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We calculate murmuration densities for two families of Dirichlet characters. The first family contains
complex Dirichlet characters normalized by their Gauss sums. Integrating the first density over a
geometric interval yields a murmuration function compatible with experimental observations. The
second family contains real Dirichlet characters weighted by a smooth function with compact support.
We show that the second density exhibits a universality property analogous to Zubrilina’s density
for holomorphic newforms, and it interpolates the phase transition in the the 1-level density for a
symplectic family of L-functions.

1 Introduction

Following a programme of machine learning in arithmetic [7-9], a striking oscillation in the average
value of Frobenius traces for certain families of elliptic curves was observed in [10]. This oscillation
was termed a murmuration. In the original work, the average was taken over elliptic curves E/Q with
conductor in certain intervals. Similar averages for other arithmetic families, including higher weight
modular forms and higher genus curves, will be explored in [11].

After the initial observation, three important ideas emerged based on contributions of J. Ellenberg, A.
Sutherland, J. Bober, and P. Sarnak. Firstly, on Ellenberg’s suggestion, Sutherland studied murmurations
attached not only to newforms with rational coefficients, but, moreover, Galois orbits of those with
coefficients in number fields. Secondly, Bober proposed a so-called local average, which eliminated
the role played by the interval from the original construction. Thirdly, Sarnak introduced a notion
of murmuration density, which involved additional averaging over primes and weighting by smooth
functions of compact support [17]. To motivate his construction, Sarnak articulated the relationship
between murmurations and the 1-level densities for families of L-functions (see [18]). All three ideas
informed the important work of N. Zubrilina, in which a murmuration density for holomorphic
newforms was calculated [21]. In this paper we calculate murmuration densities for two families of
Dirichlet characters, both of which come from averaging characters over primes in short intervals (see
Examples 2.3 and 2.4).

The first murmuration density we compute involves odd (resp. even) complex Dirichlet characters x
normalized by their Gauss sums t(x). By way of justification, note that x(p)/z(x) is the Fourier
coefficient of ¥ when expanded in terms of additive characters (see, e.g., [12, equation (3.12)]), and so
this is a natural analogue of the modular form case. Integrating the murmuration density over a given
geometric interval yields the average value of x(p)/z(x) over odd (resp. even) Dirichlet characters with
conductor in that interval, which is a scale invariant oscillation comparable with the murmuration first
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observed for elliptic curves (see Figure 5). More precisely, we let D, (N) (resp. D_(N)) denote the set of
primitive even (resp. odd) Dirichlet characters mod N. For x € R.¢, denote by [x]* the smallest prime
that is bigger than or equal to x. For c € R.1, § € (0, 1), and y € R.o, define

logX x(yX1®)
Pi(y,X,0) = > > , (1.1)
X Ne[X,cX] xeDx(N) I(X)
N prime
log X X1P
Roxon-g Y ¥ M2 (1.2)
Ne[X,X+X] x€D=(N) X
N prime

We plot instances of the functions P.(y, X,c) and ?i(y,X,(S) in Figure 1. The factors log(X)/X and
log(X)/X® are connected to the number of primes in the respective intervals. In the case of equation
(1.2), we work conditional on the Riemann hypothesis, which guarantees that the interval [X, X + X°]
contains primes provided that 8 > 3. Our first theorem is stated as follows:

Theorem 1.1. Fixy € R.o. If c € R.4, then

lim Pay,X,0) = ‘ﬁ € n? ) ) a, ?_r (1.3)

and, assuming the Riemann hypothesis, if § € (3, 1), then

lim B (7, X,5) = | ST
X—>o00 —isin(2ry), if —.

The proof of Theorem 1.1 uses the prime number theorem, and the relationship between additive
and multiplicative characters. The fit for P.(y, X,c) and P.(y, X, 8) given by Theorem 1.1 is depicted in
Figure 1,in which we have used the relatively small value X = 2%°. For small values of X, the fit given by
Theorem 1.11s far from perfect. Upon closer inspection, the proof of Theorem 1.1 indicates that equation
(1.4) may be reformulated to incorporate certain composite conductors, and this yields a better fit even
for relatively small values of X (cf. Figure 6). We specify this reformulation in Section 6, and furthermore
establish variants of Theorem 1.1 for arbitrary conductors (in which case we no longer need to assume
the Riemann hypothesis).

The second murmuration density we compute is the more challenging case of real Dirichlet
characters. In this case, the average value of the Fourier coefficients for those with conductor in a
geometric interval yields a noisy image (see Figure 4). To counteract this, we use techniques originally
developed by Katz-Sarnak and refined by Soundararajan [19]. For d € Z, we use the notation xq = (g)
We also let G be the set of odd squarefree integers. If d € G and d > 0 (resp. d < 0), then yxsgq is an even
(resp. odd) primitive real character of conductor 8d. For a smooth Schwartz function ® > 0 with compact
support, define

logX
Ma(y, X, 8) = Xis > e ( )Xsa(p)f (1.5)
pelyXyX+X'] deg
p prime

Notice that one can isolate even (resp. odd) characters in this sum by choosing ¢ to have compact
support in R. (resp. R.p). In Figure 2, we plot equation (1.5) for two choices of ®.
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Local average of y(p)/G(3) over 104288 even and 104425 odd Dirichlet characters with prime conductor in [1024, 2048)
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Fig. 1. (Top) P+ (y,21°,2) for y € [0, 10] with + in blue and (the imaginary part of) — in red. (Bottom) PL(y, 2002,0.51)
for y € [0,2] with + in blue and (the imaginary part of) — in red. The solid curves (in yellow and green) represent

the limits given by Theorem 1.1. The discontinuity around y = 1 will be explained in Remark 3.1.

Theorem 1.2. Fixy € R.o. If § € (%, 1) and ® > 0 is a smooth Schwartz function with compact

support, then, assuming the Generalized Riemann hypothesis, we have
Y 1 < @) < ~ ( m?
Mo(y,8) = im Mo, X,8) = 5 3 == > (-1)"® (sz) ,

where

O = /OO (cos(2n£x) + sin(27£x)) ®(x)dx.

o)

2

We note that, in Figure 2, and the related Figures 5 and 8, we use the value § = %

(16)

(17)

which is smaller

than the minimal § included in Theorem 1.2. These figures offer some evidence that Theorem 1.2 may
remain valid for such values of §. Furthermore, although the smoothness of @ is crucial in enabling the
analytic tools used in the proof, we expect Theorem 1.2 to hold for weight functions with a sharp cut-off
as well (we refer to Figure 3 for numerical support of this claim). We remark that a murmuration density
for a family of real Dirichlet characters was first computed by Rubinstein and Sarnak in [18, equation
(13)], although their formulation and evaluation is different to ours in places. Rubinstein and Sarnak
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Weighted average value of Kronecker Symbol (S4/p) f with 524288 < [d] < 1048576, d odd, square free

Fig. 2. Let

100 =12 (0 exp (557 )

S0 =21 (0 exp (155 )

We plot Mo, (y,2%, %) fory € [0, 2] with + in blue (resp. — in red). We also plot the right hand side of equation (1.6)
in green (resp. orange).

