s,
Tyel < Ty < Ty—1 + 1.

u
Then, by applying the same method as in (a), we see that 7 is of the following form:

u

Z(i—s a; u—si fors+1<u<mn,

i=s+1

which contributes to (5.6al) and (5.6D)).
(2) Assume (z1,22) = (1,0). As in (1-1), we can conclude that

S

nzal—Z(i—Q)ai—(s—Q) Z a; =2A, — 0.

i=3 j=s+1
(3) Assume (21,z2) = (—1,—2). Asin (1-1), we can conclude that

Zzaz—s Z ozj—2A0

j=s+1
U

DEFINITION 5.10. Let A = (05,04 05,1) Ao+ 0snAr + A (0 < 5 < n) be of level
2. Suppose that n € max™ (A|2)\{A} is of the form
n = A—cont (Yx(m)) +cont (Y}\(u)> or A—cont (YXL)*’\(m_l)) +cont (Yj\\(u)> ,

where u > 0 if A # 2Ag and v = —1 if A = 2A. Then we define the index of the
maximal weight 7 to be (m,u). Similarly, if n € max™(A|2) is of the form

n = A — cont (Yj\((")) + cont (Yj‘\(u)) , €=0,1,
then define the indezx of the maximal weight 1 to be (n,u).

REMARK 5.11. Though we have A(0) = A(—1) = ¢J, we use A(—1) when A =
2A.

Now we consider A of level > 3. The following lemma is useful:
LEMMA 5.12. For any A, A" € P* with {c, A"y = k and {c,\") = k', we have
A" + maxt (A'|k) € max™ (A" + Ak + k).

PROOF. Recall that § = & — apag. For n € maxt(A’|k) and A” € P* of level
k', we have
e (7M]0) <k and (G|ay) =0fori=1,...,n,
o (A70) =0, (a; x a; av<h“A”>) (N c)=F,
e (Na;)=0fori=1,...,n
Hence our assertion follows from Proposition [[.4] O

In the following lemma, we obtain maximal weights of level 3 that do not come
from those of level 2.
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LEMMA 5.13. Let A = (1 + 050 + 051)A0 + As (0 < s < n—1). Then the
following weights are in max™ (A]3):

(5.11a)
Ay + (1 + d2utsn)Nauts — (u+1)0 = A — cont (YEQ)*A(M71+S)> + (1 — ap)
+ cont (YI);(OS_I)) for ds0+ 051 <u<|(n—s)/2],
(5.11b)

Al + (1 + 62u+1+5,n)A2u+1+s — (u + 1)5 = A — cont (Yx(fUJrs)) + (a1 — 010)

+ cont (YI);(OS_I)) for dso<u<|(n—1-s)/2],

(5.11c)
3ag +3 ) a; if s =0,
i=2
n
200 +2 ) oy if s =1,
3A; — (248005 =A—4\ " ;2 ' /
200+ > (i+ Doy + (s +1) )] aj>
=2 Jj=s+1
if2<s<n-—1,
(5.11d)
A+A, —d=A— (Z o;+ Z (J+1—wa;+(s+1—wu) Z at>
=0 Jj=u+1 t=s+1
(5.11e)

(2<u<s—1).

PROOF. The equalities can be checked through direct computations. Then, as
in the proof of Lemma [5.2] we use Proposition [[L4] to show that the weights are
dominant maximal. ]

We denote the set of weights in Lemma (.13 by max;;,(A[3). By Lemma E12]
we also have

Ap +maxt(A|2) € maxT (Ag+Al3) and A, +maxT(A]2) € maxT (A, + A[3),
where A is of level 2.
THEOREM 5.14. We have
max " (Ag + A[3) = (Ag + max" (A[2)) | | max,; (A + A[3)
for A= (650 +3ds1)Ao+As (0<s<n—1), and
max’ (A, + A|3) = A, + maxT(A]2)
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for A = (1+0s0)As+ 3510 (1 < s<n). In particular, the number of elements in
max ™t (Ag+A|3) is equal to 2(n+1), and the number of elements in max™ (A, +A|3)
is equal to n + 2.

PROOF. One can prove by applying a similar argument to that of the proof of
Theorem 5.9 O

PROPOSITION 5.15. For A := (1 + 65,)As + 05100 (1 < s < n), the set
A, + maxj; (A|2) of dominant mazimal weights corresponds to the set of dominant
weights of L((1 + 0s.n)wn + ws) over B,,.

PROOF. As in Proposition [E.8 one can show that the set A,, + max};(A|2)
corresponds to

{wn +wi | 1<k <s} |_|{(1 + 0sn)wWn + W},

which is a subset of dominant weights of L((1 + 05, )wn + ws) over B,,. By [27]
Lemma 2.4], L((1 + 0s,n)wn + ws) has (s + 1)-many dominant weights and hence

our assertion follows. O
Define
Ws ifl<s<n-—1,
(5.12) Ws =<4 Wp_1+tw, ifs=n-—1,
2wy, if s =n.

PROPOSITION 5.16. Let a be the set of dominant weights in (LILd) and b those
in (B.6D). Then the union of a and Ag + b corresponds to the set of dominant
weights of L(w) over Dy, where w := wy, + Wnp—s for 0 < s <n—1.

Proor. Clearly, the sets a and Ag + b are disjoint. As in Proposition 53] one
can show that the union of a and Ay + b corresponds to

(513) {{&)s_i—i_wn_‘;i ‘ i:0713-~'75} ifsén—l,

{On—i +wn-s, | 1=0,2,3,...,8} ifs=mn,

which is a subset of dominant weights of L(w). Here @y is to be understood as 0 and
0; = 1if 7 is an odd integer and ¢; = 0 otherwise. By [27, Lemma 2.6], L(w) over
D,, has (n — s+ d50)-many dominant weights and hence our assertion follows. [

DEFINITION 5.17. Assume that 77 € max* (A + AJ3), and set A = A + A.

(1) If n = A + p with g € maxt(A|2) of index (m, u), then we define the index
of n to be (m,u).

(2) Assume that 7 is of the form

n = A — cont (Yz};(m)) + (a1 — ag) + cont (Yj‘\(,“))
o1 or /A — cont (Y(n)*x(mfl)) + (g — A(uw)
A 1 — ap) + cont (YA, )

for some A’, where u > 0 if A # 3A¢ and u = —1 if A = 3A¢. (cf. Remark 51T
Then we define the index of the maximal weight 1 to be (m, ).

We will explain in Remark (2) why the index (m,u) is well-defined. We
generalize Definition B.I7 to higher levels.
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DEFINITION 5.18. Assume that n € (k — 1)A + max* (A + A|3) for £ > 1, and
write n = (k — 1)A + p with g € max™ (A + A|3). If u is of index (m,u), then we
define the indez of n to be (m,u).

Whenever the index is defined for a maximal weight n € maxt (kA + Alk + 2),
k = 0, the weight n will be called a staircase dominant mazimal weight. The set of
staircase dominant maximal weights will be denoted by smax™t (kA + Alk + 2).

We close this section with a conjecture on the number of the dominant maximal
weights.

CONJECTURE 5.19. Assume that g = Br(Ll), and let £ = 2
(1) The number of elements in max™t((€ — 2)Ag + A|€) is equal to

()= (le )

(2) The number of elements in max™((£ — 2)A,, + A|€) is equal to

(ol Cilc)

REMARK 5.20. The above conjecture is proved by the referee of this paper using
computations similar to the proof of Theorem in the referee’s report. In [26],
the cardinalities of maximal dominant weights for every A of level k > 1 of the affine
Kac-Moody algebras are studied in connection with cyclic sieving phenomena.

5.3. Type 07(11)

Unlike other affine types, the set max™* (A;|1) is not trivial for any fundamental
weight A of type C’S), 0<s<n.

For 0 < s < n, we define
s 20—1
Cr's =tag + 262 a; + Z (20— jlasy; (A1<l<|(n—s)/2]),
i=1 =1
2u n—s—1
= Z 10 9y 1i + 2u Z Qsrj +ua, (1<u<|s/2]).
i=1 =1

Using a similar argument to that of the proof of Theorem [5.9] one can prove
the following theorem:

THEOREM 5.21. For 0 < s < n, we have
max ' (A1)
= (A {A—q [ 1 sesim-9 L {A gl [ 1<us]s2]}).
Now we show that every element in max*(A;|1) is essentially finite. Since
Supp(CZs) =1[0,2¢ — 1+ s] < [0,n],
we can choose n as an extremal vertex. Then the set

O = A {As =G [ 1<e<|(n—s9)/2]}
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can be considered as a subset of dominant maximal weights of L(w,,_s) over C,, via
the embedding
[0,n —1] — [1,n] given by i — n —i.
Hence Q; can be identified with
(5.15) {wn—s—2k |0 <k < |(n—s)/2}

which is a subset of dominant weights of L(w,_s) (Here we set wy := 0). By
[27, Lemma 2.5], L(wy_s) has (|(n —s)/2] + 1)-many dominant weights and the set
in (BI5) coincides with the set of dominant weights of L(w,_s) indeed.

In a similar way, the set

Oy = {AJ| J{A =€l | 1<u<s/2]}
can be identified with the set of dominant weights
{ws—ar | 0 <k <|s/2]}

of L(ws) over Cy, (Here, again, we set wy := 0).

5.4. Type DS)

Recall that the affine type D,(Il) has fundamental weights Ag, A1, Ap,_1, A, of
level 1. If A = Ay + A,,_1, one can check that there are only two maximal weights
A and Ay + A, — §, and their multiplicities are 1 and n — 1, respectively. When
A=A +A,4 (resp. Ag+ A1, A1+ A,) , the same is true with Ag (resp.
A,,_1) replaced by Ay (resp. A,).

Since (A, A1) and (A,_1,A,) are symmetric, we only consider the case when

A= (55’0+(5S)1)A0+AS (0<s<n—2).

LEMMA 5.22.
(1) If s is odd, we have

Ao+ A1, Asyyr €emax™(A2)  forl<u< 5L,
and if s is even,
2A07 2A1 - (1 + 6570)6, A2u c maX+(A|2) fO’f‘ 1 <u< %
(2) For 1 <u < |(n—2—s5)/2], the following weights are in max™* (A]2):
AS+2u —ud = A — cont (Yj\x(OQ’U,71+S)> + cont (Yi\\(osil)) .
(3) Assume n — s is an even integer. Then the following weights are in
max ™ (A|2):

n—s

2N, —

5= A — cont (Yx’;’l(nfl)) + cont (Yi‘x(os_l)) ,

2A 1 — n ; °§ = A — cont (Yj;’;("_l)) + cont (Yj‘\(os_l)) ;

where Y;\(("_l) (e =m—1,n) is the Young wall whose top of the first column is the
half-thickness block with color €.
(4) Assume n—s is an odd integer. Then the following weight is in max™ (A|2):

11— . .
A1+ A, — % 0 =A— cont (Yi;(o 2)) + cont (Yi;(o D) .
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44 5. DOMINANT MAXIMAL WEIGHTS

ProOOF. The lemma can be prove using direct computation as in Lemma [5.2]
and we omit the details. ]

REMARK 5.23. We see that all the weights in Lemmal[5.22] (2)-(4) are essentially
finite of type D,,.

THEOREM 5.24. For A = (ds0 + 05s1)A0 + Ay (0 < s < n—2) of level 2,
the set max™(A|2) is completely given by the mazimal weights in Lemma 5221 In
particular, we have

"TH if n is odd,
lmax™(A2)] = < 2 +3 if n is even and s is even,
z otherwise.

2

PROOF. One can prove the theorem by applying a similar strategy as in The-
orem [9.9 O

We define the index of a maximal dominant weight in a similar way to Definition

bE.I0
DEFINITION 5.25. Assume that € max* (A|2)\{A} is of the form

17 = A —cont (Yj\\(m)) + cont (Yj\\(u)) ,

where u = 0 if A # 2Ap and u = —1 if A = 2A( (see Remark EI1)). Then we
define the index of the maximal weight 1 to be (m,w). Similarly, assume that
n € max ™ (A|2) is of the form

n = A — cont (Yj\{(n_l)) + cont (Yj\x(u)> , €e=n—1mn,
where u > 0 if A # 2Ag and u = —1 if A = 2Ay. Then define the index of the
maximal weight 1 to be (n — 1, u).
Now we consider highest weights of level 3.

LEMMA 5.26.
(1) The following weights are in max™ (Ao +A|3): For0<u<|(n—3-—35)/2],

Al + A5+2u+1 - (’LL + 1)5
= Ao+ A — cont (Y;\\(IZ“"LS)) + (o — a) + cont (Yi‘\(j_l)) .
(2) Assume n—s is an even integer. Then the following weight is in max™ (Ag+
Al3):

n—s

AM+A, 1 +A, - )

= Ao+ A —cont (Yj\x(onfz)) + (a1 — ag) + cont (Yj‘\(osfl)) .
(3) Assumen—s is an odd integer. Then the following weights are in max™ (Ag+
Al3): te{n—1,n}
— 1
A28 -2

= Ay + A — cont (Yj‘{o(nfl)) + ds=,0(1 — ag) + cont (Yj‘\(osfl)) ,

where we write s =4 0 for s =0 (mod 2).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



5.5. TYPE A{2 | 45

REMARK 5.27. We see that all the weights in Lemma [5.26] are essentially finite
of type D,,.

