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Abstract

We study equivalence of invariant metrics on noncompact Kéhler manifolds with a
complete Bergman metric of bounded curvature. Especially only the boundedness
of the ratio between Bergman kernel and the n-times wedge product of Bergman
metric in any fundamental domain of such a Kéhler manifold is required to obtain
the equivalence of the Bergman metric and the complete Kéhler—Einstein metric. To
demonstrate the effectiveness of this method, we consider a two-parameter family of
3-dimensional bounded pseudoconvex domains

Epy={(x,,2 € C (x1* + lyP»* +1z> <1},  p,r>0.

For this family, boundary limits of the holomorphic sectional curvature of the Bergman
metric are not well-defined, and hence previously known methods for comparison of
invariant metrics do not work. Lastly, we provide an estimate of lower bound of the
integrated Carathéodory—Reiffen metric on complete noncompact simply-connected
Kéhler manifolds with negative sectional curvature.

1 Introduction

As the Bergman metric, the complete Kéhler—Einstein metric of negative scalar
curvature, the Kobayashi—-Royden metric, and the Carathéodory—Reiffen metric are
generalizations of the Poincaré—Bergman metric on the complex hyperbolic space,
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equivalence of these four invariant metrics on negatively curved complex manifolds
has been studied in complex geometry. In addition, since these four metrics have the
property that any automorphism becomes an isometry [31, 35], it makes sense to study
them from the viewpoint of differential geometry. Hermitian metrics and Finsler met-
rics with this property are called invariant metrics. Some well-known classes having
equivalence of these metrics are complex manifolds with uniform squeezing property,
smoothly bounded strictly pseudoconvex domains in C”, and weakly pseudoconvex
domains of finite type in C? [4, 36]. In complex dimension 3, the equivalence of these
metrics breaks down for some weakly pseudoconvex domains with analytic boundary
[16].

In this context, Wu and Yau proved the following remarkable theorems based on
the quasi-bounded geometry and Shi’s estimate [30] with Kéhler—Ricci flow.

Theorem 1 ([33], Corollary 7) Let (M, ) be a complete simply-connected noncom-
pact Kdhler manifold whose Riemannian sectional curvature is negatively pinched.
Then the base Kdhler metric is uniformly equivalent to the Kobayashi—Royden met-
ric, the Bergman metric and the complete Kdiihler—Einstein metric of negative scalar
curvature.

Theorem 2 ([33], Theorems 2, 3) Let (M, w) be a complete Kihler manifold whose
holomorphic sectional curvature is negatively pinched. Then the base Kdhler metric
is uniformly equivalent to the Kobayashi—Royden metric and the complete Kdhler—
Einstein metric of negative scalar curvature.

As an interesting application of equivalence of invariant metrics, it is recently
showed by the first-named author that the non-equivalence of invariant metrics can
be used to show the non-existence of complete Kihler metric whose holomorphic
sectional curvature is negatively pinched on pseudoconex domains in C" under some
conditions (see [12]).

Based on Theorem 2, one possible method to show the equivalence of the invariant
metrics on a complete Kéhler manifold (M, w) is to prove that the holomorphic sec-
tional curvature of w has a negative range. As explicit formulas are recently obtained
for the Bergman kernels on certain weakly pseudoconvex domains (e.g., see [2, 3, 14,
28] and references therein), one could attempt to compute the holomorphic sectional
curvature of the Bergman metric to establish the equivalence of the invariant metrics
(for example, see [13]). However, in general, it seems to be a daunting task to compute
the holomorphic sectional curvature for nontrivial pseudoconvex domains even with
explicit formulas of the Bergman kernels.

Indeed, for the bounded pseudoconvex domains, even for the class of convex
domains or strictly pseudoconvex domains, the curvature information of Bergman
metric is known only near the boundary and not in the interior. The holomorphic
sectional curvature of the Bergman metric has values between —oo and +2 [17, 24],
but there is an example [21] of a semi-finite type pseudoconvex domain in which the
holomorphic sectional curvature of Bergman metric blows up to —oo.

Our main result in this paper is that, neither requiring the negative range of curvature
as Wu—Yau theorems do, nor specifying the type of pseudoconvex domains, we provide
a concrete approach to compare invariant metrics. Our method is based on knowledge
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of the Bergman kernel and can be applied to general bounded pseudoconvex domains
€ in C" when an explicit description of the Bergman kernel near the boundary of Q
is available.

To state the main result (Theorem 1) below, we define the fundamental domain M
of a complex manifold M to be the subset of M which contains exactly one point
from each of the orbits of the group action by the automorphism group of M. An
automorphism f of M means f and its inverse are holomorphic.

Theorem A Let (M, wp) be an n-dimensional noncompact Kéihler manifold with a
complete Bergman metric wp of bounded curvature, where B denotes the Bergman
kernel on M (as the (n, n)-form). Then the following statements hold:

1. Assume that a% is a bounded function for some fundamental domain M. Here
B

W = wp A -+ A wp (n-times). Then there exist a complete Kdihler-Einstein
metric wk g of negative scalar curvature and a constant C1 > 0 such that wk g is
uniformly equivalent to wp by Cy, i.e.,

1
C—wKE(v, V) <wp(v,v) < Clwxp,v) forallveT M.
1

2. Assume that there exists a compact subset K in M such that the holomorphic
sectional curvature of wp is negative outside of K, and that M is biholomorphically
and properly embedded into By, N > n, where By is the unit ball in CN. Then the
Carathéodory—Reiffen metric vy is not essentially zero, and the Bergman metric
is uniformly equivalent to the Kobayashi—Royden metric, i.e., there exists Cp > 0
such that

1
C—XM(p; v) < o, v) < Coxm(p;v) forallve T[/?M, peM,
2

where y 1 is the Kobayashi—Royden metric on M. Moreover, if N = n, the Bergman
metric is uniformly equivalent to the complete Kdhler—Einstein metric of negative
scalar curvature.

Remark 3 Under the same assumptions of Theorem A, but without additional assump-
tions of the first and second statements, we obtain the following from [32]: there exists
Cp > 0, which only depends on n and the curvature range of wp, such that

xm(p;v) < CovJwp(v,v)  forallv e T[/,M, peM.
(See Remark 11 for the details.)

The second statement of Theorem A differs from the Wu—Yau theorems (Theorems
1 and 2) in that the Bergman metric’s holomorphic sectional curvature is not required
to be everywhere negative, but it still ensures the equivalence of invariant metrics. For
the other assumption, we note that every bounded strictly pseudoconvex domain in
C" admits a proper holomorphic embedding into a ball (for example, see [18, p.11]).
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To demonstrate the effectiveness of our method, we consider invariant metrics on
a two-parameter family of 3-dimensional bounded domains defined by

Epy =10, 9,2 € C (IxP + [y  + 127 <1},  p,a>0. (1.1

When p = A = 1, thedomain £, ; is the unitball in C3.Wheni = 1and p > 1/2,this
reduces to the well-known convex egg (Thullen) domains whose invariant metrics are
uniformly equivalent ([ 13, 23]). With other pairs of (p, A) for (1.1), the boundary limits
of the holomorphic sectional curvature of the Bergman metric are not well-defined,
so neither squeezing functions nor the Wu—Yau theorems can be applied. However,
we show that Theorem A can be applied. For this purpose, we use a concrete formula
for the Bergman kernel of £, , which is obtained in [2]. We also verify the Cheng’s
conjecture on E), ; in the process of calculation. Namely, we show that the Bergman
metric and the complete Kéhler—Einstein metric is the same on E, ; if and only if
p = A = 1 (Proposition 25).