Average value of Kronecker symbol (8d/p)/F with 524288 < ] < 1048576, d odd, square-free

00
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Fig. 3. Let ®4(x) = (1,0 (x) and &_(x) = 1(—2,-1)(x). We plot Mo, (y,2'°, %) (resp. Mo_(y, 2%, %)) in blue (resp. red).
We also plot the right-hand side of equation (1.6) in green (resp. orange).

also noted that the murmuration density interpolates the phase transition for the 1-level density of a
symplectic family, which emerges from our analysis in the following form.

Corollary 1.3. Let ® > 0 be a Schwartz function with compact support and let § € (%, 1). Assuming
the Generalized Riemann hypothesis, we have

. . 2 -
ylira Me(y,8) =0, and }an)o Mo (y,8) = —?<D(O), (1.8)

where M (y, §) is defined in equation (1.6).
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Sum of \()/(x) over 39842 even and 39834 odd primitive quadratic Dirichlet characters with conductor in [131072, 262144)

o 100000 200000 300000 100000 500000
p

Fig. 4. Plot of 3 yex %) 2 ye0.an X®)/7(0), for X = 2% and 2 < p < 4X with + in blue and (the imaginary part of) —
in red.

We present a proof of Corollary 1.3 in Section 5, in which we use the same techniques as Rubinstein
and Sarnak. A similar phenomenon for real character sums was previously observed in [4], which
studied the asymptotics for double sums of the form

> 25

m<X n<Y
m odd n odd

In [4], the authors study the case that X ~ Y, which yields a function exhibiting murmuration-like
properties, including scale-invariance and non-differentiability. The analysis presented in [4] is different
from that presented here.

The proof of Theorem 1.2 involves identities for the Mobius function, the Polya-Vinogradov inequality
for sums over primes, and Poisson summation asin [19, Lemma 2.6]. The transform in equation (1.7) was
used in [19, Section 2.4]. Unfolding this transform and applying the identity cos(x) +sin(x) = +/2 cos(x —
/4) to equation (1.7) we conclude that

oo 2 2
)}im Mo (y,X,8) = Z M(a) Z( 1)"“/ (cos (n;;yx) + sin (ﬂ;lyx)) ®(x)dx
o m=1 I

(a,2)71
(1.9)
o V2 & ) & m am?x 7
_/_oo *) | =5 ; a—zmgl(—l) cos( 75 _Z) dx.

In other words, conditional on the Generalized Riemann hypothesis, we exhibit a distribution M such
that, for every smooth Schwartz @ > 0 with compact support and every § € (3, 1), we have

Bim Moy, X, ) = / ” oM@/t (1.10)

Consequently, using Sarnak’s terminology, the distribution M in equation (1.10) is the Zubrilina density
for the family {(&) ‘de g} [18]. Using the same techniques, we calculate the Zubrilina density

for {(4 :de Gt in Section 6.2 and deduce the analogue of Corollary 1.3. Given Figure 3, it is not
immediately clear whether or not Ms(y, X, §) exhibits infinitely many sign changes near y = 0. Zubrilina
has shown that, in the setting of modular forms, the analogous function has only finitely many sign
changes.
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We conclude this introduction with a summary of the sequel. Section 2 contains the relevant
background material on Dirichlet characters. In Section 3, we prove Theorem 1.1. In Section 4, we prove
Theorem 1.2. In Section 5, we prove Corollary 1.3. In Section 6, we state and prove the aforementioned
variations on Theorems 1.1 and 1.2 (both of which concern averaging over an alternative set of
conductors).

2 Background

2.1 Asymptotics of double averages

For m € Z-o, a Dirichlet character mod m is a completely multiplicative function x : Z — C, which is
periodic with period m and satisfies x(a) = 0 if and only if gcd(a, m) > 1. The Gauss sum of a Dirichlet
character x mod m is defined by

() = > x (e .

b=1

We denote by yxo the principal Dirichlet character mod m, which satisfies xo(a) = 1 for (a,m) = 1 by
definition. We say that a Dirichlet character x is even (resp. odd) if x(—1) = 1 (resp. x(—1) = —1). The
conductor of a Dirichlet character x is the minimal positive integer N such that x is a Dirichlet character
mod N. We say that a Dirichlet character x is primitive if its modulus and conductor are equal. We let
D4 (N) (resp. D_(N)) denote the set of primitive even (resp. odd) Dirichlet characters mod N. A Dirichlet
character is said to be quadratic if its values are real. We denote by Q. (N) the subset of D, (N) consisting
of quadratic characters. Note that, for even (resp. odd) characters x € Q+(N), we have z(x) = +/N (resp.

iVN).

Example 2.1. Quadratic characters provide the simplest analogue to the murmurations of elliptic
curves over Q discovered in [10]. Furthermore, using quadratic reciprocity, one may relate sums
of quadratic Dirichlet characters to Chebyshev’s bias (cf. [16]). In Figure 4, we plot the sum of
x(0)/7(x) over UFS! QL (N) for X = 2V7.

In this paper, we consider two variations of the sum considered in Figure 4. The first, and simplest,
variation is to involve (Galois orbits of) complex characters in the average. The second, more challenging,
variation is to work only with real characters but to incorporate a smooth weight function with compact
support and to take the average over the primes in a short interval.

Example 2.2. In Figure S, we plot the sum of x(p)/z(x) over x € U4 D.(N), for X = 219,
normalized by (cf. [14]):

1. 33
X 72 /#Di(X)

(2.1)

We note that including the non-real characters and normalizing in this way yields a much
less noisy image than in Figure 4. We will observe a similar effect with modular forms in a
forthcoming work [11].

Example 2.3. The function P.(y, X, 8) in equation (1.2) comes from the following average:

D Nelx x+x°] 2 yemaany X TYXTP)/T(0)

N prime
) 2.2
D Nepxx+x) 1 2.2

N prime
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wherey € R.oand § € (3, 1). Indeed, assuming the Riemann hypothesis and applying the prime
number theorem, we deduce

. . log(X)
Jim [#{N € [X,X+X']:N prime}- }g@ ]: 1. (2.3)

It follows that the function in equation (2.2) is asymptotic to P.(y, X, ). There is a similar
interpretation for the equation P.(y, X, ¢) in equation (1.1).

Example 2.4. The function M4 (y, X, §) in equation (1.5) comes from the following double average:

2ieg P/ X) x3a(P) /P

Zpe[;égxmzx“] S ieg OA/X)
Do(y,X,8) = : (2.4)
Zpe[yX,y_XJrX&] 1
p prime

where y € R.o, § € (%, 1), ® is a smooth function of compact support, G denotes the set of
odd squarefree integers, and x4 denotes the Kronecker symbol (Q) Assuming the Riemann
hypothesis and applying the prime number theorem, we deduce

. . log(X)
%Lngc [# {peyX,yX+X’]:p prime}- G ] =1 (2.5)

It follows that De (y, X, §) is asymptotic to

logX )3 S iee PA/X) xsa (D) /P
' (2.6)
x PElyX,yX+X’] Dieg /X
p prime

To simplify the denominator in equation (2.6), we note that the natural density of G is shown
to be 4/x? in [13]. Using the fact that & is Schwartz, an equidistribution argument for (d/X)4cg
implies that

1 4 o
%Eﬁiizq’(d/x) =— / ®(r)dr < 0. (2.7)

deg >

Therefore, to understand asymptotics of D¢ (Y, X, 8), it suffices to analyse the limit of Mg (y, X, §).