The following definition is an analogue of Definition B.17)

DEFINITION 5.28. Assume that n € max™ (Ao + A|3), and set A = Ag + A.

(1) If n = Ao + p with g € maxt(A|2) of index (m,u), then we define the
index of n to be (m,u).
(2) Assume that 7 is of the form

n = A — cont (Yj‘\(om)> + (a1 — ap) + cont (Yj‘\(ou)) ,

where u = 0 if A # 3Ap and u = —1 if A = 3Ay. Then define the index
of the maximal weight 7 to be (m,u).
(3) Assume that 7 is of the form

n = /A — cont (Yj;eo(n_l)) + ds=,0(01 — ag) + cont (Yj‘\(ou)) , e=n—1mn,

where u > 0 if A # 3Ap and u = —1 if A = 3Ay. We define the index of
the maximal weight 1 to be (n — 1, u).

Similarly, we consider higher levels to make the following definition.

DEFINITION 5.29. Assume that n € (k — 1)A + max* (A + A|3) for £ > 1, and
write n = (k — 1)A + p with g € max™ (A + A|3). If u is of index (m,u), then we
define the indez of n to be (m,u).

Whenever the index is defined for a maximal weight € max*t (kA + Alk + 2),
k = 0, the weight n will be called a staircase dominant mazimal weight. The set of
staircase dominant maximal weights will be denoted by smax™ (kA + Alk + 2).

5.5. Type Aéi)_l

Recall that the affine type Agi)_l has the fundamental weights Ay and A; of
level 1. Let us take a level 2 dominant integral weight A of the form

A=(6s0+0s1)A0+As (0<s<n).

LEMMA 5.30.
(1) For 0 < u < |(n—s)/2], we have

(55,0 + 55,1)A0 + AS+2u —ud

5.16
(5.16) = A — cont (YX(OM_HS)) + cont (Yi‘x(os_l)) € max*t(A[2).

(2) Forl <u< l%J, we have

(5.17)
(1 + 53—211,,0)1\3—2u + 53—2u,1A1
max(s,n—1) n—1
=N — Z (i — s+ 2u)a; + 2u Z aj + uay, | € max™(A]2).
1=s—2u+1 j=s+1
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(3) If s = 2 is even, then we have

max(s,n—1) n—1
(5.18) 28, —8=A,— [ > iaitagts > aj+ oa, |emaxt(A]2).
i=2 j=st+1 2

(4) When s = 0, we have
n—1
(5.19) 2A, —26 = A — (2 Z o + 200 + ozn) € max ™ (A[2).
i=2
REMARK 5.31. We see that the weights in (.10 are essentially finite of type
D,,, and that those in (517), (5I8) and (G.I9) are essentially finite of type C,,.

THEOREM 5.32. For A = (05,0+0s,1)Ao+As (0 < s <n) of level 2, the mazimal
weights in Lemma exhaust the whole set maxt(A|2). Hence the number of
elements in max™ (A|2) is |n/2| + 2 if s is even, and |(n —1)/2] + 1 if s is odd.

PROOF. One can prove the theorem by applying a similar argument as in The-
orem (0.9 ]

Now we consider highest weights of level 3. Recall A := (65,0 +J5,1)Ao + A, for
0<s<n.

LEMMA 5.33. The following weights are in maxt(Ag + A|3): For 0 < u <
L(n = s)/2],

A.l + As+2u+1 - (U + 1)6

5.20 _
(5.20) = Ao+ A — cont (Yj‘\(f”s)) + (o1 — ap) + cont (Yj‘\(os 1)) .

We define the index of the weights in (5I6) and (520) as we did in Definition
B.I0 and B.17, respectively, and we extend it to higher levels as in Definition (.18
Similarly, whenever the index is defined for a maximal weight 7 € max™ (kA + Alk +
2), k = 0, the weight n will be called a staircase dominant mazimal weight. The set
of staircase dominant maximal weights will be denoted by smax™ (kA + A|k + 2).

5.6. Type Agi)

Recall that the affine type Aéi) has the only fundamental weight Aq of level 1.
Let us take level 2 dominant integral weights A as follows:
A=0s0A0+A; (0<s<n).
LEMMA 5.34.

5 21()1) For 0 <u < |(n—s)/2], we have

(1 + 0s12u,0)Ast2u — 2ud = A — cont (Yx22u71+s)) + cont (Yx(os)> € max ™ (A]2).

(2) Forl <u< l%J, we have

(5.22)
(1 + 63—2u,0)As—2u
max(s,n—1) n—1
=A, — Z (i—s+2u)a; +2u Z aj + uay, | € max*t(A]2).
i=s—2u+1 j=s+1
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REMARK 5.35. We see that the weights in (B.21]) are essentially finite of type
B, and that those in (5:22) are essentially finite of type C,,.

THEOREM 5.36. For A = 0,0A¢ + A; (0 < s < n) of level 2, the mazimal
weights in Lemma [5.34] ezhaust the whole set maxt(A|2). Hence the number of
elements in max™ (A|2) is (n 4+ 1)/2 if n is odd and n/2 + ds=,0 if n is even.

PROOF. A similar argument as in Theorem can be used. ]
DEFINITION 5.37. Assume that 7 € max*(A|2) is of the form
n = A — cont (Yj‘\(om)) + cont (Yj‘\(ou)) ,
where s = 0. Then we define the index of the maximal weight 7 to be (m,u).

In the case of type Agl), one can easily check the following:

e every level 3 dominant integral weight A is of the form Ay + A,
o |max™(A|2)] = |maxt(Ag + A|3)],
e maxt(Ag+ Al3) = {Ag + 71 | nis of the form ([E21)) or (522) }.
We extend the above definition to higher levels as before. Whenever the index
is defined for a maximal weight n € max™(kAg + Alk + 2), k > 0, the weight n
will be called a staircase dominant mazimal weight. The set of staircase dominant
maximal weights will be denoted by smax™ (kAg + Alk + 2).

5.7. Type D7(12-21

Recall that the affine type D7(12421 has the fundamental weights Ay, A,, of level
1. If A = Ag + A,,, one can check that there are only one maximal weights A itself
and hence its multiplicity are 1.

Let us consider level 2 dominant integral weights A:

(5.23) A=(6s0+0sn)Ao+As (0<s<n-—1).
LEMMA 5.38. The following weights are in max™ (A|2):
(5.24)
(1 + Ostun)Nstu —ud = A — cont (YREJH_HS)) + cont (Yj;(os)) 0<u<n-—ys),

n

(5.25) (1+ 0y 0)Ay = A — cont (Yj\\(nfu)) + cont (Yj‘x(nfs)) (1<u<s).
REMARK 5.39. We see that the weights in (5.24]) and (525 are essentially finite
of type B,,.

THEOREM 5.40. For A = (050 + 0sn)Ao + As (0 < s <n—1) of level 2, the
mazimal weights in Lemma exhaust the whole set max™(A|2). The number of
elements in max™ (A|2) is n + 1.

DEFINITION 5.41. Assume that 7 € max*(A|2) is of the form
n = A — cont (Yj\\(m)) + cont (Yj\x(u)> , A=Ay A,
where u > 0. Then we define the index of the maximal weight 7 to be (m,u).

(2)

As in the case of type Aéi), one can easily check the following for D ;:
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e every level 3 dominant integral weight A is of the form Ag+ A or A, + A
for a A of the form ([E23]),
o |max™(A|2)| = |[maxT (A + A[3)| (e = 0,n),
e max*t(Ac + A[3) = {Ac + 1 | n is of the form (524) or (5.23)) }.
We extend the above definition to higher levels as before. The set of staircase
dominant maximal weights is defined in a similar way as in the previous sections.

5.8. Classification of staircase dominant maximal weights

As we have observed in the previous sections, the staircase maximal weights in
smaxt (A) are essentially finite of type B,, or D,. Hence we classify the staircase
dominant maximal weights into two classes according to their finite types, and make
the following definition.

DEFINITION 5.42. Define smaxg (Alk) (resp. smaxj (Alk)) to be the set of
staircase dominant mazimal weights of A of level k > 2 that are essentially finite
of type B,, (resp. D,,).

Note that the staircase dominant maximal weights of A do not exhaust the set
max* (A|k) in general.

REMARK 5.43 (Indices for smaxg (A|k) and smax} (Alk)).
(1) For k > 2, the indices for smaxg (Alk) are given as follows (see Lemma
B1):
{(m,s) | n=m=s >0}

(2) For k > 2, the indices for smax} (Alk) are given as follows (see Lemma

52 B3 and (13)):
(5.26) {(m,s—1)]|s=0, n=m=s—1and m =2 s]\{(0,-1)} if k=2,
) {(m,s—1)|s=0and n>m=>s—1}\{(0,-1)} if k = 3.

The following table shows which affine types are related to each type of staircase
dominant maximal weights.

Staircase Type smaxg; (A|k) smax (Alk)
Affine Types Bg), A;i), D,(i)l Bfll)7 DS), Agfj,l

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



CHAPTER 6

Weight multiplicities and (spin) rigid Young
tableaux

In this chapter, we will introduce the notion of (spin) rigid Young tableaux,
and show that the set of these tableaux is equinumerous to the set of crystal basis
elements in B(A),, for a dominant integral weight A = (k —2)A + A of level k and
its staircase dominant maximal weights 7 € smax™t (Alk), £ > 2. As noted in (51),
it suffices to consider their finite types. Hence, in this chapter we only consider
affine type BS" and the sets smaxg (Alk) and smax (A]k).

Considering the crystal rules for Young walls, one can prove the following
lemma.

LEMMA 6.1. For strict partitions XV, ..., X¥) with max{)\(l) ...,/\5")} <n
if the Young wall ng‘x((lf) Aji(,c)))
A = & and A?) = \(s) for some s € L.

corresponds to a highest weight crystal vector then

PRrROOF. The tensor product rule of crystals in Definition 2.4l implies that, for
crystals B(A) and B, every highest weight crystal in B(A) ® B is uy ® b for some
b € B where uy is the highest weight crystal of B(A). Thus A = &. By the
assumption that )\gi) < n, A must be A(s) for some s € Zsq from the ground-
state pattern of the Young wall and the tensor product rule. O

DEFINITION 6.2. For strict partitions A(Y) and A(®)| A and A’ of the same type,
we define sp a(A, A?) to be the smallest nonnegative integer s satisfying

(6.1) (Y212 (YA )z,
where the containment in (6.1)) is defined in Definition

The following lemma implies that the quantity sa a/(AM,A?) is invariant
under application of é;’s.

PROPOSITION 6.3. For strict partitions AV A2 with max{/\gl)7 )\52)} <n and
1 € I, suppose that

(AW A2 (VA7)
Gi(Yaay ) =Y

Then saar(AD,A@) = 54 A/ (N, N') < 1.

ProoF. Obviously, SA,A/(/\(l), A2 )ssaar (N, N) <n. Let s = sp A/()\(l), A2)
and s’ = sa.a/ (N, \). Let e = 0if A and A® are of type B, and € = 1 if they
are of type ®. The assumption implies that we have either

(1) X =XB and [A@/N| =1 or
(2) M = X2 and |[AD/N| = 1.

49
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50 6. WEIGHT MULTIPLICITIES AND (SPIN) RIGID YOUNG TABLEAUX

Since the second case can be proved similarly, we will only consider the first
case. Since N = A1) 5 )\(;gﬂ o M, 1, if s < then it is the smallest possible
and we have s’ = s. Now assume that s > 1 + €. Let j be the unique integer such
that )\;2) = A + 1. In order to show s = ', it suffices to show A" AL, . For
a contradiction, suppose that A’ > AL, . Then we have AL = N > N, and
P )\gs)_e. Since A®) and )\’ differ by only one part, we obtain that A(") must
have a part equal to t — 1, where t := )\5»2) = A7 + 1. Moreover, by considering
the Young diagrams of A(V), )\(;23_6, and AZ,__, one can see that the position of the
part ¢t — 1 in A(Y) is equal to the position of the part ¢ in )\(225)_6. Therefore, we have
j=s—eand

A e = O st —1=2P —1 =11
If j = s — ¢, then )\gl) =t—1and sigi(Yj\x(l)) = (+). If j = s — e+ 1, then by the
assumption A(M = N 5 X2 ___, we have

ALY

D e = (V) jmsre = My = AP > AP =t

Thus we also have sig; (Yf{(l)) = (+). This means that

~ AM A2 - (1) (2)
G(YG A, D =aYA ) ®Ya

which is a contradiction. Therefore, we must have A" D A.___, which implies

s=sg. O

=0,

6.1. Case smaxg (Alk)

In this section, we assume that 7 is an element of smaxg (A|k) and that is
of type B.