In the last section, we obtain a result on the Carathéodory—Reiffen metric
which is missing in the Wu-Yau theorems. Classical invariant metrics include
the Carathéodory—Reiffen metric whose definition is based on the existence of
non-constant bounded holomorphic functions on noncompact complex manifolds.
However, showing the existence of such functions still remains as a big challenge in
hyperbolic complex geometry.

The upper bounds of the Carathéodory—Reiffen metric have been studied exten-
sively. As for comparison between Carathéodory—Reiffen metric and the Bergman
metric on the bounded domains, the first result is obtained by Qi-Keng Lu [26] and then
on manifolds by Hahn [19, 20]. Further developments are made by Ahn, Gaussier and
Kim [1]. Very recently, a comparison of Carathéodory distance and Kihler—Einstein
distance of Ricci curvature — 1 for certain weakly pseudoconvex domains is established
by the first-named author [11].

Our resultin the last section is alower bound of the integrated Carathéodory—Reiffen
metric (Theorem 7). The positive lower bound of the Carathéodory—Reiffen metric is
important in that it is the smallest invariant metric among invariant metrics [11, 22],
and it provides quantitative information about non-constant bounded holomorphic
functions (also, see [5]).

The article is organized as follows: In Sect. 2, we review the definitions of the
invariant metrics. In the next section, we recall the quasi-bounded geometry and a
result on comparison with the Kobayashi—Royden metric. In Sect. 4, we apply Shi’s
estimate on Kéhler—Ricci flow outside of a compact subset on noncompact Kéhler
manifold. In Sect. 5, we prove Theorem A by generating a complete Kéhler metric
with negatively pinched holomorphic sectional curvature and applying the Wu—Yau
theorems. In Sect. 6, we perform explicit calculation on E ), 5 forany (p, A) to verify the
bounded curvature of the complete Bergman metric, and the hypothesis of Theorem A-
3. In the last section, we prove Theorem 7 to obtain an integrated lower bound of the
Carathéodory—Reiffen metric in the setting of Theorem 1.
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2 Preliminaries

Let M be an n-dimensional complex manifold equipped with a complex structure J
and a Hermitian metric g. The complex structure J : TxM — TrM is a real linear
endomorphism that satisfies for every x € M, and X,Y € Tr M, g.(J:X,Y) =
—gx(X, J;Y), and forevery x € M, sz = —Idr, »y. We decompose the complexified
tangent bundle TkM g C = T'M @ T'M, where T'M is the eigenspace of J
with respect to the eigenvalue /—1 and T’M is the eigenspace of J with respect
to the eigenvalue —/—1. We can regard v, w as real tangent vectors, and 7, £ as
corresponding holomorphic (1, 0) tangent vectors under the R-linear isomorphism
oM — T'M,ie.n= \/Li(v —J=1Jv), & = \/Li(w —=1Jw).
A Hermitian metric on M is a positive definite Hermitian inner product

g T, M®T)M — C

which varies smoothly for each p € M. The metric g can be decomposed into the real
part denoted by Re(g), and the imaginary part denoted by Im(g). The real part Re(g)
induces an inner product called the induced Riemannian metric of g, an alternating
R-differential 2-form. Define the (1, 1)-form w := —% Im(g), which is called the
fundamental (1, 1)-form of g or the Kéhler metric. In local coordinates this form can
written as

/21 < -
w= > Z gl-jdzi ANdzZj.
ij=1

The components of the curvature 4-tensor of the Chern connection associated with
the Hermitian metric g are given by

PR I RN

KT 0z 0z 0z

ce(vw v e 00
5% 95 92k = 95 02k Lot 7102 977

2. _ _
= — 9 8ij + i Qﬁagj%
02407 Az 07

where i, j,k,l € {1,...,n}.
The holomorphic sectional curvature with the unit direction n at x € M (i.e.,
8w(n, n) = 1) is defined by

H(g)(x,n) =R, 1,n,1) =R, Jv, Jv,v),
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where v is the real tangent vector corresponding to 1. We will often write H (g) (x, ) =
H(g)(n) = H(n). The Ricci tensor of a Kéhler metric w is defined by

Ric(w) := —v/—199 log det(g).

Given any complex manifold M, for each p € M and a tangent vector v at p, define
the Carathéodory—Reiffen metric and the Kobayashi—Royden metric by

ym(p; v) :==sup{ldf(p)(W)l; f: M — D, f(p) =0, f holomorphic},

1
xm(p; v) :=inf {E f:RD—> M, f(0) = p,df(z%lz:o) =, fholomorphic} ,

respectively.
The Bergman metric is defined in terms of the Bergman kernel. Let A% M be the
space of smooth complex differential (2, 0)-forms on M. For ¢, i € A®O M| define

(9, ) = (—1)”2/2/ AT,
M

and

llell = VA, ¢).

Let L%n 0) be the completion of
o € A™Om:jgl] < +o00)

with respect to || - ||. Then L(2 1.0) is a separable Hilbert space with respect to the inner
product (-, -).

Define H = {g& € L%n,O); @ is holomorphic}. Suppose H # 0. Let {ej}jzo be an
orthonormal basis of H with respect to (-, -). Then the 2n-form on M x M, defined
by

B(x,y) =Y ¢j(x)AE;(y), x,yeM,
Jj=0

is called the Bergman kernel of M. Suppose for some point p € M, wehave B(p, p) #

0. Write B(z, z) = b(z, z)dzi A+ - -Adzu AdZ1 A+ - - AdZ, in terms of local coordinates
(z1, -+, 2zn). Define

wp(z) = ~/—109 logb(z, 2).

If the real (1, 1)-form wp is positive definite, we call the corresponding Hermitian
metric g 1131 the Bergman metric. By definition, gﬁ[ is Kihler.

@ Springer



Equivalence of invariant metrics via Bergman kernel...

Lastly, the Kéhler—Einstein metric wg g means the Kéhler metric which is also
the Einstein metric, and the Kihler—Einstein metric of the negative scalar curvature
becomes an invariant metric.

We will use the following lemma to prove Theorem A:

Lemma4 ([33, Lemma 19]) Let (M, ®w) be a Hermitian manifold such that the
holomorphic sectional curvature has the upper bound —x < 0. Then the Kobayashi—

Royden metric satisfies
K
X (6, 0) Z [ = [vlo,

foreachx € M,v € T/ M.

3 Quasi-bounded geometry

In this section, we review some results from Sect. 2 in [33].