2.2 Lemmas for Theorem 1.1

We begin with the following Lemma on Gauss sums.

Lemma 2.5. Let N be a positive integer. If p is a prime such that (p,N) = 1, then

an) -1 1 B
2mp\ _ 1 , 2.8
COS( N PSR X%N (0 X (D) (2.8)
x#x0, x(=D=1
. (27p) i _
sin (T) =®m > tOxp). (2.9)
x mod N
x(=D=-1
Proof. This follows from [12, (3.11)]. |

If N is prime, then every non-trivial Dirichlet character mod N is primitive and hence

Di(N)={x mod N : x#x,x(-D=1}, D-N)={x mod N : x(-1)=-1} (N prime).
(2.10)
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Lemma 2.6. If p and N are two distinct primes, then

xe'DZJr(N) T(X) - ( N )COS( N ) + N’ (2.11)
Y i (¥) sin (z%p) ' (2.12)
veD () 7(x)

Proof. For x € D+ (N), recall

= (), (2.13)

(see, e.g., [3, Exercise 1.1.1]). Since € := x(—1) is constant on x € D, (N), summing equation (2.13) over
x € Di(N) yields

S DS o). (2.14)

T N
X€DL(N) (X) xX€D+(N)

Since N is prime and (p,N) = 1, Lemma 2.5 implies

27p -1 1 _
cos (T) —r ot Xt (2.15)
x mod N
x#x0.x(=D=1
. 2np —1 .

sin (T) =N_-1 Z O x (@) (2.16)

x mod N

x(=D=-1
The result now follows from equations (2.10), (2.14), (2.15), and (2.16). ]

Lemma 2.7. Fora € R.p and b € (0, 1], we have

. logX 1
lim =2 > 5=0 (2.17)
Ne[X,X+ax?)

Proof. Since a,b, N are all positive, we have

. logX 1 .. logX 1 . log Xlog((a + 1)X)
fm S ¥ gefmSE 3 g=jmo(ERERES) <0
Ne[X,X+aX"] 0<N<(a+1)X
|
Lemma 2.8. For y € R.o, if N > X, we have
. [yX1P —yX
}E?o —x = 0. (2.18)

Proof. For any x € R.o, we have [x]? — x < x? for some constant 6 < 1 (see, e.g., [2]). Subsequently, we
deduce that

p_
lim w < lim 0.

X—o00 X—o00

[yX1P —yX
e
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Lemma 2.9. Fixn e R.pand § € (%, 1).If f : R — Cis continuous, then, assuming the Riemann
hypothesis, we have

. logX p
im e X f()=fo @19
pelnX.nX+x°]
p prime

Proof. Since we have p/X — 5 as X — oo for p € [nX, nX + X%], we know that, for all ¢’ > 0, there exists Xo
such that X > X, implies |p/X — 5| < €. Since f is continuous, for all € > 0 there exists ¢’ > 0 such that
lp/X —nl < € implies |f(p/X) — f(n)| < €. Thus, for X sufficiently large, we have:

> (@ 3 s T 0wl ¥ 1 e
pe[nX nX+X’] pe[nX nX+X] pe[nX nX+X] pe[nX nX+X’]
p prime p prime p prime p prime

Multiplying equation (2.20) by log X/X?, and using equation (2.5), we deduce that:

. logX p
e 3 () Sw) << @21
penX nX+X*]
p prime
Since e > 0 is arbitrary, we deduce equation (2.19). |

2.3 Lemmas for Theorem 1.2
We begin with the following manifestation of the Polya-Vinogradov inequality.

Lemma 2.10. Lety € R.o, and let d € Z be such that x4 is non-principal. If § € (%, 1) then assuming
the Generalized Riemann hypothesis, for any € > 0, as X — oo, we have

> @] <yt (2.22)
pe[yX,){X+X"]
p prime
Proof. This follows from [6, equation (5.1)]. |

Following [20, Section (2.2)], for an integer k and a prime number p, we define

_f1-i =1\ 141 [ ATy
wo=(5+(5)5) Z () 22

bmod p

and

= (g) e2mibk/p, (2.24)

b mod p

so that

141 [-1\1-i
() = (% + (?) TI) Gr(p). (2.25)
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Moreover, using the notation from Section 2.2, we have r1(p) = © ((?)) For a smooth Schwartz function

@, we let & be as in equation (1.7). At various points in what follows, we will use the fact that, if @ is
Schwartz, then & is Schwartz. We will also use the notation & to denote the usual Fourier transform,
thatis,

D) = /OO O (x)e~ ¥ dx.

oo

Note that

~( kX ~ [ —kX ~ [ kX ~ (—kX
w(p)® (m) + 1k (p)® (aazp) = Gr(p)® (m) + G_k(p)® (m) . (2.26)
Since G (p) = (’71) G_r(p) and 1o(p) = Go(p) = 0, equation (2.25) implies:

X ~( kX X ~( kX
msz(p)q) (@) = mzck@w (m) (2.27)

keZ keZ

For completeness, we prove the following form of [20, Lemma 2.6].

Lemma 2.11. Let ® > 0 be a smooth function with compact support and let g = sup, g{Ix| :
®(x) > 0}. For a prime number p, and any A € (0, /BX], we have

% > (X r@)e (%) (g) Vb= % (%) > % Sk (S) 3 (;pr) . (2.28)

deZ a?||d| O<a<A keZ
@2)=1 g<A (a,2p)=1

) 2
Proof. By switching the order of summation and using (‘%) = (%) (%) , we deduce that:

> (X r@)e (%) (g) = > u@ ;Z: ® (dxiz) (%). (2.29)

deZ  a?||d| a<A €
@2)=1 g<A (a,2p)=1 d,2)=1

We observe that

> (%) (5) -2 (%) () - () =z (5) ) @)

deZ deZ deZ
d,2)=1

and, for @ € {1, 2}, we write

2 (g) ? (%az) = 2 (g) 2. (W) - (2.31)

b mod p deZ
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Poisson summation implies that

Zq)(aa (pd+b)) Z/ (aa (p§+b))e(f§k)ds

deZ keZ

kXu
= 227 Z/ @ (we (— - —p) du
X kb o0 —kXu
() o ()
X kb\ ~ [ kX
a2 (5)? o)

(2.32)

keZ
Multiplying equation (2.32) by (;‘%) summing over b mod p, and switching the order of summation, we
get
2
2 ()5 -5 2 0)-()5(5)
bmod p p dez kemeodp p p