Let k € Z>; and s € Z>g. A skew Young tableau T of shape y/(s*~1) with m
cells for a partition p of length k is naturally identified with a sequence of strict
partitions

()\(1)’ A2 Nk )\(k))
such that A®) 2 @5 XD 5 X2 s .oow XED 5 NF) = X(m), A o AEHD for
1 <i<k—2and \tD o )\(QH. For example, take k = 3 and s = 1 and
we identify the following skew Young tableau with the corresponding sequence of
partitions

[7]5]4]

-13]1]  «—((7,5,4),(3,1),(6,2)).
612
From now on, we will freely use this identification of skew tableaux and sequences
of strict partitions.

DEFINITION 6.4. For k € Zs; and s,m € Zxq, let T = (AM X A\E=1)
A*)) be a skew Young tableau of shape p/(s*~1) with m cells for a partition p of
length at most k. Then T is called a rigid Young tableauw of index (m,s) with k
rows if s =0, or s > 1 and

(6.2) A1 5 A8,
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6.1. CASE smaxy (Alk) 51

We denote by s%&,’? the set of all rigid Young tableaux of index (m, s) with k rows.
In particular, we have 0%2’? = %ﬁlf).

Note that if 7 = (AW, X®) . AE=D A\(*)) is a rigid tableau of index (m, s),
then £(A\(®)) > s. The condition (6.2)) says that a shift of the last row to the right
by 1 makes the tableau violate the column-strictness.

EXAMPLE 6.5.
(1) T = ((432), (51)) € ;B since

-14]3]2]
51

4
b}

On the other hand, ((532),(41)) ¢ 1%5,,2) since

-[5]3]2] 5[3[2
4[1 4]1

[ 12ho[8]7] ; - ]12010[8]7]

2) [-]-1-l119]1 € 3‘B§2) since |- |- [11/9]1 is not a skew Young
65432 6/5(4(3|2
tableau.

is a skew Young tableau but 2] is not a Young tableau.

=W

is a skew Young tableau and | is also a Young tableau.

(3) We also have T' = (&, &, (2,1)) «<— | - | - 62%53).
211

PROPOSITION 6.6. For strict partitions A1) and X with rnax{/\gl)7 )\52)} <n,

CONE!
the Young wall YEX IA’))‘ ) is connected to ® Yj\\(s) for a unique integer s and we
have s = sp A (A1, A2)).

W) A
PRrOOF. If we apply €;’s to YEX)A’)A ) until no longer possible, we obtain a
Young wall corresponding to a highest weight vector. By Lemma [6] the resulting

Young wall is of the form ® Yi‘\m for some r > 0. By Proposition [6.3] we have
5= SA’A()\(I),)\(Q)) = SAA(T,A(r)) =1
Therefore r = s and such an integer is unique. O

As in Introduction, define

2w, if s=n,
(6.3) Gy 1= {2 BEEn
We otherwise.

Let L(w) be the highest weight module with highest weight w over the finite di-
mensional Lie algebra of type B,.
We have the following result:

PROPOSITION 6.7. For n € smaxg (A|2) of index (m, s), we have
dim(V(A),) = [B)| = dim (L(@n—s)a,_,.)-

PROOF. Recall from Definition [5.10] that
(6.4)

n = A—cont (Y,Ax m)> +cont (Y?‘(S)) or A—cont (YXU*A(m*l)) +cont (YX(S)) '
Note that
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52 6. WEIGHT MULTIPLICITIES AND (SPIN) RIGID YOUNG TABLEAUX

(1) cont(Y(TA)A)) = cont(Yj\\(m)) for any T € B,
(ii) cont(Y%F[; A)) = cont(YXl)*)\(mfl)) for the tableau 7" obtained by replacing
m by n in the filling of T' € 5%53) (see Remark [5.7]).
By Proposition 6.6 the set {Y() 5, [ T'€ B or {Y%};,A) | T e B2} (depending

on 7 in (€4)) forms the crystal basis for V(A),, which implies our assertion. The
last equality follows from Proposition (.8 and Theorem 271 |

Now, we obtain the main theorem of this section:

THEOREM 6.8. Assume that k > 2 and 0 < s < m. Then, for 1 € smaxg(A|k)
of index (m, s), we have

(6.5) dim V(A), = [BE| = dim L((k — 2)wn + Gn—s) (k—2)wn 45 _1n-

PROOF. Since the case k = 2 is proved in Proposition [6.7] we may assume

k > 3. Since s < m < n, a Young wall Y € B(A),, connected to =|(k—1A|®

Yi‘\(s) cannot contain a removable 8. Thus, for each Y € B(A), connected to ,
there exists a sequence of strict partitions A = ()\(1), A2 AE=D AR satisfying
A 5 A@) s AF=D 5 AR = X(m) and Y = Y5
Let ¢ be the smallest integer such that ¢ < k and A®) b A+ If there is no
such integer, we let t = k. If ¢t < k, we also define u to be the smallest nonnegative
integer satisfying
/\(t) 5 /\(t+1)

>u+1"
If t < k — 1, the argument in Proposition implies that Y cannot be connected
to . More precisely, if t < k— 1, then Y is connected to ®Yj\\(r) ®Y;\\(t+2) ®
® Yﬁ(k) for some r > 0, which implies that é; is not applicable to the (¢t + 1)st

component YX(T) for any ¢ € I and hence Y cannot be connected to .
Thus, if t < k,

Y is connected to | (k — 1)A ®YX(S) — t=k—1landu=s < Aes%gf),

and if t = k,
Y is connected to — t=k «— Xe BW® (s=0).
The last equality in ([6.5]) follows from Proposition [5.8 and Theorem 2.7 a

As a special case, when s = 0, the numbers |%£,If)| for m < n are the multiplic-
ities of maximal weights of V(kA). Explicit formulas for the numbers \%ﬁ’i)| are

given in Theorem for 1 < k < 5. We will obtain a closed formula for |%5§L)| in
Corollary 010 In [39], Tsuchioka and Watanabe studied the case A = kAg for

types Aéi) and D,(f_gl.
6.2. Case smax} (Alk)

In this section, we will deal with 7 in smax] (Alk). Throughout this section,
we assume that A is of type ©.

PROPOSITION 6.9.
(1) Let XD X be strict partitions satisfying the following conditions:
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(i) max{\{"”, A} < n,
(i) A > )\(>22)5, and (ii-1) s = 1 or (ii-1’) AV $ )\;22)572 for some s = 2.
Then the Young wall YX(OI) ® Yf{(f) is connected to = ®
25—2
YRZe2),
(2) Let XV, X be strict partitions satisfying the following conditions:
(i) max{)\; ™) /\(2)} < n,
(i) AW o )\( Cosr and A D )‘>23 1 for some s = 1.
Then the Young wall YX?@YA( s connected to m AO ®YM2S 1)

PrRoOF. By Remark 2.1 the patterns appearing in YXOI) and (Yl){(f))>2s coin-
cide with each other. By applying €;’s until no longer possible, we obtain a Young
wall corresponding to its highest weight vector. By Proposition [6.3] its highest
weight vector is of the form ®Y7\(2)5 for some ¢t > 0. By Lemma [G.1]

25 — 2 = sp,a, (A AD) = 54, a, (F,A20)) = 21.

This proves the first statement.
The second statement follows similarly with the consideration on patterns. [

Recall that each 7 € smax (A[2) is of index (2m — 1 + 5,5 — 1) (see (G.60)).

THEOREM 6.10. For n € smax$ (A|2) of index (2m — 1+ s,s — 1), set e =0 if
s is even and € = 1 otherwise. Then
Y € B((ds,0 + 9s,1) A0 + Ag)y (1 < s <mn)if and only if Y = Yf{(ol) ®Y1)§(j) satisfies
(a) XD« X®) =x2m -1+ s),
6.6f A0 522, and XD AL ifs =2

(b) { A0 522) if s =1,
AL 5\ if s = 0.

PrOOF. The “if” part follows from Proposition Now it suffices to prove
the “only if” part. Since 7 corresponds to (A(2m—1+s),A(s—1)) for 2m—1+s < n,
Y should be of the form Y)‘(1> ®YA( " for some pair of strict partitions (A(), A(®).,
Note that any pair of strict partitions (A("), \(?)) has the largest ¢ satisfying one of
the three conditions in (b) of (6:6). One can also check that max{)\gl), /\52)} < n.

Then the “only if” part follows from the form of weight 7 and Proposition [6.9 again;
that is, s = t and AV « \(?) = A\(2m — 1 + s) by (E.6h). O

Let £ € Z>1 and s € Zso. Recall that a skew Young tableau T of shape
w/(s*~1) with m cells for a partition u of length k is identified with a sequence of
strict partitions

AW X@ | AE=D AR

such that A®) 2 @5 XD X@) o ooow AXED 4 AR = X(m), \O) o AEHD for
<k—2and AE-D 52\B)
Now we define a family of tableaux which will play an important role for type

® constructions.
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54 6. WEIGHT MULTIPLICITIES AND (SPIN) RIGID YOUNG TABLEAUX

DEFINITION 6.11. For s,m € Z>g with m > s — 1, let T be a skew Young
tableau of shape 11/(s*~1) with m cells for a partition y of at most length k, which
is identified with the sequence of strict partitions

A= QAW AD G AR with A= e(AD), i =1, k.
Then T is called a spin rigid Young tableau of index (m, s) with k rows if it satisfies
the following conditions:
(a) ()\1, /\27 ey /\k—la Ak + 5) o m + s,
(b) if 5 > 2, then Ak=D AP .
We denote by D% the set of all spin rigid Young tableaux of index (m,s) with
k rows. In particular, 0% = % and hence 0@&3,)1_1 = %gw)b_l. (See Remark

B.10)

Note that the condition (b) implies /(A(*)) > max{0,s — 1}. The condition
(b) says that a shift of the last row to the right by 2 makes the tableau violate
the column-strictness. The condition (a) naturally arises when we connect a spin
rigid tableau with a staircase dominant maximal weight through a tensor product
of Young walls. See Lemma below.

We will color the columns of a spin rigid Young tableau in white and gray as
follows to indicate the corresponding columns of Young walls starting from 0-blocks
and 1-blocks.

The first column of spin rigid Young tableaux T € gsi)gf) s colored in white
while the first column of spin rigid Young tableauz T € 23_,_1@5,]?) is colored in gray.

EXAMPLE 6.12.
(1) We have

T=[]" 4|2|1l€2©4(13), since | |-14[2[1] s not a skew tableau.
3 -1-13]

Here T corresponds to A = ((4,2,1), &, (3)).
The set 2@51‘3) consists of the following 15 spin rigid Young tableaux:

TR, (AR, [[FEE, [EEE], R, 4], ],

BE ~ BE T Tl [N R

1 3] Bl 1] 1] 3] Bl
TR, A, R, R, CEE, R, R, R
T LR LR Gl CER) L) L) CE
1 3] o EOC G EEC EE EE

(2) The set 39513) consists of the following 10 spin rigid Young tableaux:

- q2la] T-Te0812] [ I80e] []-T-J40x] [-]-T-14[3]
11 ’ 1] T - ? 1] ! T
4[3 41 4]2 3]2 2(1

’4|2L SRR -[2] -[3]
13]1] 1[3]2 431 221 32[1

When A = (k — 2 + §51)Ao + Ags_1, the crystal B(A) is embedded into
Y(Ag)®* 1 ®Y(A1), and when A = (k — 2)Ag + (1 + J5,0)Azs, the crystal B(A)
is embedded into Y(A()®*. Hence we use gray color to distinguish the columns of

2 ) 2
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6.2. CASE smax} (Ak) 55

Young walls starting with 1-blocks with those starting with 0-blocks. For example,
we have

o [5 |
4 |4
303 3 (4,3.2) (5,1) @)
6.7 ® 7] «—— Y RY .... €195
(6.7) 21212 2 Ao A !
044%| (Ml
- [5]
4 n
313 3 (432) (51 (2)
6.8 ® |12 Yy — B2 €,D:7.
(©68) 2022 2 . 2] €25
% U 101%4

Note that the cells filled with white (resp. gray) color represent the columns starting
with 0-blocks (resp. 1-blocks). In ([G8]), we use

T-T4[3]2] . -[4]3]2]
ETT instead of 5T

so that each column of the tableau has the same color.
Let

AL {(AO, ... Ao, Ag) if s is even,

(Ao,...,Ao,Al) if s is odd.
The following lemma follows from the definitions of O and smax} (Alk):
LEMMA 6.13. Let s,m € Zso withn =2 m > s—1, and A = (k—2+ 050 +
0s1)Ao + As, k= 2. Then, forT e S@ﬁ,’i), we have

cont(Yj\x(lm)) — (1 — )  if s=2m,

cont (Yj‘\(om) ) otherwise,

cont(Y%) = {

and the tableau T is associated with n € smax} (A|k) of index (m,s — 1) such that

cont(Y%) — cont(Yj\\(:_l)) =A—n.