The notion of quasi-bounded geometry is introduced by Yau and Cheng ([9]).
Let (M, ) be an n-dimensional complete Kéhler manifold. For a point p € M, let
B, (p; p) be the open geodesic ball centered at p in M of radius p; we omit the
subscript w if there is no peril of confusion. Denote by B¢ (7) the open ball centered
at the origin in C" of radius r with respect to the standard metric wcn.

An n-dimensional Kihler manifold (M, w) is said to have quasi-bounded geometry
if there exist two constants 7 > r; > 0 such that for each point p € M, there is a
domain U C C" and a nonsingular holomorphic map v : U — M satisfying

(1) Ben(r1) C U C Ben(rz) and ¥(0) = p;

(2) there exists a constant C > 0 depending only on ry, r2, n such that

C'wer < Y*(w) < Coen on U, (3.1

(3) for each integer [ > 0, there exists a constant A; depending only on [, n, ry, 12
such that

3\\)\+|M|gi7

A PP

xelU

< Ay, forall |u|+|v| <1, (3.2)

where g;j are the components of ¥*w on U in terms of the natural coordinates

(', ..., v"), and p, v are multiple indices with || = p1 + --- 4+ ,. We call r;
a radius of quasi-bounded geometry.
By applying the L2-estimate, the following theorem is proved.

Theorem 5 ([33], Theorem 9) Let (M, w) be a complete Kciihler manifold. Then the
manifold (M, w) has quasi-bounded geometry if and only if for each integer g > 0,
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there exists a constant C, > 0 such that

sup [V9R,| < C, (3.3)
PEM

where R,, = {Rifki} denotes the curvature tensor of w. In this case, the radius of
quasi-bounded geometry depends only on Cy and the dimension of M.
Also, we will use the following lemma:

Lemma 6 ([33, Lemma 20]) Suppose a complete Kéiihler manifold (M, ®) has quasi-
bounded geometry. Then the Kobayashi—Royden metric satisfies

xm(x,v) < Clu|y,

for each x € M,v € T|M, where C depends only on the radius of quasi-bounded
geometry of (M, w).

4 The maximum principle and Shi’s estimate on Kahler-Ricci flow

Let (M, @) be an n-dimensional complete noncompact Kéhler manifold. Suppose for
some constant 7 > 0 there is a smooth solution w (x, #) > 0 for the evolution equation

.1

%gaﬁ(x, 1) = —4R,5(x,1) onM x [0, T],
8op (%, 0) = g,5(x) xeM,

where gag(x, t) and 57&3 are the metric components of w(x, r) and @, respectively.
Assume that the curvature R, (x, t) = {RaByS(x [)} of w(x, t) satisfies

sup Ry (x, D] < ko (4.2)
Mx[0,T]

for some constant kg > 0.

The following lemma is an extension of Lemma 15 in [33] to the case of complement
of compact subset. Though the proof is similar, we provide some details to indicate
where modifications are needed for the complement.

Lemma 7 With the above assumptions, suppose a smooth tensor {WaByS(x t)} on M

with complex conjugation WoBys0.n = Weasyx.n satisfies

(& Wapyseen) 10T < AW D0 T 0T + Cllill e (43)

forallx € M.n € T{M,0 <t < T, where A =2 g% (x,1)(VVy + Vo V3) and Cy
is a constant. Let

hx, 1) = max | W,z 50T 0/ 1 € TEM, [l = 1]
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forallx € M and 0 <t < T. For any compact subset K in M, suppose

sup  |h(x,1)| < Co, 4.4)
xeM,0<t<T
sup h(x,0) < —«, 4.5)
M\K

for some constants Cy > 0 and k. Then,

h(x,t) < (8Copy/nko + C)t — «,
forallx €e M\K and (0 <t <T.

Proof Denote

C =8Co+/nko+ Cy > 0. 4.6)
Suppose
h(x1,t1) —CH +«k >0, “4.7)

for some (x1, 1) € M\K x [0, T]. Then by (4.4) we have #; > 0. Under the conditions
(4.1) and (4.2), it follows from [30] that there exists a function 6 such that

0<0(x.1)<1, on M x[0,T], (4.8)
30
55~ Bownf + 2071192, ) < —6on M x [0, T, (4.9)

-1
c; o

2 )< —2  onMx[0,T], (4.10)
1 + dp(xg, x) I + do(xo, x)

where x is a fixed point in M, dy(x, y) is the geodesic distance between x and y with
respect to w(x, 0), and C> > 0 is a constant depending only on n, kg and T'.
Let

my = sup (Th(x,t) — Ct +«]0(x,1)).
M\K,0<t<T

Then 0 < mg < Cp + |k | by (4.4),(4.7), and (4.8). Denote

2C(Co+CT + k)
= >0
mo

A

Then, for any x € M\ K with dy(xp, x) > A, we have

C2(Co+CT + |x])  myg
h(x,t) — Ct O(x,1)| < < —.
[(h(x,1) +1)0(x, 1) I+ doCr. x0) >
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It follows that the function (A — Ct + k)6 must attain its supremum mq on the
compact set B(xp; A) x [0, T] C M\K x [0, T], where B(xq; r) denotes the closure
of the geodesic ball with respect to w(x, 0) centered at xo of radius r. Let

WoBysuent wr i
4

— Ct +«,
|n|w(x’t)

fle,n )=

for all (x,7) € M\K x [0, T],n € T.M\ {0}. Then there exist x, 1, fx With x, €
B(xp;r),0<t, <T,n. € Tx’*M and |7«]w(x,,,) = 1, such that

= ) 7t 9 ,t == max 9 .
mo S Qo M, )0 (X, 1) S,X[O,T](f )

where S; = {(x,n) € T'M;x € M,y € TM, |nlwx.n = 1}. Since h(., 0) is a con-
tinuous function on M, either x, € M\ K or x, € 0K, t, > 0by (4.5). Now we extend
N4 to a smooth vector field using the same argument as in the proof of Lemma 15 in
[33]. Since fO = f(x, n(x), £)0(x, t) attains its maximum at (x, ty), we have

D(f0) =0, V(f0) =0, A(f0) <0 at (xy. t,). (4.11)
From (4.11) and (4.9), one can see that at the point (x,, ,), we have
0<2(f0)=-mo=<0

(for details, see [33]). This yields a contradiction and the proof is completed.

The following lemma is an extension of Lemma 13 in [33] to the case of complement
of a compact subset.

Lemma 8 Let (M, w) be an n-dimensional complete noncompact Kdhler manifold.
Let K be a compact set in M such that

— Ky < Hw) < —k1 <0on M\K, (4.12)

where H (w) is the holomorphic sectional curvature and k1, k2 are positive constants.
Then there exists another Kiihler metric @ such that

Clo<®<Co onM, (4.13)
—5<H@)<—k1 <0 onM\K, (4.14)
sup [VIR,| < Cy on M, (4.15)
peM

where V4 denotes the q-th order covariant derivative of R,, with respect to @, and
the positive constants C = C(n), kj = kj(n,k1,k2), j = 1,2, Cqg = C4(n, q, k1, k2)
depend only on the parameters in their parentheses.
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The conditions (4.13) and (4.15) appear in [30, 33]. We provide below details for the
pinching estimate.