(2.33)

- aazp ez, P <I>( )

Combining equations (2.27), (2.30), and (2.33), and using Gr(p) = (%) Gor(p), we deduce

> (%) ()5 () Zvews (5) e

deZ keZ
@2=1
Since Gi(p) = (%) /P, equation (2.28) follows from equations (2.29) and (2.34). ]

Lemma 2.12. Let ® be a Schwartz function. For any « > 1, as X — oo, we have

> o @m < X (2.35)

meN
Proof. Since ® is Schwartz, as X — oo, we have ®(X) « X~%. We deduce that:

DeEM L D XM =X M L X (2.36)

meN meN meN

3 Proof of Theorem 1.1

Proof of equation (1.3) We will prove the case of P,.(y, X, ¢), and simply note that the case of P_(y, X, c)
is similar. For p # N, equation (2.11) implies

. 5. logX N-1 2r [yX1*P 1
%%P+(y,x,c)_}g§o = Z |:( T )cos( N )+N:|. (3.1)
Ne[X,cX]
N prime

Witha=c—1andb=1in (2.17), we have

im 8% 5 1_, (32)

X—o0 X
Ne[X,cX]
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Substituting equations (2.18) and (3.2) into equation (3.1) gives:

. . logX 27yX
%grgoh(y,x,c) = %E‘I;lo —~ > cos (T) } (3.3)
Ne[X,cX]
N prime

We relate the sum on the right-hand side of equation (3.3) to an integral using the following equidistri-
bution argument. For each X, consider the set S = {N € [X,cX] : N prime}. If n = #S, then, according to
the prime number theorem, we have

cX X (c— DX
" (IOg(cX) - logX) logX (3.4)

Consider the sequence T = (N;/X), where N; e Sfori e (1,...,n}. Any subinterval [«, 8] C (1,¢) contains
the following proportion of elements in T:

w(BX) — w(aX) N BX/log(BX) — aX/log(aX) N B—a
n (c—1X/logX) c—-1"

In other words, the sequence T = (N;/X)_, approaches equidistributed on (1,¢). Using equations (3.3)
and (3.4), and applying equidistribution of the sequence T on (1, c), we conclude using Riemann sums
that:

n

. =1 2ryX\ (€ 2y
%anlc Pi(y,X,0) = }grolo - Zcos (T) = /1 cos (T) dx. (3.5)

n—»oo i=1 !
|

Remark 3.1. The discontinuity around y = 1 in the bottom image from Figure 1 is explained by
the fact that equation (3.1) requires p # N. In fact, when p = N, the quantity x([yX1?)/z(x)
vanishes. This discrepancy does not affect the limit.

Proof of equation (1.4) Recall that we assume the Riemann hypothesis. We will prove the case of
P.(y,X, ), and simply note that the case of P_(y, X, §) is similar. Equation (2.11) implies that

~ logX N-1 27 [yX]*P 1
oo =22 3 [( = )cos( ”[I{I] )+ﬁ] (3.6)
Ne[X,X+X°]
N prime

Witha=1and b =4in (2.17), we obtain

. logX 1
lim =% > ==0 3.7)
Ne[X,X+X°]

Applying equations (2.18) and (3.7) to equation (3.6), we deduce

L= . logX 2nyX
)}Lnolc PL(y,X,8) = )}g‘glo G Z cos (—N ) . (3.8)
Ne[X,X+X0]
N prime

Now it follows from Lemma 2.9 that

. logX 2ryX
lim = > cos (T) = cos(27y). (3.9)
Ne[X,X+X°]
N prime
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4 Proof of Theorem 1.2

For d € Z.o, we define u(d) = u(|dl). Let G be as in Section 1 and note thatd € G if and only if (d,2) = 1
and pu?(d) = 1. Subsequently, for y, 8, and @ as in Theorem 1.2, we may rewrite equation (1.5) as follows:

logX
Mo (y,X,8) = Xia > > <d>d>( )m(p)@. 4.1
PelyXyX+X°] deZ
p prime

According to [12, equation (1.33)], we have u?(d) = X424 u(a), and so:
a>0

> W@ (%) @VP= Y. (X n@)e ( )Xsd(p)f (42)

deZ dez a?|d
(d,2)=1 d,2)=1 ¢>0

Since @ has compact support, we may define g = sup,{|x| : (x) > 0} < co. Combining equation (4.1)
and equation (4.2), for A € (0, V/BX], we may write Me(y, X, 8) = Mo a(y, X, 8) + Roa(y, X, §), where:

1
Moa(y, X, 8) = ;?j Z Z ( Z p,(a))tb(%) x84 (0)/D, (4.3)
PelyXyX+X’] deZ a’|d
p prime @d2)=1 0<a<A
Roa(y, X,8) = i’ﬁf > 2 (Zu(a)) ( )xm(lﬂ)f (44)

pelyXyX+X’] deZ  a?|d
p prime d2)=1 g>A

To complete the proof, we will show that Re a(y, X, §) vanishes as X — oo, and use [20, Lemma 2.6] in
the form of Lemma 2.11 to analyse the asymptotic behaviour of Me a(y, X, §).

4.1 Analysis of Ry 4 (Y, X, §)

Given d € Z, for any € > 0, we have

> w@)| < D 1< d. (4.5)
az\jz/.i\ k|d
a=>

Since the innermost sum in equation (4.4) is empty unless d = a’b where a > A, and ®(d/X) = 0 unless
|d| < BX, switching the order of summation in equation (4.4) and applying equation (4.5) shows that

\R¢A(yX8)|<< M =~ > > ( ) ng(p)/» (4.6)

ae(A,VBX] Ibl=4 BX PelyX.yX+X’]
p prime

where the outer sums are over a, b € Z satisfying the specified bounds. Using Abel’s summation formula
([1, Theorem 4.2]), we get

X+ yX+X° t
xmﬂo)\f \/> ‘/’Sd()‘y . / 'gfﬁdt (4.7)

pelyX, yX+X"
p prime

where we set Y (t) = 3<p<t |+ ). Fort e [yX,yX + X°], we have |1/+/t| < (yX)~2 and, by Lemma 2.10,
h > ssper (X [ *], we h Vi * and, b

p prime

[V (t)] < (yX)%“. Consequently, we see that [ygq(t)/+/tX| <« yfxff%. Taking the absolute value of both
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sides of equation (4.7), and recalling § < 1, we deduce

Z XSd(p)\/g < y1+€X%+E +yEX87%+€ < y1+EX%+E4 (48)
pe[yX,){X+X5]
p prime

Applying equation (4.8) to equation (4.6), we infer that:

I+ logX a’b
[Rea(y,X,8)] « yxsij > > e (7) (4.9)
ae(ABX] bi< 23

Since @ is Schwartz, we have ®(a?b/X) < sup, ., ®(x) < 0o, and so

> z¢(“j<l)<< Y Ti«x ¥ sex[ S8=% (4.10)

ae(A,/BX] \b|§% ae(A,v/BX |b\§% ae(A,/BX

Combining equations (4.9) and (4.10), we conclude that

1+ey 14365 I+eyltde—s
y X y X

[Ro,a(y, X, 0] < logX « (4.11)