Recall the set of indices for smax$(Alk) in (5.20). The following is the main
theorem of this section:

THEOREM 6.14. Assume that k > 2. Then, for n € smax} (Alk) of index
(m,s—1), we have

. _ (k) _ . _ ~
dim V(A),, = [D| = dim L((k — 2)w,, + w”’s)u’
where the definition of @s is given in (BI2) and the weights u are given by

(k= 2)wn + @pm1 ifk=2, or k>3 and m #3 s,
a (k—=3)wn + wp—1+ On—m-1 if k=3 andm =y s.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



56 6. WEIGHT MULTIPLICITIES AND (SPIN) RIGID YOUNG TABLEAUX

PROOF. Let 7,1 € smax§(Alk) be of index (m,s — 1). If n is associated
with (A(m),A(s — 1)) and 7' with ((n) = A(m — 1),A(s — 1)), one can see that
dimV(A), = dimV(A),, by replacing the role of (n) * A(m — 1) with that of
A(m) to construct a one-to-one correspondence between the corresponding sets of
tensor products of Young walls. Thus we only need to consider n associated with

(A(m),A(s —1)).
Set
(k—1)Ag ®Yj‘\(0571) if s is even,
A=
(k—1)Ao|®@ YA if s is odd.

Since m < n, a Young wall Y € B(A),, connected to cannot contain a removable
5. Hence Lemma tells us that Y € B(A),, corresponds to a sequence of strict
partitions A = (A, X@) AE=D Ak gatisfying the condition (a) in Definition
0. 11}

(Ag,..., Ao, Ag) if sis even,

Y = Y4  where A =
A WHOES {(AO,...,AO,Al) if 5 is odd.

Note that if £(A*)) < max{0,s — 1}, then Y cannot be connected to . Now the
condition (b) in Definition G.IT] follows to represent the columns of Young walls
starting with 1-blocks from Proposition and Theorem

The last equality follows from Proposition (.3l and Theorem 2.7 O

We record the special case s = 0 as a corollary for future reference.

COROLLARY 6.15. The numbers \@%” of almost even tableaur of m with at
most k rows are the multiplicities of dominant mazimal weights for V(kA) and
hence the multiplicities of dominant weights for V (kwy,).

For the rest of this section, we investigate the relationship between 0@55) and
1@5’;)_1, which will be used in chapter Bl Set A = (k — 1)Ap + Ay for k > 3.
The crystal B(A) can also be realized by the subcrystal of V(A1) ® V(Ag)®kt
(as opposed to Y(Ag)®* 1 ®Y(A1)) connected to | Ay |®|(k — 1)Ag | By applying
the argument in this section, one can prove that the crystal basis of V(A), for
n € smaxh ((k — 1)Ag + A1 ]k) is realized by

DN = {1\ | T e (DB},

where 1 € smaxt (Ak) is of index (m — 1,0) and T\[7] is the tableau obtained by
removing the cell [ located in the position (1,1). For example, when m = 6 and
k=3,

o (5]
4 4|
313 3 . (3)
® ® s T\B=[413] where T =[6]4[3]c ;.
22 2|2 \ 5(2 5(2 0~6
_0 1 1 0 1-:@‘ 01-1 i i

On the other hand, by Theorem [6.14] the crystal basis of V/(A), is also realized by
the set 133,(7]:)_1 of spin rigid Young tableaux.
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6.2. CASE smax} (Ak) 57

Hence we can conclude that
D] = oD = 1D,
which will explain the correspondence with the equation R, 0) = R(n—1,1) in (&3]
(see chapter B below).

EXAMPLE 6.16. The set 0@513)\ is given as follows:

18, (2, [, 211, 811, []812]
1 E3 3 R E R P B b
1 O [

On the other hand, the set 1©é3) is given as follows:

B, R, CER, 3, F3], [2
C B pEfioofion
O = B

The following corollary summarizes the above observations.

COROLLARY 6.17. Set A = (k—1)Ag+ Ay for k > 2. Then the number of the
almost even tableaur of m = 1 with at most k rows appears as the multiplicity of a
mazimal weight n € smax™ (Alk) of index (m — 1,0). That is, we have

0P = 198, | = dim(V(A),).

m—11 =

REMARK 6.18.

(1) Explicit formulas for the numbers |CD£,]§)\ for 1 < k < 5 will be given in
Theorem Thus we have explicit formulas for the multiplicities of
n € smax ™' (Alk) of indices (m, —1) and (m — 1,0) for 1 < k < 5.

(2) All the results in this section still hold when we replace the filling m by
n in each tableau, since it does not affect the proofs and only affects the
weight of a tableau (see (BI4])). This fact explains that the index (m, s)
in Definition 517 is well-defined.
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CHAPTER 7

Level 2 weight multiplicities: Catalan and Pascal
triangles

In this chapter, we prove that all the multiplicities of the (staircase) dominant
maximal weights of level 2 are generalized Catalan numbers or binomial coefficients.
As will be indicated in Section [l the results can be obtained through classical
constructions. We will provide a different proof, which utilizes a new insertion
scheme for (spin) rigid Young tableaux and makes the Catalan and Pascal triangles
compatible with the insertion scheme. This insertion scheme will naturally gener-
alize in the next chapter to the case of level 3 weights, where classical constructions
do not easily generalize.

7.1. Classical realizations

Now we restate and give an alternative proof for [38, Theorem 1.4 (ii)], which
was on the affine type Ale_)lz

THEOREM 7.1. (cf [38| Theorem 1.4 (ii)]) For finite type An_1, we have
dim L(Wt + Wt+s)wt,,€+wt+s+k = C(s+2k,s) fm" 0<k<t,
where C(,, 5 are the generalized Catalan numbers.

Proor. By Kashiwara—Nakashima’s realization ([22]) of the crystal basis for
B(w; + wits) via semi-standard tableaux filled with 1,2,...,n, the dimension
dim L(wy +Wits)w, 4wy sops 15 the same as the number of semi-standard tableaux T
(the convention for semi-standard tableaux in [22] is different from ours) satisfying
the following conditions:

o Sh(T) = (21,1%),

e for every 1 < i <t — k, the two cells in the i-th row are filled with 4,

e the remaining 2k + s cells are filled with the distinct numbers t —k+1,¢ —
E+2,...,t+k+s.

Hence Remark [£.17] implies our assertion. O

In Section B we showed that every dominant maximal weight of a highest
weight A of level 2 is essentially finite of type A, _1. Thus we obtain the following
corollary:

COROLLARY 7.2. For finite type A,,_1, assume that n € maxt(A|2). Then the
multiplicity of n is a generalized Catalan number.

Generalized Catalan numbers also appear for type C,, as one can see in the
following theorem.

59
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60 7. LEVEL 2 WEIGHT MULTIPLICITIES: CATALAN AND PASCAL TRIANGLES

THEOREM 7.3. For finite type Cy,, 1 < s <n and 0 <i < [5], we have
dim L(Ws)ws_m = C(n—s+2i7n—s)'

PRrOOF. This is a consequence of the exterior power realization of the funda-
mental representation (see [8] Theorem 17.5]) since

Consamnny = (n - (s; - 21)) - (n fi(: 2i)). .

In Section (53] we showed that every dominant maximal weight of a highest
weight A of level 1 over type C’r(ll) is essentially finite of type C,,. For types Aéill

and A(Qi), we determined dominant maximal weights which are essentially finite of
type C,,. See Remarks 5.3 and 5351 Thus we obtain the following corollary:

COROLLARY 7.4. Assume that n is a dominant mazximal weight which is es-
sentially finite of type C, for a highest weight A of level 1 over type 07(11) or of

level 2 over type Aéi)fl or Agi) Then the multiplicity of n is a generalized Catalan
number.

The following theorem shows that binomial coefficients appear as weight mul-
tiplicities for finite types B,, and D,,.

THEOREM 7.5. For 1 < s < n, we have
: - n—k ey
dim L(@s)a, = | | o if L(@s) is over B,
157
n—Fk—2odp;s

dim L(&s) e, = ( .k ) if L(@ws) is over D,, and s =1 k.
2

PRrROOF. By the exterior power realization of the fundamental representation
in [8, Theorem 19.2, Theorem 19.14], one can prove this assertion. |

We remark here that it seems difficult in general to prove the above results
using the Kashiwara-Nakashima realization for finite types B,, and D,,.

Though we can use Theorem to describe the multiplicities of maximal
weights in smaxg (A[2) and smaxi (A]2), we will develop a new method in the
next sections for the reason mentioned at the beginning of this chapter.

7.2. Insertion of a box

DEFINITION 7.6. Let A = (AW, ..., A(*¥)) be a sequence of strict partitions with

‘ﬁl)\(j) = A(m —1). For 1 < u < k, we define the insertion of (m) into the u-th
j=

partition by

where '
XN = \G) if j # u,
P (m) = A f = .
Then A*(m) = (X(l), e X(k)) is a new sequence of strict partitions with ‘il)\’(j) =
u J=
A(m).
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The operation *(m) is to be understood as an insertion of the box into the
u
u-th row of a skew-tableaux. For example, we have

7542|*(8)=8754\2|
6[3[1] 1 6/3]1

7.3. Case smaxg (A[2)

We start with a simple observation. For T = (AM),... \*) ¢ 8%7(,’?, the
number m can only appear as the first part of the first partition or as the first part
of the last partition. That is, we have

A or A s> 1
(7.1) m={"h, e
Al if s =0.
EXAMPLE 7.7.
(1) 1%?) consists of the following 10 rigid Young tableaux:

A[312[1], [-J4[2[1], [-J4[3[1], [-]4[312], [-[5]211],
H .. .- .. .-

L143] [ ]5]3] [1412] [-]5]4] [-]5]2].
Gl [ER] BB Bl [EBET]

(2) 3%%2) consists of the following 5 rigid Young tableaux:
C-Per L1058 04 - 08] - T-12],

[514]3] [[E12[1] [B320T) [5l4l2[1] [sTafs]i]

LEMMA 7.8. For T = (A, pu) € %m 1, we have

TT (m) e 5_1%5”) and T; (m) e S+1%,(5).

PROOF. Recall that (A, p) € 3%53)_1 for s

> 1 implies
(i) Ai < prsyi—1 and A; > pgy; for some 1 < i <

L) or (i) £(u) — s = L(N).
Since ((m) = A)1 = m, ((m)* A);41 = Ay and £((m) = A
that

) = £(\) + 1, we can conclude

TT (m) e 5_1%5721).

Similarly, the facts that ((m)*pu); = m, (m)*p)iy1 = p; and £((m) = p) = £(p) +1
implies
Tx(m)e 511382, O

REMARK 7.9. For m € Zxi, the sets ,,*B 2 and %(2) 1 are described as
follows:

(7.2) B2 = {(FAm)} and B2 = {(1),(m+1,m,...,2))}.
Hence |m%$3)| = |m%(2+1| =1

Let L(w) be the highest weight module with highest weight w over the finite
dimensional Lie algebra of type B,. Recall the definition of &, in (G3).

THEOREM 7.10. Let 1 € smaxg (A[2) of index (m,s). For every s < m,

B = ([£ ) — dim V(A), = dim L(@, )z

—sJ Wn—m*
2
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Proor. By (1), for each T = (A, u) € B2 with s > 1, we have
Al=m or pu3=m.
Thus

T:Tlf(m) or T:ng(m)

for some T; € S+1%£§)_1 orTy e 3_1%52)_1 respectively. Particularly, T € %53) is of
the form 7"’ * (m) for some T" € %1(5)_1 U 1%5711)_1. Since the sets (S+1%1(5)_1) * (m)

and (182 ) x (m) are distinct, our assertion follows from

m m m 2
BO| = B2 = (lm J), m$BP)| = (lm_m J) —1- (lmm J) = | By
2 2 2

and
(571%7(721)71 ¥ (m)) |_| (s+15353),1 * (m)) = B2

corresponding to (}) = (”;1) + (Z:i)
The last equality follows from Proposition (.8 and Theorem 2.7 a

The following lattice diagram illustrates the above theorem and realizes the
Pascal triangle:

(2] []2[0 []3]
-
2 \
%) =

] /
- T~

Here = denotes insertion * into the second row (or partition) and — denotes
insertion H into the first one. By taking the cardinality of the tableaux at each

position, we obtain the Pascal triangle.