Proof From the short time existence of the Kdhler—Ricci flow [30], the equation (4.1)
admits a smooth solution { gag(x, t)} forall 0 < r < T. The curvature R,,(x,1)

satisfies
C(q.n, K) (k2 — Kk1)? Oo(n, K
sup [V Ry (x, )2 < S K =k)” 0 K)o
xeM td K2 — K1
(4.16)

for each nonnegative integer g, where C(q, n, k) > 0 is a constant depending only on
q, K and n, and 6y(n, K) > 0 is a constant depending only on n and K.
From the evolution equation of the curvature tensor (see [30, 33]), we have

a
ERO!BVS =4AR (xﬂyﬁ + 4guvng(Raﬁ;u y8pv + RaS;L?RprV - Raiy?RﬂBpg)

= 28" (RuvR, 5,57 + Ry gRavpr + RywRypyz + R 5Rup,m),

where A = Ay = 3P (x. 1)(V5 Ve + Vi V). It follows that

d
<5RQM> n“wP 0’ (4.17)
< 4(AR G )N T 0T + CL Il (. DI R (6, D0 (4.18)
< 4R, T 0T + Ci(n, K) (a2 — 1) 00300y,

by (4.16) with ¢ = 0. Let
R 5, 1’0’7’
H(x,n,1) = L
|n|w(x 1)

Then by (4.12) and (4.16),

H(®@) < —«1 <0on M\K,
[H(x,n, )| < |Ru(x, Do,y < Coln, K)(k2 —k1).

To apply the maximum principle, let us denote
h(x, 1) =max {H(x,n,0); [7lown=1} .

forallx e Mand0 <r < %. Then & with (4.17) satisfies the three conditions in
Lemma 7. Then

H(x,n. 1) < hx, 1) < —% <0,
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forall 0 <t < ty = min{ o«  fo(K)
2C|(n,K)(/c2—/<|)2 K2—K1

sor is bounded by (4.16) with ¢ = 0, the complete Kéhler metric w(x,t) =

@gag(x, 1dz?® A dzP is a desired metric for an arbitrary ¢ € (0, fo].

}. Since the curvature ten-

5 Generation of Kdhler metrics with negative holomorphic sectional
curvature

In this section, after establishing a proposition below, we prove Theorem 1.

Proposition 9 Given an n-dimensional Kdahler manifold (M, w), assume that there
exists a compact subset K in M such that the holomorphic sectional curvature of w
is negative outside of K, and M is biholomorphically and properly embedded into
By, N > n, where By is the unit ball in CV. Then there exists a complete Kiihler
metric @ whose holomorphic sectional curvature has a negative upper bound and
w = w.

Proof From the holomorphic embedding M < By, consider a Kdhler metric of the
form

Wy = mowp +w, m >0,

where wp is the Poincaré metric of the unit ball By in CV. It is clear that w,, >  for
each m > 0. From the decreasing property of the holomorphic sectional curvature,
wp restricted to M has a negative holomorphic sectional curvature [34]. From Lemma
4 of [34], we may assume that the holomorphic sectional curvature of w,, is the
Gaussian curvature on some embedded Riemann surfaces in M. Recall that for a
Hermitian metric G on a Riemann surface, the holomorphic sectional curvature of G

2
is the Gaussian curvature H(g) = —%% of G for some positive smooth function
g = g(z,72). In this case, the holomorphic sectional curvature H (G, t) becomes a
real-valued function independent of the unit vector 7. Thus we write H (G) instead of
H(G,1).

From [25, Proposition 3.1], for any positive functions f and g withm > 0,

H g st S
(f+mg)5m (f)+m (mg)
f? mg?

D+ (f +mg)?

= H(g).
(f +mg) @

From here, we can deduce that H (w,,) becomes negative on K by taking sufficiently
large m. Since H (wy,) is negative on M\ K, we are done.

Proof of Theorem 1 For the first statement, we fix a fundamental domain M and define
afunction f : M — Cby f(z) := %. Since the numerator and the denominator are
smooth (n, n)-forms, the function f is well-defined and clearly smooth. Note that the
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Bergman kernel and the Bergman metric are invariant under the automorphism group of
M. Thus the boundedness assumption of f on M implies the boundedness of f on M,
and we have a function f which is smooth and bounded on M satisfying Ricﬁ +g7=
f,j for each i, j, where we denote the Bergman metric in local coordinates by (gl?).
Now we apply the main theorem in [6], and the conclusion follows.

The first part of the second statement follows from Lemma 4, Lemma 6 and Propo-
sition 9 with the fact that for each m > 0,

wp < o,

where  is defined in Proposition 9. For the second part of the case N = n, the metric @
has the bounded curvature. Then one can solve the complex Monge—Ampere equation
by following Wu—Yau’s approach (see Lemma 31 and Theorem 3 in [33]).

Remark 10 When N > n, the holomorphic sectional curvature @ does not need to be
bounded below because of the presence of the second fundamental form (see [34]).

Remark 11 1If (4.12) is replaced by
—ky) < Hw) < —kyon M fork; € R,

then (4.13) and (4.15) still follow from the original Shi’s argument. Combining
it with Lemmas 6 and 8, we obtain a proof of the statement in Remark 3. Indeed,
by applying Shi’s estimate on Kihler—Ricci flow with the short-time existence, we
can generate a complete Kéhler metric w such that any order of covariant derivatives
of the curvature tensor is bounded, and w is equivalent to the Bergman metric wp.
Then by the characterization of quasi-bounded geometry of Wu—Yau [33], w admits a
quasi-bounded geometry, and the statement in Remark 3 follows from Lemma 6.

6 Domain Ep, )
In this section, we consider the domain
3. (412 2N1/A 2
Eps={(x,3.0 € Ch (xPP + Iy + 12 <1}, p.a >0,
and perform necessary computations to examine the comparison of invariant metrics
through verification of the hypotheses in Theorem A.

First, we take a suitable compactset K C E,, 3 UOE), ; that satisfies the conditions
in Theorem A. Since any point (x, y, z) € C3 can be realized as

1
Xl < r(@ oy = (= 22 = 1y1?) 7

with a fixed pair (y, z), the point (x, y, z) can be mapped biholomorphically onto
the form (0, y, z) through the automorphism of one-dimensional disc with the radius
r(y, z) centered at the origin. Then using rotations, we can make the other two entries
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to have non-negative real-values. Since all these transformations are automorphisms
of E, ;., we take the compact set:

K1 ={0,y,2) € Ep3;0=<x,y <1},

where the closure is taken with respect to the usual topology of C3.
An explicit formula of Bergman kernel B on E), ; is computed in [2]:

1
- 1—v)* —m)? v 2(p— D(p — 1
B((x,y,2), (x,y,2)) = (= v = )7 02 = DO )+p4)
(1 —v3)> 273 p2 (v — ((1 — v3)* — 1) /P)

6.1)

P (L )72 02(p — D0 — Dugp
73p2 (v — (1 = v3)» — v 1/P)*

3_
(0= — ) P(p+ 1D (=) G4 Ap + p) + (A — Dap)
a- va)Hn3p2 (v = (1 = v3)» — ) 1/p)*

(@ =v)r - Vz) 20 (1= v (p? =D + pH) + (= Duap )
(1 = v3)27473 p2 (v — (1 — v3)* — Vz)]/”)

where we set v ;= xX, vp := yy and v3 := ZZ.
We write

a=1-v3, b=0—-v)* =1, c=((1=v3) —v)/? — .