In what follows, we will refine our choice of € and A. These refinements are made not only to show
that Re a(y, X, 8) vanishes in the limit, but moreover to find an asymptotic formula for Mea(y, X, §) in
the sequel. Recall from the discussion above equation (4.3) that, by construction, we have A « X2 . For
the asymptotic formula, we will require the stronger assumption that A « X7. Since § > 3/4 is fixed,
we may choose 0 < e < (8 — 3/4)/5 and A = X% « Xi « X7. With these choices, equation (4.11)
implies that:

Roa(y, X, 8)] < yHexe. 4.12)
Using equation (4.12), and the fact that Mo (y, X, 8) = Mo a(y, X, 8) + Re,a(y, X, 8), we obtain

%im Mo (y,X,8) = gim Mo a(y,X,6). (4.13)

4.2 Analysis of Mg (Y, X, §)
Recalling that xgq(p) = (%ﬂ) and applying Lemma 2.11, we deduce

logX 1716 a k\ ~ [ kX
Mo, X,8) = 2= > 5(*) S &2)2(_1%(7)4%—2). (4.14)
b a b 2a%p
pe[yX yX+x°)] (a,2p)=1 keZ
p prime O<a<A

16

2
Since the k = 0 term in equation (4.14) is identically zero, and (?) = (g) = 1 for odd primes p, we

have

log X 1 R\ ~ [ kX
Moa(y, X, 8) = nga > 5 2 %Z(—Dk (§)¢(m), (4.15)

e[yX,yX+X° (a,2p)=1 keZ
P [gpryime ] O<a<A k#0
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for X sufficiently large (so that yX > 2). Since 0 < a < A « X? < p, we have (a,2p) = 1if and only if
(a,2) = 1. Therefore, for large X, we can switch the order of summation in equation (4.15) to get
1 a logX
Moag X9 =5 3 LD 5 1)r 8

< > (g) ) (2?2(10) . (4.16)

(@,2)=1 keZ e[yX,yX+x°
04a<A k0 P [gpryime ]

We handle the sum over non-zero integers k in equation (4.16) in two stages. In the first stage, we break
it into sums over k square (written k = ) and k non-square (written k # ). In the second stage, we
show that the sum over k # [J exhibits cancellation, and consequently we identify the sum over k = J
as the main contribution. To bound the sum over k # [J, we introduce ¢’ > 0 and break the sum further
into sums over k small (k| < a®X¢) and k big (|k| > a?X¢). The small k are handled by equation (4.18),
which will be deduced in the next paragraph, and the big k are handled by the rapid decay of ®.
Assume k # [, so that (k) is a non-principal character. Using Abel's summation formula, we have

R\ ~ [ kX ~ [ kX YR+ 2SS RO 'S'¢
> (5)7Gap) =7 (5wl */yx & (3 () oz @)

PE[yX yX+X’]
p prime

where we set Y (t) = > 3<p<t (%) as before. Since ® is bounded, applying Lemma 2.10 to equation (4.17),
p prime

fore’ > 0and a > 1, we deduce
k\ ~ [ kX 1, oo
> (,)CD( - )<< yX) 7+ (1+/ |q>’(u)}du) (k # 0). (4.18)
5 \P 2a%p 0
pe[yX,y_X+X°]
p prime

Now, summing over k # O with k| < a®X¢, we observe:

logX R\ ~ [ kX yi+<a2logX

k

> (D ' > (7><I>(2a2 )<< . (4.19)
kez PelyX yX+X’] P 4 X

|k\k<7éa3(€/ p prime

On the other hand, summing over k # [0 with |k| > a?X¢ and a > 1, we obtain

logX k\ = ( kX ~( k
(=Dk (7) ® ( ) < ‘@ (—)‘ , 4.20
kZZl 5 pe[y%m 5) @ e 2 1y (4.20)

€
[k|=a2x¢’ p prime [kl=a2x¢
k0 kx0

where we use ‘(—1)’e (%)‘ < 1 and apply Lemma 2.9. Since ® is Schwartz, and x — x| is even for all
a > 1, we have

% k * u \ 20 ye (1—a)
> ‘<p (m)’ < Z/szs',l (m) du « a’y*X . (4.22)

keZ
[k|>a?X¢
k£

Combining equation (4.19) with equations (4.20) and (4.21), we deduce:

log X k\ = ( kX a’yz*< log X a
Z‘(—l)k—}?s > (5)®(2a2p) < 717(57175 +ayex< . (4.22)
keZ PelyXyX+X’] ’

kL] p prime
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Summing equation (4.22) over odd a < A, we see that:

,u,(ﬂ) klogX (k) & ( kX y%Jre/ IOgX aye (1—a)
> 7 2D > 0) 8 )| <Al o o : (4.23)

(@,2)=1 keZ e[yX,yX+X°
O0<a<A k# P [gp,yime ]

Recall from the discussion preceding equation (4.12) that we have chosen A « X7. Combining this
bound for A with equations (4.15) and (4.23), we conclude:

logX kX
Hor %= 5 s s (B ()

pelyX, yx+xf] O<a<A ksZ
p prime (@,2)=1 k=L (4‘24)
1.
0 y2+ IOgX +yax%+e’(1ftx)
XS*%*Ze’ :

Since § > 3/4, we may choose 0 < € <§/2 —3/8and a > 1+ (4¢’)~! > 1. With these choices, we see that
the error term in equation (4.24) vanishes in the limit as X — oo, and hence:

. . logX a kX
lmMaay o) = Jim SEL > 0> AD S (D) (). 6
pelyX, yX+X"] O<a<A keZ p
p prime @2)=1 k=01

Considering the innermost sum in equation (4.25), we note that:

S Dk ( ) (zz}fp) - iH)m (%2) & (ZS;) = mzz -1H"d (;Y;);). (4.26)

keZ m=1
k=0 (m,p)=1

Combining equations (4.25) and (4.26), we deduce

. . logX 1 n(a) m2x
EmMery X0 =Jim S 2. 3 2 Z 078 (5 42
pelyX, yX+X*] O<a<A m=1
p prime (a,2)=1 p)=1

To analyse the sum over m coprime to p in (4.27), we will eventually apply Poisson summation. Prior to
that, we will first quantify the error created when we extend the domain of summation to all m > 0.
Since (im e N: (p,m) > 1} = {pm : m € N} and ® is Schwartz, Lemma 2.12 implies that, for all « > 1, we

have:
~ (pm?X X
@ (p2a2 )‘ < (5&2) . (4.28)

Since a < A « VX ~ /p/y, we have pX/a® >» yX. Combining these bounds with equation (4.28), we
deduce