EXAMPLE 7.11. In Example [[7 we can see that

1= () = (3) =10 2= (12)) = (7) =
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Furthermore, we get |2%é2)\ =10+5= (léj) from the insertion scheme:
2

- [4f3[201]) [ Jaf20e] [ -[4]3]1] [-[-[4[3[2] [-]-]5]2]1]
[6]5]3] [6]5]2] [6]5]1] [6]4]3]
|-|-I4II,III|||||4|2||III||||5||
(61512[1] [6][4[2[1] [6[5[3[1] [6]3[2[1] [64[3[1]
LI-f6f2]1] [-]-T6]5] [-]-[6]4] [-]-]6]3] [-]-]6]2]
[5]4]3] [4]3]2]1] [5]3[2]1] [5]4]2]1] [5]4]3]1]
COROLLARY 7.12. For m = s =0, set

a:[(m—s)/ZJ and b=m—a.
We have a bijective map between
B2 and  £(a,b),
where £(a,b) denotes the set of paths in the Pascal triangle [@L8)) starting from (0, 0)
to (m,b — a) using the vectors (1,1) and (1,—1).
PrOOF. For T € S%ﬁ), we first assume that s =5 m. Then we record the
vector v,, as

T=T’>2x<(m for some T" € 4_ 1% Z, withs > 1, or

)
T=T * (m) for some T" € B2

m—1>

o (1,1)if

o (1,-1)ifT =T * (m) for some T" € S+1%£n)_1
Now we assume that s — 1 =9 m. Then we record the vector v,, as
T=T/>§(m) for some T" € 4_ 1%m L with s > 1, or
T=T * (m) for some T" € %fi 15

o (LH)ifT =T * (m) for some T" € s+1‘Bm71

o (1,-1)if

Then, by induction on m, we obtain the sequence of vectors (vy,vs, ..., vy, ) corre-
sponding to a path in the Pascal triangle. (Il
ExampPLE 7.13. For
-1-16[5]3]2] (2)
T =
8[7/4]1 €2

we have a = 3 and b = 5. Then the tableau T corresponds to the following lattice
path:

0.0) @0 40 Ao 0

7.4. Case smaXE(A|2)

By Theorem [2.9] we may assume that g = B,(LU and
A=(0s0+0s1)A0+A; (0<s<n-—1)

throughout this section.
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As in (), the same property holds for 7 = (A1), ... A(F)) e S@ﬁ,’i) to have
)\gl) or /\gk) if s>1,
M=1,0 ;
i if s = 0.

EXAMPLE 7.14.
(1) The set 1@512) consists of the following 10 spin rigid Young tableaux:

CIAERM, [EE, AR, [FEE, AR
4 B 2] [

A3, 92, R, A, FE.
2|1 3|1 411 3|2 412

(2) The set 3@512) consists of the following 5 spin rigid Young tableaux:

G0 B B-T02] B-T08] 1-T-141.
4[3 [lsl2] ~ [4fs[a] = [al2[a] ~ [3[2]1]

LEMMA 7.15. For any (\, pu) € CDm 1
(Ap) = (m) € 1@ and (A ) % (m) € 1D

PROOF. Recall Definition [6.I1l In particular, since k = 2, we have m #5 s.
Then one can use a similar argument to that of the proof of Lemma [8 ]

we have

Let L(w) be the highest weight module with highest weight w over the finite
dimensional Lie algebra of type D,,. Recall the definition of &, in (512)).

THEOREM 7.16. Let n € smaxg (A|2) of index (2u— 1+ s,5s —1). Fors =0
and u =0,

‘ ®2u 1+s| = (
Proor. With Corollary and the fact that

2
O = H{(@ A -1} =1,
one can apply a similar argument to that of the proof of Theorem [0l The last
equality follows from Proposition (5.3l and Theorem 2.7 a

2u + s — 0,
u

Wn—s—2u "

70) = dimV(A), = dim L(@,_,)

EXAMPLE 7.17. From Example [[.T4] we see that

2 4+1 5 9 2+3 5
|1@4(1)|—< 9 >—<2>—10 and |3’DA(1)|_< ) >_<1>_5.

Furthermore, we get |23322)| =10+5 = (4+2) from the insertion scheme:

NS A1l 3 3 A B S R e A s

HE
AR, AR, [ |s|2|,| - |4| |, 3,
Bl [EBE  EAEL EBEE [E[EeE
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CHAPTER 8

Level 3 weight multiplicities: Motzkin and
Riordan triangles

As a special case k = 3 in Theorems and [6.174] the multiplicity of n €
smaxg (A]3) of index (m, s) is equal to the number of rigid Young tableaux

dim(V(A)y) = B | = dim (L(wn + Gns)un +@n-rn) »

and the multiplicity of n € smax (A|3) of index (m, s — 1) is equal to the number
of spin rigid Young tableaux

dim(V(A),) = [sD®)| = dim (L(w, + @n_s)u) ,

where j1 = wy, + Op_m-1 if m £y sand p =wy_1 + 1 if m =4 s.
In this chapter, we will prove that these multiplicities are equal to the general-
ized Motzkin numbers and the generalized Riordan numbers respectively.

THEOREM 8.1. For m = s = 0, we have
‘s%ﬁm = M(m,S)'
THEOREM 8.2. Form = s = 0, we have

|s@7(7§) | = R(WH-LS)'

REMARK 8.3.
(1) Note that |0©(()3)\ = 0 = Rp,0). For m > 1, we have proved in Corol-
lary BT that
0P = [12%)|.
Hence

3
1DP| = Rins1,1) = Rimt2,0) = |033,(n)+1|-

Thus, for Theorem B2 it is enough to prove when s > 1.

(2) Note that dim L(3wn)3w, = 1 = Rg,0). In (EI3)), we saw that @, 1 +wn_1
is not a dominant weight of L(3w;). Then Theorem can be restated
as

Rim,s) = dim L(wp, + @On—s) for any m = s = 0,

Wn—m+Wn_§(mzys)

which explains the relationship with Riordan triangle better.

In Section Bl we show Theorems B and using the Robinson—Schensted
algorithm. In Section we prove Theorem Bl using a generalization of the
insertion scheme in chapter [

65
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8.1. Proof by the RS algorithm

Up until now, in this paper, we have used reverse standard Young tableaux.
However, in this section we will consider standard Young tableaux (or SYTs for
short), which are more suitable for the usual Robinson-Schensted algorithm.

Recall that a composition A = (A1,..., A\g) is called almost-even if the number
of odd parts is exactly 1 or 2. Note that for an almost-even composition A of m, the
number of odd parts is 1 if m is odd, and 2 if m is even. An almost-even partition
is a partition that is almost-even when considered as a composition.

Let A = (A\,..., k) be a partition. We say that A is a parity partition if
Ai=g Ajforalll <i,j <k

DEFINITION 8.4.

(1) Let S%) be the set of SYTs of shape A - m for some partition A =
(A seeey M)

(2) Let +S%) be the set of SYTs of shape A (sF=1) = m for some partition
A= (A,..., M) of size (m + s(k —1)).

(3) Let sPY) be the set of SYTs of shape M (sF=1) = m for some parity
partition A = (Aq,..., Ag) of size (m + s(k —1)).

(4) Let AEX be the set of SYTs of shape A/(s*1) - m for some partition
A= (A1,..., ) of size (m+s(k—1)) such that (A1 —s, ..., Ak—1—5, A +5)
is almost-even.

Using the obvious bijection between the SYTs and the reverse standard Young
tableaux, we obtain the following lemma.

LEMMA 8.5. We have

(8'1) |s%£r’f)| = |sSr(;f)| - |S,187(,’f)|,
(8.2) DW= |LAED| — |2 AEL)),

where we define tSy(,]f) = tAé’?(?’;) =@ ift <O0.

In order to prove Theorems Rl and B2l we will find formulas for \587(,?)\ and
\S.Aé‘ff;) |. We need the following lemma which can be taken as an equivalent defini-
tion of L AE®) . Notice that this lemma is not true for ; AE®) in general.

LEMMA 8.6. The set SAESQ) consists of the SYTs of shape A/(s,s) = m for
some almost-even partition A = (A1, A2, A3) of size m + 2s.

Proor. It is sufficient to show that (A1, A2, A3) is almost-even if and only if
(M — 8, A2 — 8, A3 + s) is almost-even. This is trivial if s is even. Suppose that s
is odd. Let t be the number of odd parts in (A1, A2, A3). Then the number of odd
parts in (A1 — 8, Ay — 8, A3 + s) is 3 —t. Since t € {1,2} if and only if 3 —t € {1, 2},
we have that (A1, A2, A3) is almost-even if and only if (A — s, Ao — s, A3 + s) is
almost-even. |

Our main tool is the Robinson—Schensted algorithm. Let us first fix some nota-
tions. A permutation of {1,2,...,n} is a bijection 7 : {1,2,...,n} = {1,2,...,n}.
We denote by &,, the set of permutations of {1,2,...,n}. As usual, we will also
write a permutation m € &,, as a word ™ = m 7Ty ... T,, where m; = 7(i).
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DEFINITION 8.7. An involution is a permutation 7 € &,, such that 72 is the
identity permutation 12...n. We denote by Z,, the set of involutions in &,,. Let
7 € Z,,. Then for every 1 < i < n, we have either 7(i) =i or 7(i) = j and w(j) = ¢
for some j # i. If w(i) = 4, we call i a fized point of 7. If w(i) = j for i # j, we
say that ¢ and j are connected in 7. If there are no four integers a < b <c < d
such that a and d are connected and b and ¢ are connected in 7, we say that 7 is
non-nesting. We denote by N'Z,, the set of non-nesting involutions in Z,.

DEFINITION 8.8. For a permutation m € &,, and an integer 0 < k < n, we
denote by m<j the permutation in & obtained from 7 by removing every integer
greater than k. Similarly, for a SYT T with n cells and an integer 0 < k < n, we
denote by T« the SYT with & cells obtained from T" by removing every cell with
entry greater than k.

For a permutation 7 € &, let P(7) and Q(7w) be the insertion tableau and
the recording tableau respectively via the Robinson—Schensted algorithm. The
following properties of the Robinson—Schensted algorithm are well known, see [35].

e The map 7 — (P(rw),Q(w)) is a bijection from &,, to the set of pairs
(P, Q) of SYTs of the same shape with n cells.

e For 7 € &,,, we have P(71) = Q(7). Therefore, the map 7 — P(r) gives
a bijection from Z,, to the set of SYTs with n cells.

e For m€ &, and 1 < k < n, we have P(ngi) = P(7)<k.

e For m =7y ...7m, € &, the number of rows of P(r) is equal to the length
of a longest decreasing subsequence of my ...7,.

These properties implies the following proposition.

PROPOSITION 8.9. The map m — P(r) is a bijection from NI, to SP.
The following lemma is the main lemma in this section.
LEMMA 8.10. Let (N7Z,, be the set of elements 1 € NZosi . satisfying the

following condition: there exists an integer 0 < t < s such that

e 27— 1 and 2i are connected in w for all 1 < i < t,
e 25 — 1 is connected to an integer greater than 2s and 2j is a fized point
forallt+1<j<s.

Let 8352) be the set of elements T € Séil—m satisfying the following condition:

T<os is the SYT of shape (s,s) such that the ith column consists of 2i — 1 and 2i
foralll <i<s.

Then the map 7 — P(m) is a bijection from (NI, to 537(3).
PROOF. Let 7 € Zogipy and T = P(7) € Sosim. It is sufficient to show that

me JNT,, if and only if T € Sgi).
Suppose that 7 € (N'Z,,. Then we have

T<os = P(m)<2s = P(7<2s).
Since m € Zog1m, we obtain that
Teos = 2,1,4,3,. .., 20— 1,262t + 2,26 +4,...,28,2t + 1,26 +3,...,25 — 1.
Then 1(“3<)QS = P(m)<2s = P(m<as) is the desired SYT of shape (s, s) and we obtain
TesS,, .
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Now suppose that T € 3352). Let ¢ be the largest integer such that 2i — 1 and
27 are connected in 7 for all 1 < ¢ < ¢. If there is no such integer, we set ¢t = 0. If
t > s, we are done. Assume that ¢t < s. By the definition of ¢, we have that 2t + 1
is connected to some integer j > 2t + 2 in m. We claim that 2¢ + 2 is a fixed point.
For a contradiction, suppose that 2t + 2 is connected to some integer r > 2t + 2 in
. If r < j, then the four integers 2t + 1 < 2t + 2 < r < j violate the condition for
a non-nesting involution, which is a contradiction. If » > j, then

Teopsn =2,1,4,3,...,26,2t — 1,2t + 1,2t + 2.

The insertion tableau of this permutation is not equal to T'<2st2, which is a con-
tradiction to
P(r<ari2) = P(m) <tz = T<arsa.