Then

1 1_
gt vlz(p—1>(x<p—1>+p) @207 v 2(p — D — Duap

2 2A7T3p2c4 7'[3]726‘4
b (p 4+ 1) (@ +Ap + p) + (. — Dwap)
a2 =73 p2ch
2_
b7 2w (a*Gu(p? 2)+P2)+(?»—1)V2P)
o a2—ry3 6.2)
a3p2ct

Write D = a?c* and
1 1
N=ad?b7 v 2(p = DG(p = D) + p) +a*b7 012 (p = DG — Duap
3_
+d b (p+1) (@O + Ap + p) + . — Duap)
2
— a)‘b?_32v1 (a)‘()»(p2 -2)+ pz) + (A= l)vzpz).

Then

= m (6.3)
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Write
1 1 3

N = a2)“b5_3v12, Ny = akb7_3v|2v2, N3 = az’\bﬁ_g,

3 2 2
Ny = a)‘bF_sz, N5 = a2*b7_3v1, Ng = alb;_avlvz,
uy=pP-DA(p-D+p), w=pp-DHHKh-1), uz3 = (p+ DR +rp+ p),
ug = p(p+Hr -1, us = —=20.(p> =2)+ p*),  ue=—-20—p>.
Then

6
N = ZuiNi.

i=1
Note that we have
up +u3+us =61 and wus+ ug +ug =0.

From the description of the Bergman kernel, we can check the pseudoconvexity of
Ep 5 foreach p, 1 > 0.
Proposition 12 E, ; is a pseudoconvex domain for each p, A > 0.

1

Proof ! To show that u = up,; = (|x|*” + |y|*)* + |z|* is a (bounded) plurisub-
harmonic exhaustion function of E ;, it suffices to show that v = v,; =

1
(Ix1?P + [y|?)* is plurisubharmonic. To this end, consider
! iy ¥
logv = Xlog (e”"+¢"?),  wherey :=2ploglx| and v :=2loglyl.

Now the plurisubharmonicity of log v follows from the fact that log (e‘ﬁ1 + e‘”z) is
always plurisubharmonic whenever ¥; and ¥, are plurisubharmonic, since we have

02 o
| I 2
5207 g (e +e)
2 2 2
S S— T (%_%> PRI A R e B
(ekh +ew2) 9z 9z 0707 0707

logv

From the plurisubharmonicity of log v it follows that v = e is plurisubharmonic,

as desired.

We are interested in behaviours of the metric and curvature components on the
compact set K1 = {(0,y,z) € Ey ;0 <y, z < 1}. In what follows, we compute
those components.

! This proof is suggested by an anonymous referee and replaces our original proof. We are grateful to the
referee.
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Recall the formula for the components of the Bergman metric

8% log B
i Ao a—

i,j=12,3,
07;0Z;

where we set (z1, 22, 23) = (x, y, z). Fori =1, 2, 3, we write

9 _
81' = — and Bi = —.
0z 07

Proposition 13 Each component of the Bergman metric g7 at 0,y,2) € Ep;,0 =<
v,z < 1, is given as follows:

A * uzua(l — 8)2
= —(=-4+3 - .= 7
275 (p " >+ B s + uad)?

Ayz 1 Ayz o uzug(l—8)?
A ST (L : :
82 832 al— p2 <p + ) + al=*b2  (uz + u4b)?

14+8(22—1) A +52(2—2x)+5(2x2 2 4442

3= Tz T, 22—2hp?
LM ususdl +82)(1 + 12%) + uis(1 + (0z® — 18 4 8%) + u3(1 + 12%)
aZ—ZAbZ (u3 —|—u45)2 ’

8= 0 otherwise,

where we write § = y?/a* = y?/(1 — z5)™.

Proof All the formulas for g7 are obtained from direct computations. For example,
since

1 1
—_ —_ ,73 —_ ==
01D = —4azc3x, 01N = 2a* b7 vix, 01Ny = 2a*br 3v1xvz,
2

_ _ _ 2 _
01Nz =0, 01N4 =0, 091N5 :az’\lﬁ%x, 81N6=akb1’73xv2,
and

— — 1 — 1
3191 D = —4a> + 1242y,  310\N; = 4a® b7 vy, 8191 N2 = 4a*b? vy,

— — — 2 — 2
0191N3 =0, 8191N4 =0, 9101 Ns = a?b? >, 3191 Ne = a*br vy,

we have B B B
~_ N(010iN) — (0 N)(OiN)  D(0:01D) — (0:1D)(0:1D)
91 = NQ - D2
0z OON  0,0,D B 'u,5a2Ab%73 + ub-aAb%*?’y? 4a?%c3
N D ugazAb%*fi + u4aAb%73y2 a?ct

1 wus+ugd 4
_ . 5 6+

c uz+ugd ¢’
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1
where we use ¢ = b7 at (0, y, z).
The other g;7 can be computed similarly, and we omit the details.

Remark 14 When (0, y, z) approaches the boundary of K, we find that the limits
of the metric components and those of curvature components cannot be determined.
However, using § introduced in the above proposition, we will be able to control the
limit behaviors.

Write
1 a* Ayz 1
g1 = ; “Al, g = b_2 “Az, g3 = PRy A2, g3 = a2-22p2 - A3,
(6.4)
where
s 1 1 —6)?
u3 + usd p (u3 + uqd)

A
Ay =(14802 = 1) = 4+82Q =220 +8Qa% > =4 + 142
p

uzug (1 + 85 (1 + Az + uid(1 + (Az2 — 18 + 8%) + u3(1 + 12%)
(u3 + u4d)? '

+ A6 -

Then

1 2.2 1-96 ArAy
822833 ~ 8238n = 73 A2(As — A 827 A2) = g A=

(6.5)

where we put Ay := (A3 — A28z2A5)/(1 — &) and use 1 — 8 = b/a*. More explicitly,
we have

s — 82pXr —2)(r — 1)+ 8p(r — D(@pr +4p +3r) + p*r? + 3p*r +2p* +2pr? + 3pr + r?

‘T pGp(r — D)+ pr+p+r) '
Note that 0 < § < 1. Furthermore, as (0, y, z) € E, » approaches the boundary, we
have § — 17. One sees that

1 1
lim Ay = ——, lim A, =34+ — and Ilim Ay =A(3+—).
s§—>1- 142p s§—>1- p s§—>1- p

(6.6)

et
&5 is bounded.

d
Lemma 15 Az (0,y,z2) € Ep;, 0 <y, z < 1, the ratio
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Proof From (6.3), (6.4) and (6.5), we obtain

detgp %Alaizzf:?,s _ w3p? A1 Ay Aga’ct
- N - 3_
5 T ca> b arbr (p+ 1) (@ +Ap+ p) + (b — Dy?p)
T3p2A1ArA,

T+ DO+ ip )+ G —1Dpd)’
which is bounded.