00 2X 00
> =y ®(2a2p)§m 1

m=1
(p.m)>1

m2X 1
> M § " q>( )<< G0 Y 5 <o (4.29)
O<a<A p O<a<A a
(@,2)=1 (p,m)>1 (@,2)=1

Equation (4.29) implies that

2 5 () 2 1 S (E

O<a<A O<a§A
(@,2)=1 (mp) 1 (a,2)=

) +0(yx)™). (4.30)
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Applying equation (4.30) to equation (4.26) and combining the result with (4.25), we deduce:

hm Mo a(y,X,8) = hm

X X
ng > 5 Z as) Z( Hm @(mzp) (4.31)

pelyX, yX+X*] 0<G<A
p prime (@2)=

To analyse the inner sum on the right-hand side of equation (4.31), we observe that

1 ~ 2X 1~
DI (;nan) - ;%0 (4.32)

mez

00 _ 2X
> 0" () -
— 2a%p
Poisson summation implies that

" m2X
> Do ( ) Zcos(nm)¢(2a2p)

mez mez

-> /(5

o5 [ s Yo v
= a\/zzp(ﬁa(m + zgﬁa (au\/?)) ,

where Hy(w) := ®(w?) cos(rwa,/2p/X). For the final equality in equation (4.33), we use the fact that 3
is even. To proceed, let H(w) := ®(w?) and C,(w) := cos(zrwa,/2p/X) so Hy(w) = Hw)Cq(w). Since the
Fourier transform of a product is the convolution of the Fourier transforms, we have:

) cos (ru) e(—uv)du
(4.33)

Ho(w) = Cow)

" p p
/mH(t)(é(w—t—a 2X)+8( w—-t+a 2X))dt (4.34)
3 | b 3 p
(H(w+a 2X)-H—I(w—a ZX))
Since H is even, equation (4.34) implies:
ﬁmwziﬁa a2 ) = / iﬁ (2u+1) a/ £ @v-1)
= X 2X
2S5 Afw /L
=2 H(au 2X)'

v=1
,2)=1

N —

N —

(4.35)

Substituting (4.35) into equation (4.33), we get:

> e (%) = 2@/% i ﬁ(au\/g). (4.36)

mez v=1
,2)=1

Combining equations (4.32) and (4.36), we deduce:

E) 77<I>(O)+a e Z ﬁ(au\/g). (4.37)

mZ
e <I>(2a2 Z

m=1
v,2)

Ve
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Noting that
> &f) =11 (1 - iz) +o(1) = % +o(D), (4.38)
a p T
O<a<A p>2
(a,2)=1

as X — oo (hence A = X*+>7% 5 o0), equation (4.37) implies:

m2x\ \/> u(a) °° o \/7
an) f<1>(0)+ > H(au ox | o (4.39)

(@) — ~
> 205
O<a<A m=1 O<a<A
(a,2)=1 (a,2)= w, 2) 1

Since His Schwartz, the double sum in the right-hand side of equation (4.39) converges, and we conclude
that the sum on the left-hand side converges to a smooth function of p/X ~ y as X — oo (hence A =
X1+5¢=3 5 o0). Noting the appearance of this sum in equation (4.31), we may apply Lemma 2.9 to deduce:

. ﬂ(a) m
lim Mo (y, X, 8) = Z Z( H"d (2{12 ) (4.40)

(a, 2) 1

Combining equations (4.13) and (4.40), we conclude the proof of Theorem 1.2.

5 1-Level Density

In [5, Section 4], murmurations of Kronecker symbols are considered from the perspective of L-function
zeros via the explicit formula. Furthermore, Rubinstein-Sarnak observed that the murmuration density
for Kronecker symbols in Theorem 1.2, when properly normalized, interpolates the transition in the
1-level densities for a symplectic family of L-functions [18]. We recover the observation of Rubinstein—
Sarnak in Corollary 1.3, in which the left (resp. right) limit corresponds to the case that p = yX is much
smaller (resp. larger) than X.

Proof of Corollary 1.3 We maintain the notation from Corollary 1.3. Combining equations (1.6) and
(4.39) with y = p/X, we observe that

Moy, =~ 580 +/F > Lo - ﬁ(a \f)

@, 2) 1 (uU:>1=1
(5.1)
__2 S @ g ﬁ
= q>(0)+[ Z n - H(n 2).
(n, 2) 1 \(a, 2) 1
For even n, define b, = 0, and, for odd n, define
wu(a)
by = Z - (5.2)

ajn
(a,2)=1

In particular, we have b, = 1. Since, for p prime and m > 1, we have p(p™) = 0, we observe that, fork > 1,

2,
, (5.3)
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If B(S) = > peq ban™5, then equation (5.3) implies that, for Re(s) > 1,

B(s) = H(l + (1 - %) kip%) =

_ —S _ pn—s-1
I (1 N %) )
2 2 1-p= 2 1-p7
p> b> p> (54)
1-27% (9

T1 21 st 1)

Equation (5.4) implies that B(s) has meromorphic continuation to Re(s) > 0 with a simple pole at s =1
and

i 12 g9 21 _ 4
Ress_1B(s) = 151311(3 - 1)m 61D 31— at (5.5)

Consequently, we observe that the following function is meromorphic on Re(s) > 0 with a simple pole

ats=1:
/Oo (Z bnﬁ(nx)) ng = /OO (Z bnnsﬁ(u)) MS% = B(s) /OC ﬁ(u)u3%4 (5.6)
0 n=1 X 0 n—1 u 0 u

Furthermore, equation (5.5) implies that:
Ress_1 B(s)/ ﬁ(u)us% = i/ Bwdu = iH(O) = iCT>(O), (5.7)
0 u 2 0 72 2

where we have used Fourier inversion, and the facts that H is even and H(0) = ®(0). We observe that,
for n € (0, %) and 1 —n < Re(s) < 1+ 5, the Riemann hypothesis implies that, for all € > 0, we have

1-27 () @)
1-2-51¢654+1) {s+1)

[B(s)| = ‘ < Isl, (5.8)

as |s| — oo (see [20, Theorem 14.2]). Likewise, for 1—n < Re(s) < 1+nandr € Z.1, we may apply applying
integration by parts r times, and note that H® is a bounded function of rapid decay, to deduce:

du (=D'(s=1)!

'/ Aot | = | —ar

© d o«
/ H<'><u>u5+'7u‘s|s|" / [HOW|udu < IsI™,  (5.9)
0 0

as |s| — oo. Therefore we may apply Mellin inversion, the residue theorem, and equation (5.7) to equation
(5.6) to obtain

*S) _ 220 (5.10)

m2x

Zb H(xn) ~ Ress_1 (B(S)/ H(u)u

n=1
as x — 0*. Combining equations (5.2) and (5.10), we deduce that

w@ | y y 28(0) 2 ~
[ Z . H(n\/;)~\/;n2\/m=nz¢(0) (5.12)

(ZYI
(nZ) 1 \(a,2)=1

as y — 0*. Combining equation (5.1) with equation (5.11), we conclude that

. 2 2 .
ylgg Mo(y,8) = = —8(0) + —B(0) = 0. (5.12)
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For the limit as y — oo, we again use equation (4.39) with p/X = y, and note that, since H is Schwartz,

forall @ > 1, Lemma 2.12 implies that

—a

”u(a)“&ﬁ ”Qﬁ o 1L e

= =1 =1
(a,2)=1 (a(,JZ):l (a‘,ZZ):l

Combining equations (5.1) and (5.13) we conclude that

. .1 (—43(0) 1w 2 -
lim et = lim 7 (<52 +0(57)) = - 80,

6 Supplementary Results

6.1 Including composite conductors in Theorem 1.1
6.1.1 Preliminaries

(5.13)

(5.14)

Note that by [12, equation (3.7)], the set D (N) is empty if and only if N = 2 mod 4. For § € (0,1),y € R.o,

and c € R., we will analyse functions connected to the following:

p
Qi(yyx,c)% > T x(yX1%).