Therefore, 2t + 2 must be a fixed point of 7. Moreover, 2t 4+ 1 is connected to an
integer greater than 2s. To see this suppose that 2¢ + 1 is connected to an integer
j < 2s. Then m¢os has a decreasing sequence 7,2t + 2,2t + 1 of length 3. Then
the insertion tableau of m<os would have at least 3 rows and it cannot be Tcos.
Therefore, 2t + 1 must be connected to an integer greater than 2s. By the same
argument, we can show that 2¢ — 1 is connected to an integer greater than 2s and
2i is a fixed point for all t < i < s. This finishes the proof. O

Now we recall a well-known bijection between the non-nesting involutions and
the Motzkin paths. For m € NZ,, let ¢(r) be the Motzkin path L constructed as
follows. If i is a fixed point of 7, the ith step of L is a horizontal step. If ¢ and j
are connected in 7 for ¢ < j, the ith step of L is an up step and the jth step of L is
a down step. It is easy to see that ¢ is a bijection from NZ,, to the set of Motzkin
paths of length n.

PROPOSITION 8.11. We have
S
8P| = Z Mm,t) -
t=0

PRrROOF. First, observe that there is a natural bijection from SST(,?) to the set

SES) in Lemma[RI0l Such a bijection can be constructed as follows. For T € SS,(TZ:’ ),
let 7" be the SYT obtained from T' by increasing every entry in T' by 2s and filling
the two empty cells in the ith column with 2i — 1 and 2¢ for all 1 < ¢ < s. Thus,
by Lemma BTI0 we have

. —(3
|SS'ES)| = |385n)| = |sNIm|-

Now consider m € (4NZ,, and the corresponding Motzkin path ¢(7) from (0, 0)
to (2s 4+ m,0). By definition of (NZ,, in Lemma 80, there is an integer 0 < ¢ < s
such that the first 2s steps of ¢(r) are (UD)!(UH)*~t. Therefore if we take L to
be the path consisting of the first m steps of the reverse path of ¢(w), then L is
a Motzkin path from (0,0) to (m,t). It is easy to see that the map = — L is a
bijection from (NZ,, to the set of all Motzkin paths from (0,0) to (m,t) for some
0 <t < m. Thus we have

|5NIm| = Z M(m,t)y
t=0

which completes the proof. (Il
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Now we have all the ingredients to prove Theorem Rl
Proor or THEOREM Bl By (BI]) and Proposition [R11] we have
5B = 1SR = 1518 = Mms)- O

In order to prove Theorem we need two lemmas.

LEMMA 8.12. For integers m = 0 and s = 0, we have
(SD| = LPD | + LAED], | AER| = P and [.SP] = PP + 1P,

PrOOF. For the first identity, consider a tableau T € SST(,EZ’) . Then the shape of
T is A = (A1, A2, Az) with A\/(s,s) - m. It is easy to see that A is either a parity
partition or an almost-even partition. Thus we obtain the first identity.

For the second identity, consider a tableau T € 4 AE 52). Then the shape of T is
an almost-even partition A = (A1, Az, Ag) with A/(s, s) = m. If m is even, then only
one of A1, Ag, A3 is even, and if m is odd, only one of them is odd. Thus, in any
case, one of A1, Ay, A3 has a different parity than the others. Suppose that \; is the

one with the different parity. Let 7" be the tableau obtained from T by increasing
every entry by 1 and add a new cell at the end of A\;. Then T” € SP,(S’L. The

map T — T" gives a bijection from ;AE®) to SP,(S’L. Thus we obtain the second
identity.
The third identity follows from the first two identities. O

LEMMA 8.13. For integers m = 0 and s = 1, we have
|SP7(7§ | - ‘3—2P7r?)| = R (m,s)-

Proor. We will prove this by induction on m when s > 1 is fixed. If m = 0,
then both sides are zero. Now suppose that the statement

(8.3) [P = lo-2P | = R,
is true for m > 0. By Lemma we have
3) 3)
S| = 1a-282| = PP+ sPlal = ls-2PD| = lsmaPial.
By Proposition B IT] and Proposition [£.11] we have
‘SSr(r?)| - |S*287(r?)| = M(m,s) + M(m,s—l) = R(m,s) + R(m+1,s)-
Thus,
3 3
84 (PR = |s=2PPD) + (Pl = ls—2Pial) = Rimos) + Rome1,0)-
By [B3) and ([84), we obtain that
3 3
|S7)7(n-)ﬁ-1| - ‘8727)7(71-)t-l| = R(m-&-Ls)-
Thus, by induction, the statement is true for all m > 0. O
Now we give a proof of Theorem
ProoOF OF THEOREM B2l By (BZ), Lemmas and BI3] we have
3 3
(DD = AED] — |2 AED | = [ PLL | = ls-2Pia] = Rims)-

Thus, we have |s©,(q‘3)| = Rm+1,5)- Our assertion for s = 0 follows from Corollary
0. 17] ([l
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8.2. Proof by insertion scheme

In this section, we will prove that all the multiplicities of 7 € smaxg (A]3) are
generalized Motzkin numbers M, ;) using an insertion scheme which generalizes
the one in chapter [l Namely, we will introduce a new kind of jeu du taquin which
realizes the recursive formula (Z2):

M(m,s) = M(mfl,s) + M(mfl,sfl) + M(mfl,erl)-

As its corollary, we have a bijective map between {S%S;Z’) | 0 < s <m} and the set
of all Motzkin paths.

Note that, for T = (\, u,v) € 3%5,?,
AM=morv;=m if s>0,
A =m if s =0.

LEMMA 8.14. For T = (A, p,v) € B we have

m—1’

TT (m)e BB and T;!; (m) € 4418,

PRrROOF. In the definition of 32352)7 1 (Definition [64)), the conditions are relevant
only with ¢ and v. Hence TT (m) € B since (m) =X D p and nothing happens to

1 and v. The second assertion follows from the second assertion of Lemmal[l8 O

EXAMPLE 8.15. The set 0%§3) consists of four tableaux
312] [3]1]

sl 12 B 2]
N

and the set 1%9 has five elements

2] [-13] [-T2]1] [-I3]1] [-]3]2]
IS EIE .
3 2 3] 2 1

’ : 9

Using the operations >§(4) and >{(4), we get the elements in 1%513) from O%gg) and

1%9 as follows:

S[312]1] [-[3]2] [-[3]1] [-[3] [-[4]2]
[ ’ -1 v Lt 2 (N 27 -1 ’
[4] [4] [4] 4]1] [3]
-1413] [-14]2]1] [-[4]3]1] [-[4]3]2]
! v T PN s L .
2] 3] 2] 1]

REMARK 8.16. One can observe that an element (A, p,v) € SBE obtained

from S%S)_l in the above way can be distinguished from others by the following
characterization:
A=m and (Aso,u,v)E€ 5%211'

Similarly, an element (X, u,v) € 5%52) obtained from 571%52)_1 can be distinguished
from others by the following characterization:

vi=m and (A p,vs9)€ 571%1(’2)—1'
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But there are elements in ;B2 which cannot be obtained from 35352)71 or 3_1%57311.
For example, there are elements in 1%513) which do not appear in Example B.15]

4 [-]4] [ 14]1]
3L [[2h [ ]2] -
2[1] [3]1] |3

LEMMA 8.17. Let T = (\, p,v) € 5%52) with m = 1. If v; = m, then

s=1 and T=T * (m)  for some T' € 3_1‘,352)71.

PRrROOF. This assertion follows from the definition of s%fﬁ) directly. O

Now we will construct an algorithm to get elements (A, u,v) of S%,(f;) from
«138% . By Remark and Lemma BIT7, such an element in (B should
satisfy the following conditions:

(8.5) A =m and (Aso,pu,v)¢ 3%7(2)71 (‘or equivalently Aso D p).

In tableau notation, the construction of T' = (A, u,v) € 8%7(3) fromT' = (N, /) e

s+1%£2)_1 can be understood as filling the top-rightmost empty cell with m and
performing jeu de taquin to fill the empty cell right below. For example, for given

7 = |- [ B1210[8] 7] 33
- 11191
6[5]4]3]2
we put 13 in the top blue cell
(8.6) - 2108 (7]
. 11]9]1
6[5]4]3]2

Now we explain the jeu de taquin to fill the remaining blue cell.

ALGORITHM 8.18 (Rigid jeu de taquin). Assume that 7" is given, and fill the
top-rightmost empty cell with m as described above. Take the reference point to
be the empty cell in the second row.

(1) Perform ! on the north-east cell in the first row and < on the other
cells in the first row. If the resulting tableau is standard, terminate the
process; otherwise (recover the original tableau and) go to (2).

(2) Perform 1 on the south cell in the third row and <3 on the other cells in

3

the third row. If the resulting tableau is standard, terminate the process;
otherwise (recover the original tableau and) go to (3).
(3) Perform <5 on the east cell to switch the position of the empty cell and
go to (1).
Denote the resulting tableau by 7. We call this process the rigid jeu de taquin (of
level 3).

By applying the operation (1) of Algorithm 18 to (86, we have

<1211 9|1
6(5|4|3|2
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The cell [12| moves from the first row to second row /! and the cells located
on the right hand side of |12| are shifted by 1 to the left <. Thus we shall denote
the operation (1) by /! <. Clearly, the resulting tableau is not standard.

We apply the operation (2) in Algorithm I8 to (8] to obtain

- [E1210[8 7]
41191
5

6
The cell |4 | moves from the third row to second row 1 and the cells located
3

on the right hand side of | 4 | are shifted by 1 to the left «<—3. Thus we shall denote
the operation (2) by 1 «j3. The resulting tableau is not standard either.
3

Now perform the operation (3) in Algorithm BI8 to (8.6]) and obtain

(8.7) 2o s]7] L, [ 12[10[8 7] .
. 1191 JEE T EIE
6[5[4]3]2 6]5[4[3]2

One can easily see that neither of the operations (1) and (2) performed on the
new tableau in ([87) produces a standard tableau. Thus we perform the operation
(3) to obtain

(8.8) |- 1208 7]
IBNECE

615|432

Now we perform the operation (1) on the tableau (B8] and obtain

which is standard. In this way, we have obtained a tableau T' € 2%@ from T" €
3
5B,
Clearly, the process terminates in finite steps, and one can check that the re-
sulting tableau T in Algorithm B8 satisfies the conditions in (85 and is contained

in SEBSS). Furthermore, we can construct the reverse of the rigid jeu de taquin easily.

ALGORITHM 8.19 (Reverse rigid jeu de taquin). Assume that T = (A, pu,v) €

B satisfies @3). Remove m from its cell. Take the reference point to be the
leftmost non-empty cell, say ¢, in the second row.

(1) Perform —j5 on the cells in the third row from the rightmost cell all the

2
way to the south cell of ¢, and | on the cell ¢, and —2 on the cells, if
any, which were at the left-side of ¢. If the resulting tableau is standard,
terminate the process; otherwise (recover the original tableau and) go to
(2).

(2) Perform —; on the cells in the first row from the rightmost cell all the
way to the northeast cell of ¢, and 5 on the cell ¢, and —4 on the cells, if
any, which were at the left-side of ¢. If the resulting tableau is standard,
terminate the process; otherwise (recover the original tableau and) go to

(3)-
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(3) Take the east cell to be new ¢ for the next round, and make it the reference
point, and go to (1).
Denote the resulting tableau by 7”. We call this process the reverse rigid jeu de
taquin (of level 3).

One can check that the resulting tableau 7" in Algorithm BTl is contained
3)

in s41%8,,” ;. It is also easy to see that Algorithm B9l is an inverse process of
Algorithm RISl

ExAMPLE 8.20. For a given

7 — [ [B2[0[7[5]c 3,
SEEIER
6[4[3]2

one can check that it satisfies the conditions in (83]). Now we delete 13.

- [12[10[ 7[5 |
] 'EIEE
6[4[3]2

Since v1 = 6 < 11 = py, (1) in Algorithm RI9 fails, and since pq = 11 < 12 = Aq,
(2) fails. Hence we apply (3) to change the reference point (in blue color):

[ J1210[ 7] 5]
IO BE
6[4]3]2

As (1) and (2) fail again, we apply (3) to obtain
[ Jr2f10[ 7] 5]
- 1119 1
614132

Now (2) works to produce a standard tableau:

T =] ﬁ 190 " € B,
6]4[3]2

To check that it is an inverse process, we add 13 again and see:

- [E2[10[8]7]5] ., [ - [13[12[10[ 8 7[5] ., [ - [13[12[10[ 7[5 _ 7
IENER INEIE INEIEER
64]3]2 6[4]3]2 64]3]2

THEOREM 8.21. The rigid-type jeu de taquin gives a bijection between
By and BN ((BE ()] B ().