Proposition 16 The inverse metric of the Bergman metric g7 at 0,y,2) € Ep,,
0 <y,z <1, are given as follows:

1T _ i 2 ﬁ ) A3 _ bA3
T aAr 8 T U= 0)AsAs  ArAs’
e J. hyza'P? _ _hyza' ™Mb o a* b2 _ a*>*b
(1 —=08)A4 Ay (I —=68)A4 Ay

¢/ =0 otherwise.

Proof The formulas are obtained by taking the inverse matrix of the 3 x 3 matrix
(8;7)i,j=1,2,3 calculated in Proposition 13. In particular, the determinant of the 2 x 2

block (gif)i,jzz,g is computed in (6.5). Alsorecall 1 —§ = b/a*.

Through direct computations, we obtain the following for (0, y, z) € Ky:
Here G; are set to be the remaining factors after pulling out the factors involving
a,b,c,y, z. Explicitly, we have

4 (us +ued)(2p — 3)uad +3(p — Dus + pus)

G = 5
P p(uz + Suq)
+ 2(p — Dugé + Bp — 2)us + pug
p(u3 + ugd) '
4r A us4ugd  AS(1 — 8 (uqus — usue)
Gy=—+—" - 3
)4 p  uz+ usb (u3 + uqd)

For simplicity, we do not present expressions for the other G;’s. Since u3 4+ u46 > 0,
one can see that G; are bounded fori =1,2,...,8asé — 1.

Lemma 17 We have
G4 = AG3.

If we define Fy and F> by

Z2

1
F o= Gs — 1G d F=— (G —A62G),
1 1_8(6 5) an 2 1_8<8 777Gy
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then

1 222(1 + 3
lim Fi = A (3 " —) and  lim Fy = 2130
§—1— P §—1— P

Proof We verify the identities through direct computations with help of a computer
algebra system.

Similarly, we obtain
Here H; are the remaining factors; in particular, we have

uitupd Qs+ u6d)*

H =8+4- .
: * u3 + ugd (U3 + u48)>

We do not present explicit expressions for the other H;’s. Using 0 < § < 1 and
u3 + ugd > 0, one can check that H; are bounded fori =1,2,...,10asé — 1.

Proposition 18 Each curvature components of the Bergmanmetricat (0, y, z) € E, ,
0<y,z<1,isgiven by

5G12> _ a*

Ryt = Rytiy = Ryzo1 = Rogy7 = - | —Ha + —— - H,,
1122 2112 1221 2211 c < 2 A] 2

b2c
Ri13 = Ri133 = Ry7i3 = Ryz31 = Ry3p1 = Rogi7 = Rz = Rygyp
y

r—1 GG e

a**=2 ZZG% a2
Ri733 = Riz31 = Rypi3 = Ragyp = e —Hy + = - Hy,

Aq b2c

24—1 2—1
yza 8G3Gs yza ~
Ry305 = Ryz35 = Ry3p5 = Rygps = T <_H6 + A, =T s He,
Ry333 = Ry335 = Rizp3 = Ry3p3
a2 N 822°G3 L 8- HFF\  a¥? 7
e T, AL -
24-2.2.2 24—-2.2.2
a y°z G3G7 a vz ~

Ry33 = Ry335 = 0 (—HS + 4 ) = x - Hg,

- Ho,

a* vz (g 826561 (1 =9FFRY _a¥ 7z
’ A, Ag b
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Table 1 Formulas for 9; 8%

40—4
Ryz33 = b

Rifki = 0 otherwise,

where we define ﬁi fori=1,2,...,

a
o (o

81821 = 32811 =
d1831 = 03811

QJ\ I

_ 2
- - o y Z
983 = 02833 = 17,5 G4
— — 2
Yy z
92835 = 53895 = 92853 = 93853 = 15,305
_ _ 2
02833 = 13853 = 02833 = 3833 = 237,35 U6

= yz2
93833 = 03833 = 773307

93833 = 03833 = 3=31,3 08

Bigj; = 5,~ng = 0 otherwise.

8z4G%

n z2(1
A

— 5)F22 _ a4}‘_4 ) ﬁlo
Ay b* ’

10 for later use.

Proof Recall that the components of curvature tensor R associated with g is given by

Risq =

3
—0c01g5+ Y &7 (hgip) (B1g,7)-
p.q=1

Thus the results follow from Tables 1 and 2 and Proposition 16.

Lemma 19 We have

ﬁ3 = )»ﬁz, ﬁ@ = )»ﬁs, ﬁg = )\,ﬁﬁ and ﬁg = 2)»1:;7 — )\28Z21’_‘I’6'

If we define
[ (H 28 H) B = <H 28 H)
1- 1 _s 4 Z 3 2. 1 _s 7 Z 6
~ 1 ~ ~ ~
By — (H — 82872 Hy + 303524 A )
3= q gz o TTH7 + 7 He
then
- a2 ~ 1
lim G T Y € LA
§—1— p(l +2p) §—>1— P
~ 1
lim F3 = —2)2 (3 + —) ) 6.7)
§—1— p
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Table 2 Formulas for 9;0 8

910187 = C%Hl,
_ _ _ _ P

01918y5 = 0102857 = 020185 = 0287 = 5 Ha,

01018y5 = 0193857 = 291813 = 00387 = 0101855 = 192857 = 9391813 = 9302817 = =77, 3.

0191833 = 0193857 = 039183 = 039387 = =g Has
— a2A

90928,5 = 7 Hs,

0028y3 = 0203855 = 0202835 = 9392893 = 37,3 Ho.
= = 7 = 1

9202833 = 0203837 = 03928y3 = 93938,5 = _3za M7
— .= )7272

92038y3 = 0302835 = —5axpa Hs.

0203833 = 0393855 = 0392853 = 9303833 = 33,7 Ho.

1
8333g3§ = WHIO,
9;0;g,; =0 otherwise.

Proof The identities are verified through direct computations and can be checked by
a computer algebra system.

In order to see cancellations of factors involving a, b, ¢ in the holomorphic sectional
curvature, we apply the Gram—Schmidt process to determine an orthonormal frame
X, Y, Z instead of using the global coordinate vector fields d .1 = 1,2, 3. Indeed,
let g be any Hermitian metric, and take the first unit vector field

0
X=_1 (6.8)
V81T
Write ky := «/%? so that X = k;0;. Then a vector field Y which is orthogonal to X is
given by
- B a
Y = 2 —g —Z,X X =a10;] + a0y,
V822 V822
where we put
T 1
ap = __ 81 and ap = .
811822 V822
Since g(Y,Y) = ajarg,i + a1a28,5 + a2aig,7 + axazg,s, we take
Y 3 3
Y = = — ﬂ 1+a22_ —— = 1101 + 1,
\/g(y ) Jaaig 1 + arazg; + a2aig,1 + a2angys
(6.9)
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where we put

- 4 . i=12  (6.10)
Jaiaig 1 + aiazg 5 + axaig,1 + a2angy;

Similarly, consider

Z = p1d1 + p2d + p3ids,

where
831
pri=————— T+ 12833),
ng«/gsé /83
1) 1
p2i=———= (g1 + 1&33), Pp3i=—.
V833 V833
Normalizing V4 yields
Z = 5101 + 5207 + 5303, (6.11)

where

s; = + i=1,2,3.
vV Zk,l:] Pk D181

These X, Y, Z are used in the following proposition which is the main result of this
section.
Proposition 20 A7 (0, y,z) € £ ;,0 <y, z < 1, the components of the holomorphic

sectional curvature R are given by as follows.