Nexex] xepray  TO
N#2 mod 4

x(yX1%)

~ 1
LX) =5 2 o

Ne[X,X+X°] x€D+(N)
N#2 mod 4

For an integer N > 1 and a prime number p coprime to N, Lemma 2.5 implies:

2
S tx® =1+¢®N)cos (Lp) ‘

N
x mod N
x#x0, x(=D=1
. . 2mp
Z () x(p) = 1¢(N) sin w5 )
x mod N
x(=D=-1

We introduce the sets
Z.(N) = {x mod N x imprimitive, x # xo, x(—1) = £1},

so that equations (6.3) and (6.4) may be rewritten as follows:

2
3 r(?)x(p):1+¢(N)COS(%p)— > ),

x€D4(N) X€Z(N)

_ . . [ 2mp _
> tox@=igMsin( =) = D tGox@).
xeD_(N) X€Z_(N)

Applying equation (2.13) to equations (6.6) and (6.7), we deduce

1 N 2 1
w _ 7+MCOS (Lp)— N Z TGO x (@),

yepran TO NN N KT
x(@ _ —lp®) . (2np) 1 _
> = sin( =5 )+ DL t@x®).
yepay TO0 N N N T

(6.1)

(6.2)

(6.5)

(6.6)

6.7)

(6.8)

(6.9)
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Average of \(p)/G(1) over 200770 even and 290759 odd Dirichlet characters with conductar in [1024, 2048)

00
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Saanen.,

o 00 100 6000 000 10000
»

Fig. 5. Plot of ¢ 3ycix %) Syemayy X(0)/7(x) for X =210 for primes p such that 2 < p < 10X, with + in blue and
(the imaginary part of) — in red.

Local average of y(p)/G(x) over 290770 even and 290759 odd Dirichlet characters with conductor in [1024, 2048)

00

o 2 1 6 < 10
¥

Fig. 6. Plot of T+ (y, 1024, 2) for 0 < y < 10 with + in blue and (the imaginary part of) — in red. We also show

5 2 2y . 5 2 . 2y .
= Ji cos (T dx in green and —=; [} sin (5 ) dx in orange.

In order to recreate the proof of Theorem 1.1 for composite conductors, equations (6.8) and (6.9) suggest
that we need to analyse sums of imprimitive characters. The following lemma will be useful for that

purpose.

Lemma 6.1. If an imprimitive character x mod N is induced by the primitive character x; mod
N, then, we have

_ N N __
(X) _M(I\Tl) X1 (E)G(Xl)y (6~1O)
where u(n) is the Mébius function as before.

Proof. [12, Lemma 3.1]. u
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Local average of y(7)/G(x) over 17292 even and 17295 odd Dirichlet chararacters with conductor in [2002, 2048)
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Fig. 7. Plot of T.(y,2002,0.51) for 0 <y < 2 with + in blue and (imaginary part of) — in red. We also show

2, cos(2ry) in green and = sin(2ry) in orange.

Inspired by equations (6.8) and (6.9), we introduce the following functions:

1 1
= = — > p
E+(y, X, 0= % NE[EXYCX] NI;N)T(X)X(WX] ),
N#2 mod 4

~ 1 1 _

E0X0) =5 2 5 2 tx(yX1®).
Ne[X,x+X%]  Z+(N)
N#2 mod 4

One sees that it is natural to investigate:

Ti(y, X,0) = Q+(y, X,0) £ E+L(y, X, 0),
To(y,X,8) = Qu(y, X, 8) £ E+(y, X, §).

(6.11)

(6.12)

(6.13)
(6.14)

Remark 6.2. Figure 6 (resp. Figure 7) suggests that |T.(y, X, )| and [Q+(y, X, ¢)| (resp. |Ti(y,X,c)|
and |Q+(y, X, 8)|) are significantly larger than |Ex(y, X, 8)| (resp. [E+(y, X, 8)]). Since there is a
canonical bijection between Dirichlet characters mod N and primitive Dirichlet characters with
conductor dividing N, E4(y, X, 8) (resp. Ei(y,X,B)) reduces to a sum over primitive characters
with conductor dividing N. Using Lemma 6.1, we see that this introduces a Mobius factor.

Consequently, we expect that this term is smaller due to additional cancellation.

Another complexity arising from equations (6.8) and (6.9) is the need to understand murmuration-

type limits for ¢(N)/N, for which the following lemma will be useful.

Lemma 6.3. If a € R.g and b € (0, 1], then

L1 o(N) 5
fmoe 2 g =a
Ne[X,X+aX?]
N#£2 mod 4
Proof. It is known that
¢ (N) 6
z -~ = FX + 0 ((log X)?*(loglog X)*?),,

0<N<=X
NeZ

(6.15)

(6.16)
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Weighted average value of Kronecker symbal (d/p) y with 524288 < |d| < 1048576, d odd. square-free

010

010

Fig. 8. Let

@4 (%) = 112 (X) €Xp (ﬁ) . d_(x) =12 _1)(X) exp (m) .

We plot M;i (y,21%,2/3) for y € [0,2] with + in blue (resp. — in red), and the right-hand side of equation (6.38) in
green (resp. orange).

from which it follows that

. 1 N 6
lim - S 200 _° (6.17)
X—o00 X 0N<X N b g
NeZ

(cf. [12, equation (1.74)]). Similarly, according to [15], we have that

. ¢(2N +1) 8
lim = > =—. (6.18)

X—o00 X o x TON+1 +1 712

NeZ
Using equation (6.18) and the identity ¢ (4N + 2) = ¢(2N + 1), we compute:
.1 »(N) pAN+2) 1 1 pEN+1) 1
1 — — — lim — = 6.19
mo >R xm4x Z W2 Ceimy 2 NTT T (6.19)
0<N<X 0<N=X
N=2 mod 4 NeZ

Subtracting equation (6.19) from equation (6.17), and noting the error term in equation (6.16), we
conclude

.1 o (N) 5
lim — — == 6.20
N#2 mod 4
Equation (6.20) implies that
eMN) > B)
> oy (6.21)
ovex N 0<N=X n?

N#2 mod 4 NezZ

from which equation (6.15) follows. |
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6.1.2 Geometric Intervals
In this subsection, we will prove the following theorem, which is visualised in Figure 6.