PROOF. Our assertion follows from Algorithm [B.18 and Algorithm .19 which
are inverses to each other. (Il

Now we give another proof of Theorem
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ProoF oF THEOREM [Rl From Theorem R2I] we have
|s+1%£2)—1| + ‘s%g)—ﬂ + \3—15353)_1| =133,
which is the same as (£2]). Since we have |m%,(f{)| =1, we are done. O

COROLLARY 8.22. We have a bijective map between 5%52) and M, oy where
M(m,s) 8 the set of Motzkin paths ending at (m, s)

PROOF. Assume that we have T € 5%52). For each step of the reverse rigid jeu
de taquin (removing the cell [;m), we record the vector v, as

e (1,0) it T'=T"+ (m) for some T" € B
1

m—1

e (1,1)if T'=T'« (m) for some T" € s 18P
3

m—1
e (1,—1) if T can be obtained from T" € S+1%£2)71'
Then, by induction on m, we obtain the sequence of vectors corresponding to a

Motzkin path. O
ExAMPLE 8.23. For
= — [T T-Tios]7 (3)
T=pv) =1 b o 1’ le 33875
6]5]4]3[2

we see 1 # 12 and

TOE[7] ¢ 8.
..-1191|¢3 1
6[5]4[3]2

Hence v13 = (1,—1) and T can be obtained from

3)
T = [T se 883
....91| 4211
6|5(4]|3(2
Now we have
— [T RoE[7] - J9[8[7]
o) T - L
6|5(4[3]2 6|5(4[3]2
ol R oL a-y @
6(5(4]|3(2 6|5(4[3]2 6|5(4[3]|2(1

Thus T corresponds to the Motzkin path given below:

"

7

(0;0) (2,0) (4,0) (6,0) (8,0) (10,0) (12,0)

REMARK 8.24. In [4], Eu constructed a bijection between 0%9 and M, 0)-

His bijection gives paths different from those obtained by our bijection.
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CHAPTER 9

Some level k£ weight multiplicities when k£ — oo:
Bessel triangle

In this chapter we will compute level k weight multiplicities |5%57]f)\ and |Si)£,’f)|
when k is as large as m (or m/2). Recall that we have oBE = 8 and (@F =

@S,If). Let R, be the set of reverse SYTs with m cells and S,,, be the set of SYT
with m cells.

First, observe that if k& > m, the set %5,’? is the same as the set R,,. Since
|Sin| is equal to the number of involutions in &,,, we have

[m/2]
. m
(9.1) B = lim |B)| = [Rpn| = |Su| = ; (2> (25 — D!,

where (2s — 1)!! = 1-3---(2s — 1). Similarly, if & > m, the set D becomes
the set of Young tableaux with m cells that have exactly one or two rows of odd
length depending on the parity of m. Using a well known property of the Robinson—

Schensted algorithm we can deduce that limy_, o |®£,’f)| is the number of involutions
in Z,,, with one or two fixed points.

In Section we find formulas for \@gf,)l\ when k& > m — 1 and for |®é’2_1|
when k > m — 2. Our formulas (Theorems [0.2] and [0.3)) imply that

09 D) i~ fim 1©®)] — m!! if m is odd,
(92) mn ._kl—r}go| m'| = %x(m—l)!! if m is even.
In Section [@0.2] we find a formula for \S%Sﬁf)| when k > m — s and compute the limit
of |S%5§)\ as k — o0. In Section @3 we find a formula for |SCD,(7]§)| when k > m—s+1

and compute the limit of \SD%)\ as k — oo.

9.1. The limit of | 9| when k — o

The following lemma is well-known ([35] Exercise 3.12]). Here we identify a
reverse standard Young tableau with a standard Young tableau using the obvious
bijection.

LEMMA 9.1. The Robinson-Schensted algorithm gives a bijection between the
set of Young tableaux of n cells with k columns of odd length and the set of involu-
tions of {1,2,...,n} with k fized points.

Let I(m,k) denote the number of involutions of {1,2,...,m} with k fixed
points. It is easy to see that

I(2m,0)=1(2m —1,1) = (2m — 1)!, I(2m,2) =m-I(2m,0) = m(2m — 1)!l.

75
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THEOREM 9.2. For an odd integer 2m — 1 and any k = m,
2% | = (@2m -1

PROOF. Since k = m, any Young tableau of 2m — 1 cells has at most m — 1
(nonzero) rows of even length. Thus ®é2—1 is the set of Young tableaux of 2m — 1
cells with exactly one row of odd length and there is no restriction on the number
of rows. By taking the conjugate, this number is also equal to the number of Young
tableaux of 2m — 1 cells with exactly one column of odd length. By Lemma 0.1

this is equal to the number of involutions of {1,2,...,2m — 1} with one fixed point.
Thus we get |©é’fy)1_1| =I(2m—1,1) = (2m — 1)L O
THEOREM 9.3. For an even integer 2m and any k = m + 1,
k)| _ o (@2m)!
D5, | = m(2m — 1)l = (m— 1)

PROOF. This can be shown by the same argument as in the proof of the pre-
vious theorem. (]

COROLLARY 9.4. For each m,
DV = (2m— DI = C..
PrOOF. Note that
m m—1
ggm)—l\@gm—l) =R
where A = (2,2,...,2,1)  2m — 1. Since |R*| = f* = C,,, our assertion follows.
O

By applying the same strategy as in Corollary [0.4] we have the following corol-
lary:

COROLLARY 9.5. For each m, we have

m) 2m!
(1) 195, | = m(2m — 1)l — 3(m “im T 2

(m=2)) _ o, @m=DU2m -1
(2) D37 = (2m -1 = Cpy m!(m — 3)! m+1 /"
(m—1) 2m! 4 (2m — 1)!
=m(2m — 1)l — - .
| =m(2m—1) 3(m—l)!(m+2)! P ml(m — 2)!

3) I

2m

Since ‘B,(Tlf) and @S,]f) can be understood as special cases of S%,(fi) and S@,(fi)
respectively, in the next two sections we will investigate

lim [(B®] and  lim [, ©%)].
k—o0 k—o

9.2. The limit of |,B{¥| when k — o

PROPOSITION 9.6. Let k > m — s+ 2. Then
Lt = () Bl
S

where BSY) is the number defined in @1).
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ProOOF. Let T € S%i,’f). Since the kth row of T has at least s cells, the first
k — 1 rows can have at most m — s cells. Since m — s < k — 2, the (k — 1)st row
must be empty. Thus the kth row of T" has exactly s cells. Such a tableau can be
constructed by selecting s integers from {1,2,...,m} for the kth row and filling the
remaining m — s integers in a Young diagram so that the entries are increasing in
each row and column. The number of ways to do this is equal to (Z’) X Bfff) . O

—S

REMARK 9.7. By similar arguments, one can show the following identities:

|%(m75+1)|: m < B® _ m—1
El m s m—s 5_1

and

(m—s) _ m (0) _ m—1 e —
|sB, %] <S)><BmS (sl (m—s—1).

COROLLARY 9.8. For positive integers s < m,

B = lim [;B®)| = <m> x B
k—0o0 S

The triangular array consisting of {SBSLO )} is given as follows:

1 5 30 140 700
1 4 20 80 350 1456
3 12 40 150 546 2128
6 16 50 156 532 1856

1
1 4 10 26 76 232 764

N DN =

1

where the bottom row is the number of involutions in &,,.

9.3. The limit of |\ D'"| when k — o0

THEOREM 9.9. Assume that we have a pair of positive integers 2 < s < m
satisfying s #£2 m. Then, for k = m — s + 3, we have

1
DM = (m+ > x (m — s)I.
S

Therefore, we have a closed formula for the limit as follows:

1
9.3) D = lim |, DW= (”” ) x (m — s)\I.
k—o0 S

PROOF. Let T € S@ss). By the same arguments as in the proof of Proposi-
tion [0.6] the kth row of T has s — 1 or s cells. Now we consider the two cases
separately.

(1) The kth row of T has s cells. Let 7" be the tableau obtained from the first
k — 1 rows of T by relabeling the integers with 1,2, ..., m — s with respect to their
relative order. Then T” is an almost even tableau of the odd number m — s. The
number of such tableaux 7" is D,(ZO_)S = (m — s)!l. Since we can select the entries
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78 9. SOME LEVEL k£ WEIGHT MULTIPLICITIES WHEN k — co: BESSEL TRIANGLE

in the kth row of T freely, there are (T) ways to do this. Thus, the number of
tableaux 7 in this case is (') (m — s)!l.

(2) The kth row of T has s — 1 cells. Let T” be the tableau obtained from the
first £ — 1 rows of T" by relabeling the integers with 1,2,...,m — s+ 1 with respect
to their relative order. Then all the rows of 7" have even length. By the same
arguments as in the proof of Theorem [9.2] the number of such tableaux 7" is equal
to I(m—s+1,0) = (m — s)!!, the number of fixed-point free involutions. Similarly
to the first case, the number of tableaux T in this case is (™) (m — s)!!.

By the above two cases, we have

DB = (”:) (m — )l + (sTl)(m—s)u - (m;”) (m—s). 0O

THEOREM 9.10. Assume that a given pair of positive integers 2 < s < m
satisfies s =9 m. Then for a k = m — s+ 3, we have

k m (o0) m (0)
o1 = (7)< 0l (7)) %0,
(

where Dnolo) is given in ([@2)). Therefore, we have a closed formula for the limit as
follows:

D) := lim |, ©W®)| = "YxD@, 4+ ™ ) xD® .
s¥m b0 s~m s m—s s—1 m—s+1

PrROOF. The proof is almost identical to the proof of Theorem |

The closed formula (@3) is known to compute the triangular array consisting
of coefficients of Bessel polynomials ([36, A001497]):

1 36 990

1 28 630 13860
1 21 378 6930 135135
(9.4) 1 15 210 3150 51975 945945

1 10 105 1260 17325 270270 4729725

1 6 45 420 4725 62370 945945 16216200

1 3 15 105 945 10395 135135 2027025 34459425

1 1 3 15 105 945 10395 135135 2027025 34459425

where the lowest two rows are Dgfl)q = (2m — 1)!I. We call this triangular array
Bessel triangle.
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CHAPTER 10

Standard Young tableaux with a fixed number of
rows of odd length

In this chapter we consider SYTs with a fixed number of rows of odd length.
We denote by S,,, the set of SYTs with m cells. Recall that S,(ff ) is the set of SYT's

with m cells and at most k rows, and that there is an obvious bijection from S,(,Zf )
to B%). The main objects in this section are the sets S% and their subsets S
defined below.

(k.t)

DEFINITION 10.1. For 0 < ¢ < k, we denote by Sp,”” the set of SYTs with m

cells, at most k£ rows and exactly t rows of odd length.

Observe that by the obvious bijection between SYTs and reverse standard
Young tableaux, we have

(10.1) SSEP = 08| and [SEY [ = 0% ).

Thus, \S (. t)| can be thought of as a generalization of |D k)|

(k)

In this section, we
study the cardinalities of Sm and Sy,

In Section [0l we express \Sm)| in terms of |Si(k’0)| and \Si(k’k)| (Proposi-
tion [I0.5]). Using this relation and some known results, we find an explicit formula
for SEY for every 0 < t < k < 5 (Theorem [[0:2). In Section [[0.2] we express

\Sr(,f )\ as an integral over the orthogonal group O(k) with respect to the normalized
Haar measure (Theorem [I0.7). In Section [I0:3, we evaluate this integral to find an

explicit formula for |Sy(,lf ) | = |%£lf)| (Theorem [I09).

10.1. The cardinality of S(k’t) for 0<t<k<5

In this section we give an explicit formula for S 5 for every 0 <t <k
Note that 8 (k) _ = ¥ if m #5 t. Since it is trivial for k = 0,1, we con81der k

Recall that
1 /2] m+1\/m-—i1—1
Rm: Z . . .
m+1 = 7 1—1

79

< 5.
=2
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80 10. STANDARD YOUNG TABLEAUX WITH FIXED ROWS OF ODD LENGTH

THEOREM 10.2. We have a formula for |S,(,lf’t)\ for 0 <t < k<5 as follows:
2m —1
Fork=2, |85 =S5 = I857] = < " )

Fork =3, [S5" =[85, ] =195 1| = Rom,
1S52 | = 18521 = 195 = Ram1.
Pork =4, 1S5 = 150 = il = (7)),
3(2m)!2
(m — Dm!(m + )I(m + 2)V

[Sa| = 1Dl = CrConr = €, =
Cm
s =151 = ().
(5,0) (5,1) (5) o [2m = oom
For k =5, |S2 | = |82m =195 4] = ;J ( 9 >CiCi+1 - ;3 (Qi N 1) Ciis

m . m—1 .
(5,2) (5) 21 m 21 2m 9
1Som | = D] Z (2i )Cici+1 - ;} T3 <2i N 1) Gt

S8 "’Z cc _’”Z‘l 2 (2m -1\,
2 - (e i+3\ 241 ) D

= =0

m— m—1
(5,4) (5,5) 2m — 2m —1\
|82 | - |82m 11— : < 2 )CiCi+1 - ;:0 ( % + 1 )Ci+1'

=0

Before proving this theorem we first find some relations between the numbers
(k,t) (k)
|Sm"| and | Sy’

LEmMMA 10.3. We have
|S(kvk)| — ‘S(kf—l” and |8(k,0)| _ |S(lc;1)|_

PROOF. The map deleting the cell with m gives a bijection from S k:R) ¢o
Sf:_kl Y. The same map also gives a bijection from SHEO ¢ S(k Y ]

The next lemma is the key lemma in this chapter. The proof is based on the
Robinson—Schensted algorithm and a sign-reversing involution. Recall that an SYT
is a filling of a Young diagram A\ - m with integers 1,2,...,m. We need to extend
this definition to a partial SYT which is a filling of a Young diagram with distinct
integers such that the entries are increasing in each row and each column.