- - ﬁl = = HZ
H(X)ZR(X,X,X,X)Z—Z,B(X,Y)ZR(X,X,Y,Y)Z )
A A1As

— - ﬁs = = Fl
HY)=RY.,Y,Y,Y)=—=,B(X,Z)=R(X,X,Z,2) = ,
A2 A1Ag
H(Z)=R(Z,Z,7.7) = s B(Y,Z)=R(Y,Y,Z,7) = b
Ai’ E) - £ E) E) _A2A47
R(X,X,X,Y)=R(Y,Y,Y,X)=R(Z,Z,Z,Y)=R(Y,X,Y,X)=0,
R(X,X,X,Z)=R(Y,Y,Y,Z)=R(Z,Z,Z,X)=R(Z,X,Z,X) =0,
R(X,X,Y,Z)=R(Y,Y,X,Z)=R(Z,Z,X,Y)=R(Z,Y,Z,Y) =0.

Proof All the identities follow from Proposition 18 and Lemma 19. To illustrate the
process, we compute H(X), B(X,Y) and R(Y, Y, Y, Z). Computations of the other

components are similar.
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Since g,7 = 0 and g37 = 0, we have a; = 0, = 0, p = O and s; = O on
(0, y, ). On the other hand,

an 1
n= =

Va2a28y5 B x/ng'

Thus, using (6.4), we obtain

b* 1 a* ~  Hs

H(Y)=1Rpyp = ———Hs = —.
) 272222 = 2% A% bt 5 A%
Similarly,
BX.Y) = K22R s = 1 @ gy g
» 1) =Kkit ”22_gﬁg2§ e 2T AL @A, b2e 2= ALA, 2
To compute R(Y, Y.Y, Z), first observe
815 Ayz
Sy = —S3t22g3§ = —S3£ = —S3L.
822 a
Thus it follows from Proposition 18 and Lemma 19 that
_ _ )»yz aZA - yzaZA—l -
3 3 3 3
R(Y, Y,Y, Z) = l252R2§2§ + t253R2§2§ = tz <—S37> b_4H5 + t2S3b—4H6
3 20—1
15830 Z ~ ~
— 2 3 Y (_A.H5+H6)=O.

b4

Corollary 21 The holomorphic sectional curvature near K| is bounded for any
p, A > 0.

Proof The assertion follows from (6.6) and (6.7) and the fact that G; and H; are
bounded as § — 1.

It is known [10] that the curvature tensor of the Bergman metric is bounded for
A = 1 and p > 0. The following proposition tells us that the same is true for any
p,A>0.

Proposition 22 The curvature tensor of the Bergman metric on E 5 is bounded for
any p, ) > 0.

Proof The curvature tensor can be explicitly expressed in terms of the holomorphic

sectional curvature Hg,. Using the invariance of the Bergman metric, it suffices to
show H,, < C on 0K by some constant C € R. By Corollary 21, we are done.
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Corollary 23 For any p, A > 0, there exist Co > 0 such that

XE,,(p;v) < Covwp(v,v)  forallve T,E,;, p €M,

and Cy > 0 such that

1
C—wKE(v, v) <wp(v,v) < Ciwkp(,v)  forallveT'E,,.
1

Proof The assertion immediately follows from Proposition 22 and Lemma 15.

Remark 24 For the third statement of Theorem A, in general, the holomorphic sectional
curvature is not negatively pinched for £, ;. For example, when A = 1 and p = 1/5,
we have lims_, - H(X) ~ 0.033 > 0.

Lastly, we obtain interesting rigidity in the following proposition from direct com-
putation of the Ricci curvature of the Bergman metric and we omit the proof.

Proposition 25 The Bergman metric gp on E), ; is a Kihler—Einstein metric if and

onlyifA=p=1

7 A lower bound of the integrated Carathéodory-Reiffen metric

In this last section, we prove the following theorem.

Theorem B Let (M, g) be a simply-connected complete noncompact n-dimensional
Kéihler manifold whose Riemannian sectional curvature k of g satisfies k < —a> for
some a > 0. We denote by d the geodesic distance on M, and by yy the Carathéodory—
Reiffen metric on M. For any p > 2, the following are true.

1. Let f be a holomorphic function from M to the unit disk D in C. Then

)4
/ ’/ Glx. IV FR(y)dy
M M

= ((Zn—) / | F 1Py (x; V f () dx, (1.1)

dx

where G (x, y) is the minimal positive Green’s function on M.

2. If the Riemannian sectional curvature k of g further satisfies —b*> < k for some
b > 0. Then there exists a constant C (n) > 0, which only depends on n, such that for
any holomorphic function f from M to the unit disk D, we have

[l

— 1)2b%t _ (2n—Dbd(x,y)
8 2

p
} (1+bd(x, y>>|Vf|2<y)dy) dxdt
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2w p

p ,
m) /M|f(x)|pyM(x;Vf(x))7dx, (7.2)

SC(H)(

The inequalities (7.1) and (7.2) can be interpreted as integrated gradient estimates
of bounded holomorphic functions.

Although the lemmas below are known, we prove them here for tracking explicit
constants for the proof of Theorem 7.

Let M be an n-dimensional complete noncompact, simply connected Riemannian
manifold, and let L2(M) be the space of L?-functions on M. Denote by W1(M) the
Hilbert space consisting of L?-functions whose gradient are also L2, and by W(} (M)
the subspace in W1(M) which is the completion of the space C;°(M) under wh(M)-
norm. When M is complete, we have W' (M) = WO1 (M).

Lemma 26 ([29, Poincaré inequality]) Let M be an n-dimensional complete noncom-
pact, simply connected Riemannian manifold with sectional curvature k < —a* < 0.
Then

f lu)? < L/ IVul®>,  ue Wi(M). (7.3)
M ( M

n—1)2a2

Proof Let r(x) = d(po, x) be the distance function from a fixed point py € M. From
the Rauch comparison theorem, we have

Ar > (n — Da, (7.4)

where a > 0.
Let €2 be the geodesic ball centered at pg with radius R > 0 in M. From the Green’s
theorem, we have for every u € C(‘)’O (),

f|u|2Ar—f V(|u|2)-Vr=f lul?do = 0,
Q Q bQ

where do is the surface measure on h<2. We remark that » may not be smooth at py,
but we can apply the Green’s theorem to 2 minus a small ball of radius € > 0 around
po and let € — 0. From (7.4) and |Vr| = 1, we have

<n—1)a||u||25f |u|2Ar=/ V(|u|2)-ws/ V(P < 20l | Val.
Q Q Q
This gives

lue|l < mHVMW ueCs ().