Theorem 6.4. If c € R.; and y € R.g, then

o £ 0

(6.22)

Proof. We will prove the case of T, (y, X, ¢), and simply note that T_(y, X, ¢) is similar. Applying equations

(2.17), (6.1), and (6.11) to equation (6.8), we deduce

. 1 ¢(N) 2yX\ ..
fmToxs=my 3 Hcos(FE) - fim B

Ne[X,cX]
N#2 mod 4
Ll d(N) 2myX .
imyd 3 e () - pmEan o,
i=1 Nel;
N$2mod4

where, for each X, we putn = |+/X | and, fori e {1,...,n}, we write
p

- .
I = |:X+ IT(C—l)X,X-t- %(c—l)X)A

Fix y € (0,1] and, for each X, choose i = [yn] € {1,...,n}. We have

-1 L
lim .= — lim — =y.
X—o0o N X—o00o N

For N € [;, equation (6.25) implies that

1 . X

><:

< lim X < lim X 1

1+y(c—1):>%g§cx+i(c—1)X/n X500 N xﬁooX+(1—1)(c—1)X/n 1+y(c—1)'

Combining equations (6.13), (6.23), and (6.26), we deduce

1 o (N)
hmT+(yX6)_hm Zco (1+y(c—1))(c—1)ﬁ > N

Nel;
N#2 mod 4

Using Lemma 6.3 and equation (6.27), we are led to

n

. . c—=1 5 2wy
Jim T, (y, X,8) = lim — Zﬁms(m)'

i=1

Now equation (6.22) follows upon recognising equation (6.28) as a Riemann sum.

6.1.3 Short intervals

We first prove the following theorem, which is visualised in Figure 7.

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)
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Theorem 6.5. If § € (0,1) and y € R.¢, then

3 cos(2my),  if+,

lim Te(y,X,8) = (6.29)

—i2 sin@2ry), if —.

Proof. We will prove the case of ’J~"+ (¥, X, 8) and simply note that T_ (¥, X, 8) is similar. Mimicking the proof
of equation (1.4) leads to

L~ . cos(2my) ¢ (N)
}EEIOT+(y,X,8) = )gl;lo — > N (6.30)
Ne[X, X+X?]
N#2 mod 4
In light of equation (6.30), the result follows from Lemma 6.3. |

We next obtain an extension of equation (1.4) by considering a set of special conductors specified as
follows. Let S denote the set of positive integers that are not congruent to 2 mod 4 and are either prime
or squarefull (A positive integer is squarefull if all its prime factors exponents are at least 2.). By equation
(6.10), this is precisely the set S of integers such that, if N € S, then

> tGx() =0, NeS). (6.31)

Z:+(N)

Using equations (2.17) and (6.31), we deduce that, for N € S, equation (6.8) reduces to

x(®  ¢MN) (erp)
=——=cos|— ), (NeS). (6.32)
ooy TO N N
Now define
N
FX) = %, (6.33)
N<X
NeS
and consider
- 1 X1P
GEHIP ) P — S S SO} (6.34)

NS ORICS I (0

X, X+X3] x€D=(N)
NeS

This leads to the following corollary.

Corollary 6.6. Under the Riemann hypothesis, if § € (%, 1) and y € R, then

L~ cos(2my), if 4,
lim QS (y,X,8) = 6.35
e —isin@ny), if —. (6:35)

Proof. We prove the case of C}i(y, X, 8) and simply note that Q5 (y, X, §) is similar. Using equation (6.32)
and mimicking the proof of equation (1.4) yields

lim QS(y, X, 8) = li e b @ -
fm Qo X9 = lm oo T [Z] .
NeS

from which the result follows by equation (6.33). |
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6.2 Zubrilina density for (¢)

Using the techniques from Section 4, we may investigate the following variation of equation (1.5).
Assuming that yX > 2, we have:

logX d d
Mg Xo =225 > > ¢(§)Xd(p)+ > <1>(§)X4d<p> P

pe[yX yX+X°) deg deg
p prime d=1mod 4 d=3 mod 4

logX
le+5 Z Z‘D( )( )‘/ﬁ
pelyX,yX+X'] deg
p prime

(6.37)

We note that ML(y,X,&) involves (4) whereas Mo (y, X, §) involves (@) For plots of the function

ML (y, X, 8), see Figure 8.
In this section, we calculate the following limit, which yields Zubrilina density associated to
ML, X, 8):

Corollary 6.7. Fix y € R.0.If § € (3,1) and ® > 0 is a smooth Schwartz function with compact
support, then, assuming the Generalized Riemann hypothesis, we have

MLy, 8) = %%Mg(y,x,a) =

N —

o @) o= = (M2
; 7%@(@)‘ (6.38)

(@,2)=1

Proof. Applying Lemma 2.11 to equation (6.37), we get

logX a kX
M0 X0 =m > > ‘;(QQ) S-1 )k( ) (ﬁ) (6.39)
pelyX, yX+X‘5] 0<a<A keZ p
pprime  (@2p)=1

Following the argument in Section 4.2, we observe that terms corresponding to 2k # [ vanish in
equation (6.39). On the other hand, if 2k = 0, then writing k = 2m? yields

£ o (2)5(25)- S (2) 5(52)- £ () e

keZ m=1 m=1
2k=00 (2mp)=1

Comparing equation (6.40) with equation (4.25), we notice the following simplification to what remains
of the argument from Section 4.2. Namely, we do not need to introduce Hy(w) since (—1)™ is missing in
the final expression of equation (6.40). In fact, it is enough to use H(w) = & (w?). With this modification,
we finish the proof by mimicking Section 4.2. |

Unfolding the function &, we may recover the analogue of equation (1.9) for M, (y, X, 8). Subsequently,
one may compute the Zubrilina density for the family {( ) de g} Following the proof in Section 5,
we also obtain the following analogue of Corollary 1.3.

Corollary 6.8. Let @ be a Schwartz function with compact support and let § € (Z,1). Assuming
the Generalized Riemann hypothesis, we have

lim My (y,8) =0, and lim M} (y,8) = _2%0), (6.41)
Y50+ Y00 2

where M}, (y, 8) is defined in (6.38).
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Proof. Recall from the proof of Corollary 6.7 that, when modifying the argument from Section 4.2, we
do not need to introduce H,(w). In particular, we see that the equation corresponding to equation (5.1)
is given by

2 ~ ad a) | ~
M09 = - 580+ 2> | 3 KD nyy). (6.42)
T n=1 am a
@2)=1
For all n € Z-1, set
bl = wn(a)
amn a
(a,2)=1

In particular, we have b; =1.Wealso set Bf(s) = 3%°, bin=s, so that Res,_1B'(s) = 8/x2. Using the same

argument as in Section 5, we find:

NS @ | 5o o 4RO 2 o
5 ; % . | POV~ R (0), (6.43)
T \@2)=1
and we deduce the limit as y — 0*. The limit as y — oo follows from Lemma 2.12 as before. |
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