LEMMA 10.4. For integers k > 1 and m = 0, we have
501 = 1501 = P () is
, i
=0
PRrROOF. Let X be the set of pairs (T, A) of a partial SYT T and a subset A

of {1,2,...,m} such that T has at most k — 1 rows and the set of entries of T is
{1,2,...,m}\A. Then we have

Yo (st - R

i=0 (T,A)ex
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10.1. THE CARDINALITY OF () FOR 0 <t <k <5 81

We define Y to be the set of pairs (P, H) of an SYT P and a sequence H =
(t1,t,...,t) such that

e P has at most k rows, and
o if A = (A1,...,Ag) is the shape of P (some A; can be zero), then 0 < ¢; <
Ai—dipr forall 1 <i<k—1andtg = \g.
Note that if g = (u1,...,ux) is defined by p; = A\; — t; for 1 < @ < k, then the
second condition above means that 4 < A and A/ is a skew partition whose Young
diagram contains at most one cell in each column. Such a skew partition is called
a horizontal strip. By identifying the sequence H and the skew partition A/u, one
can consider H as a horizontal strip of P which contains all cells in row & of P.
We claim that there is a bijection from X to Y such that if (T, A) € X cor-
responds to (P,H) € Y, then |A| = t; +t2 + -+ + t;. For (T, A) € X, let P be
the SYT obtained from T by inserting the elements of A in increasing order via
the Robinson—Schensted algorithm and H = (¢y,...,t;) be the sequence of inte-
gers such that ¢; is the number of newly added cells in row 4. In other words, if
Sh(P) = X = (A1,..., ) and Sh(T) = p = (1, .., g), then ¢; = \; — p;. It is
well known that if 4 < j and ¢ is inserted to a partial SYT T and j is inserted to
the resulting tableau via the Robinson—Schensted algorithm, then the newly added
cell after inserting j is strictly to the right of the newly added cell after inserting
i. This property implies that A\/u is a horizontal strip and the cells in it have been
added from left to right. Therefore, we can recover (T, A) from (P, H) using the
inverse map of the Robinson—Schensted algorithm and this proves the claim.
By the above claim, we have

Z (=Dl = Z (1)t

(T,A)eX (P,H)eY
Now we define a map ¢ on Y as follows. Suppose that (P,H) € Y and the
shape of Pis A = (Ay,...,\x) and H = (¢1,...,¢). Find the smallest i < k — 1
such that ¢; is an odd integer or ¢; is an even integer less than A\; — A\;_;. In this
case we define ¢(P, H) = (P, H’), where H' = (t{,...,t},) is obtained from H by
replacing ¢; by t; — 1 if ¢; is odd and by ¢; + 1 if ¢; is even. If there is no such integer
i, then we define ¢(P, H) = (P, H). It is easy to see that ¢ is an involution on Y
such that if ¢(P,H) = (P,H') and H # H’, then (—1)f+ "+t — —(—1)tit+ti
Moreover, if ¢(P,H) = (P,H), then t; = \; — \j;1 iseven for all 1 < i <k — 1.
This can happen only if P € & or P e ¥ 1t ¢(P,H) = (P,H) for P €
SHEO then (—1)a+-+t = (1) = 1. If ¢(P,H) = (P,H) for P € S%* then
(=1)trtFt = (1) = —1. Therefore, ¢ is a sign-reversing involution and we
have
X (D = S0] |l

(P,H)eY

which finishes the proof. (]

Applying the principle of inclusion and exclusion to Lemma [I0.4] we obtain the
following proposition.

PropPOSITION 10.5. For integers k = 1 and m = 0, we have

S = Y, (m) (181 = 181)

i=0
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82 10. STANDARD YOUNG TABLEAUX WITH FIXED ROWS OF ODD LENGTH
Now we prove Theorem [10.2]

PrROOF OF THEOREM [I0.21 We have already proved the formulas for k¥ = 2 in
B2) and for k = 3 in Proposition Now we consider the cardinality of Sikt)
for k = 4.

Recall that we have a formula for |Sp, 4)| |% \ in Theorem B3

|S2 | = CnCry1 and \Szm 11=CnCp
Since 2m is even,
(10.2) (S 4+ 1852 1+ 185" | = 18530 = CnConr.
By Lemma [I0.3] we have
(4,0 (4,4 4,1) 4,3)
(10.3) (3”185 1 = 18504 + 185024 = 185,04 = €.
By Lemma [[0.4] we have
2m /9m,
(10.4) S0 = 1881 = -0 ()15 = ¢
i=0
In ([I0A), we used the fact that |Si(3)| = M, and
2m
2
M1y ( m)M = Cp,
i=0 L
which can be obtained from the following identity using inclusion-exclusion:
[m/2
m
M,, = ; <2Z> C;.

By (I02), (I03) and (I04]), we obtain the formulas for |S(40 l, |324 2)| and

\S (44)| ' By Lemma I3, we obtain the formulas for |S§fn1 1| and |S§fn3 )

Now we consider the cardinality of SE for k = 5. First, we have

SO+ ISS2 1+ 1SV =185 and  [SH [+ [SH:Y [ +1SH] = S -
By Lemma [I0.3] we have
|S. 50)| = |S§§nl 1 and ‘Szfnizl = |525 4)|
By Lemma [[04 we have
2m
ISE0 = 18571 = 15501 = B-v (77 )isi

=0 v

2m—1
if2m—1
SEO = 1852 = -2 = 3 o (P iSO

=0

By solving the above equations, we obtain the desired formulas. (Il
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10.2. TRACES OF ORTHOGONAL MATRICES 83

10.2. Traces of orthogonal matrices

There is an interesting integral representation of the number \82(?7;0” as follows,
see Example 2 on page 423 in [32]:

(10.5) Tr(X)™du(X) = |S50].
O(k)

Here, the integral is taken with respect to the normalized Haar measure i on the
orthogonal group O(k) consisting of k x k orthogonal matrices. Note that if m is

odd, we have \Sy(,]f’o)| = 0. Thus, by (I0.) and Lemma [I0.3] we have
Dol = 18571 = | TR dpu(X).
o(k)

In this section we show that |Sy(,ff ’k)| and |S7(7ic )| also have similar integral represen-
tations.

For a symmetric function f(x1,...,x,) with k variables and X € O(k), we
define f(X) by f(X) = f(e',...,e"), where e'%1,... e are the eigenvalues of
X. Note that Tr(X™) = pp,(X), where pp,(21,...,2%) = 2" +- - -+ 2} is the m-th
power sum symmetric function.

We need the following known result, see [32] pp.420-421]:

(10.6) L(k) (X)du(X) = {

1 if every part of A is even,
0 otherwise,

where s, is the Schur function.

PROPOSITION 10.6. We have
|Sk:k) | — J det (X)) Tr(X)™du(X).
O(k)

ProoOF. Note that

Tr(X)" =pi(X)" = >, faaX),
Am, LN <k

where f* is the number of standard Young tableaux of shape A. Since
Iy .. .LL‘kS)\(l‘l, e ,l‘k) = S)\Jr(lk)(,’th . ,LL‘k)

for A\ with at most k rows, we have det(X)sx(X) = sy; (1) (X). Thus,

| aecomeorancn = X P s an(0dut)
O(k) AFm, )<k YOK)
By ([I0.6), this is equal to \Sr(,]f’k)|. O

Now we give an integral expression for the number SYTs with m cells and at
most k rows.

THEOREM 10.7. For integers k,m = 0, we have

B0 = S| = L(k“)u — det(X))(1 + Tr(X))™du(X).
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84 10. STANDARD YOUNG TABLEAUX WITH FIXED ROWS OF ODD LENGTH

ProOF. By Proposition [I0.5]

< (m k+1,0 k+1,k+1
st = 35 (1) (18t - s ).
=0

By (I03) and Proposition [[0.6] we have

(k) :m m i _ e (X))
1= () ( fo 0 TR0 = [ der(01501) du(X)>

- L(m)(l — det(X)) (i (T) Tr(X)i> dp(X).

=0

We then obtain the desired identity using the binomial theorem. (I

10.3. Evaluation of integrals

In this section we obtain an explicit formula for the number of SYTs with
m cells and at most k rows by evaluating the integral in Theorem 0.7 For the
reader’s convenience we recall a well-known fact on the normalized Haar measure
on the orthogonal group O(k) due to Weyl [40], see also [3] Remarks 3 on p. 57].

For any orthogonal matrix A € O(n), the eigenvalues of A lie on the unit circle.
Let P, (e, e ... e") be the probability that a random matrix A € O(n) has
the given eigenvalues e, ¢ .. e for 6;,...,60, € [0,27). Here, we assume
that A is selected randomly with respect to the normalized Haar measure. Then
this probability is given as follows.

PrOPOSITION 10.8. For k> 1, ee {1,—1} and 04,...,0; € [0,7] we have
) ) ) ok®—2k+1
Pyp(eFr etz pxif) — - H (cos @, — cosfy)?,
TR 1<r<s<k
4 4 4 ok?-1 k
Pojyo(£1, e eFif2  otifhy — - H(l — cos? 0;) H (cos @, — cos )2,
A
t=1 1<r<s<k
) . ) 2k2—k—1 k
Py (e, et il eiw") = Tk‘l_[(l—ecos 6;) H (cos B, —cos ).
TR t=1 1<r<s<k

We denote by O (k) (resp. O_(k)) the set of matrices A € O(k) with det(A) =1
(resp. det(A) = —1).
Now we give an explicit formula for |S7(74C )|.

THEOREM 10.9. For k > 1 and m = 0, we have

m ti+2k—i—j\\"
|520)| = Z (t ¢ )det << |tak2h—i | )) ;
trtottp=m N0 TR 2 b=l
N
SR = Z m det [ C tit2k—i—j 7
t07t17"'7tk 2 3,7=1

tot+ti+-t+tp=m

where C(z) = m%rl(ix) if « is an integer and C(z) = 0 otherwise.
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ProoF. By Theorem [I0.7 and Proposition [[0.8 we have
S

- 2J (1 + Te(X))™du(X)
O_(2k+1)

zszk

:WJ (2cosby + -+ + 2cosf)™
. [Oﬂ.]k

k
H (cos @, — cosby) HlJrcosG

1<r<s<k

2k2 k+m b -
— det(z; "™ )F . _ det(z; )7 . _
k! t1+-.;k:m <t17 cee 7tk> J[O,Tr]k ( ' )Z,]71 ( ‘ )Z,]71

k
H(l + cos 0;)db;

i=1

Z sgn(o)sgn(T)J x§i+2k70(i)f~r(i)

o,7€S, [0,7]*

2k2—k+m

m
- Rk 2, <t1,...,tk>

t1+-+tg=m

=

(1 + cosb;)db;,
i=1
where x; = cosf;. When o € &, is fixed, since t;’s are symmetric, we can replace t;

by t5(;). We can also replace 7 by 7o. Then the resulting summand is independent
of 0. Thus, we obtain

S5

2k27k+m

= Z (t mn t) sgn(T Hf tit2k=i=7() (1 4 cos §)d6.
Leste) 5

t14tt=m

By expressing the second sum as a determinant and using the fact

4 T ([ n
cos™ O(1 + cos 6)df = —( n ),
J cooca v cosoras = (1)

we obtain the desired formula. The second formula can be proved similarly. ([l

In the literature there is an explicit formula for |Spm, k)| for k < 5. As a corollary

of Theorem [[0.9] we obtain a double-sum formula for |Sy, 6)|
COROLLARY 10.10. Letting v, = (ng)’ we have
2
5 m Yi+d  Vi+3  Vit2
S| = Z <z ) k> det [ vit3  vj+2 Y1

i+j+k=m Ve+2  VE+1 Vi

There is another way to compute |S,(,ic )| using symmetric functions due to Ges-
sel [9] Section 6]. It would be interesting to find a connection between his result and

Theorem [[0.9] Eu et al. [5] found a bijection between S,gf ) and the set of certain
colored Motzkin paths.
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86 10. STANDARD YOUNG TABLEAUX WITH FIXED ROWS OF ODD LENGTH

We also note that the integrals in the proof of Theorem are Selberg-
type integrals, see [6]. There is a combinatorial interpretation for Selberg-type
integrals, see [37, Exercise 1.10 (b)]. Recently, a connection between SYTs and the
Selberg integral was found in [24]. There is also a combinatorial interpretation for
a g-analog of the Selberg integral, see [25]. It would be interesting to study the
combinatorial aspects of the formulas in Theorem [[0.9] and their g-analogs.
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