Since C§°(M) is dense in W(} (M), we are done.

Let Ao denote the Laplace—Beltrami operator. We use Mckean’s estimate [27] on
the first eigenvalue of A.
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Lemma 27 ([27, Mckean’s estimate]) Let M be an n-dimensional complete noncom-
pact, simply-connected Riemannian manifold with sectional curvature k < —a* < 0.
Then we have

(n — 1)2a>
A= — (7.5)

where A1 is the smallest eigenvalue of .

Proof From Lemma 26, for every u € C(‘)’o (M),

-1 2.2
(Bou, ) = (duduy = [ (v = L2 e,
4
Q Q

The assertion follows.
Lemma 28 ([8, Cheng]) Let M be an n-dimensional Riemannian manifold. Consider

the first eigenvalue for the Dirichlet problem .1 (M) > 0. Let Q2 be a relatively compact
domain of M such that b2 is smooth. Let f € C°°(M) and let u be the solution of

Au=Af onQ,
u=20 on bQ2.

Then for any p > 2,

/ ul? < cp/ v, (7.6)
Q Q

where the constant C, depends only on p and ’(M).

Proof Assume that p > 2. Multiplying the equation by u”~! and integrating it, we
have

(p— 1)/ \Vul?uP=% = (Vu, VuP~" = (Vf, VuP™)
Q

<(p- 1)/ IV £1IVuluP—2
Q

12 12
5(p—1)< / |W|2uf’—2) ( / |Vf|2uf"2) .
Q Q

Thus we have

%/gwul’/zﬁgfgwﬂzupzs (/Q |u|”>lﬂ;2 (/gzlvflpy-
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From (7.3), we obtain

(4%1)[ IMIPS/ V£
p Q Q

The constant C}, depends only on p and A;. The general case can be proved similarly
through multiplication by (sgn u)|u|”~! and integration.

Proof of Theorem B From Lemma 27, M has the positive spectrum. It is a standard
result that if the manifold has positive spectrum then there exists a positive symmetric
Green’s function G on M. Moreover, we can always take G (x, y) to be the minimal
Green’s function constructed using exhaustion of compact subdomains. Hence

Gx,y) = l_l_i)rgo Gi(x,y) >0,

where G; is the Dirichlet Green’s function of a compact exhaustion {€2;}; of M, and
the limit is uniform on compact subsets of M.

Take any (bounded) holomorphic function f : M — D. For any relatively compact
subdomain Q C M with the smooth boundary b2, we use f2 in Lemma 28 and solving
the Dirichlet boundary problem with the inequality

4

(V2 VW) = (40P NH)T = 2817 0pmr: V(e

(7.7)
for any x € M, and the condition p > 2 implies
2p u 4
P —— p LV 2
fQIMI =< <(2n_1)a> fQIfI ym(5 V)
2p P P
<= Py (5 V2, 7.8
< <(2n_l)a> |MUEZERT (78)
where u is the solution of
Au=2|Vf> onQ,
u=2Vf|~ on (7.9)
u=20 on b2,

and a > 0 is for the upper bound of the Riemannian sectional curvature < —a? < 0.
From the hypothesis | f|Pypy (.; V f )[7 € L' (M) and from the exhaustion of com-
pact subdomains, there exists u € C*°(M, R) such that

/ lul? < oo,
M
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and Au = 2|V f|? on M. Furthermore, the fact inf ¢y Vol B(x, r) > 0 for anyr > 0
implies that u(x) — 0 as d(p,x) — oo from some fixed point p € M. Thus the
Dirichlet problem is solvable and u can be represented by

u(x) = 2/M Gx, MIV Py, (7.10)

which proves part (1).
For part (2), the positive minimal Green’s function satisfies

o0
G(x,y) =/O hy(x,y, t)dt,

where we denote the heat kernel of the Laplace—Beltrami operator by Ay (x, v, 7).
Hence (7.10) becomes

(@]
u(x) = 2/ / hv(x, v, DIV £ (y)dydt. (7.11)
o Jm
We use the Cheeger and Yau’s heat kernel comparison theorem [7]:

hy(x,y,t) = hy (d(x, ), (7.12)

where M} is the space form with constant sectional curvature equal to k. From the
two-sided estimate of Davies and Mandouvalos [15],

c(m) 't d(x,y)) < hap(d(x,y)) < c)h(t, d(x, y)), (7.13)

where c(n) depends only on n and

wm=1_

2 — 12p2 _ )
ht,r) = Q)" exp [—r—— Gn= Dbt Cn Ubr}(l-i—br)(l—l—br—kﬂ) ’

2t 8 2 2
(7.14)

fort, r > 0, where b > 0 is for the lower bound of the Riemannian sectional curvature
> —p2,

Now combining (7.8) with (7.11), (7.12), (7.13), and (7.14) gives the desired
inequality (7.2). This completes the proof.

We end this paper with an example for Theorem B.
Proposition 29 In the case of unit disk D in C, for each p > 2, we have
L/1 R2 R* RS p
271/0 (E — TIHR— ?(4lnR —-1) - %(6lnR — 1)) RdR

< p”[ 2P yp(z; V2) 2.
D
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Proof The Green function of the unit disk ID in C has the following form:

lx — ¥l
Gx,y)= —In———.
2 Ixlly = Wl

The function G satisfies A,G(x,y) = §y at fixed y € D and G(x,y) = 0 when

|x] = 1 and |y| < 1. Since the gradient vector of z € D with respect to the Poincaré
metric is (1 — |z|2) 3%, the integrand of the left-hand side of (7.1) is

/H G0, = IRy, (7.15)
y <

: — Loy P/ : _
Rewrite G(x,y) = z-1In P and choose coordinates x = (R, 0) and

y = (rcos6, rsinf), then (7.15) becomes

1 1 p2m 14+ r2R?> —2rRcos® 2.2
2 In r(1 = r22dodr
7 Jo Jo RZ4+7r2 —2rRcosf

1l
=4_f r(L=r)* (L, rR) — I1(r, R)) dr,
T Jo

where I (a, b) := 0 T In(a?® + b* — 2ab cos 0)d6. 1t is well-known that
I(a,b) = 4w max {In |a|, In |b|} .

Since 0 <r, R < 1, we have I(1, rR) = 0. Thus the integral becomes

1
—/ r(l—r) max {In |r|, In |R|} dr

1
lnR/ —r )zdr—/ r(1 —rz)zlnrdr
R

In R i 4InR—1) R6(61 R—1)
nR——@mhR—-1)——(6InR—-1).
8 36

1 2
6 2

Thus the left-hand side of (7.1)is

1 1 R2 R4 R6 P
2 - mR-Z@mR—1)——(6ImR—1)) RdR.
, \6 2 8 36
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