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Abstract

In this paper, we study the quantum virtual Grothendieck ring, denoted by £, (g), which
was introduced in [39], and further investigated in [25, 26]. Our approach involves
examining this ring from two perspectives: first, by considering its connection to
quantum cluster algebras of non-skew-symmetric types; and second, by exploring its
relevance to categorification theory. We specifically focus on (i) the homomorphisms
that arise from braid moves, particularly 4-moves and 6-moves, in the braid group; and
(ii) the quantum Laurent positivity phenomena, which have not yet been proven for
non-skew-symmetric types. As applications of our results, we derive the substitution
formulas for non-skew-symmetric types discussed in [11] for skew-symmetric types,
and demonstrate that any truncated element in a heart subring, denoted by £, o(g),
which corresponds to a simple module over the quiver Hecke algebra R?, possesses
coefficients in Z}o[qil/ 2]. This result is particularly interesting because it implies
that each truncated Kirillov—Reshetikhin polynomial in £, ¢ (g) and each element in
the standard basis E, (g) of the entire ring &, (g) have coefficients also in Z>0[qi1/ 2].
Since (truncated) Kirillov—Reshetikhin polynomials can be obtained using a quan-
tum cluster algebra algorithm and appear as quantum cluster variables, they provide
compelling evidence in support of the quantum Laurent positivity conjecture in non-
skew-symmetric types.

K.-H. Lee was partially supported by a grant from the Simons Foundation (#712100). S.-j. Oh was
supported by the Ministry of Education of the Republic of Korea and the National Research Foundation of
Korea (NRF-2022R1A2C1004045).

B Se-jin Oh
sejin092 @ gmail.com
https://sites.google.com/site/mathsejinoh/

Kyu-Hwan Lee

khlee @math.uconn.edu

https://khleemath.github.io/

Department of Mathematics, University of Connecticut, Storrs, CT 06269, U.S.A.

Department of Mathematics, Korea Institute for Advanced Study, Seoul 02455, Republic of
Korea

Department of Mathematics, Sungkyunkwan University, Suwon, South Korea

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00029-026-01162-w&domain=pdf

66 Page2of74 K.-H. Lee and S.-j. Oh

Contents
I Introduction . . . . . . . . 2
Convention . . . . . . ... e 7
2 Quantum cluster algebra structure . . . . . . . ... Lo L 8
2.1 Quantumclusteralgebra . . . . . . ... L. oo 8
3 Behaviours of degrees with respect to braid moves and forward shifts . . . . .. ... ... ... 11
31 Setup. . . . 11
3.2 Sequencesofindices . . . . .. ... .. 12
33 2-MOVES « o v v o e e e e e e e e e 14
34 3-MOVES . . L. 14
35 4-mOves ... 15
3.6 O6-MOVES .« . o v v vt e e e e e e e e 24
3.7 Forward shifts . . . . . . . ... L 38
4 Basesandbraidmoves . . . . ... ... L 39
4.1 Quantum unipotent coordinate algebra . . . . . .. ... ... o Lo 39
4.2 Comparison withbraid moves . . . . . . . .. ... . 40
5 Homomorphisms and substitution formulas . . . . . ... ... 0o Lo 44
5.1 Quantum torus Xy (g) and thering Rg(g) . - . . . - . ..o 44
52 Bases ... 46
5.3 Kirillov—Reshetikhin and fundamental polynomials . . . . . .. ... ... ... ...... 47
5.4 Height functions and their negative subrings . . . . . . .. .. ... ... ... ..., 48
5.5 Dynkin quivers and their heart subrings . . . . . . .. ... o Lo 51
5.6 Substitution formulas . . . .. ..o L Lo Lo 56
6 Categorification via quiver Hecke algebras and Laurent family . . . . . . ... ... ... ... .. 59
6.1 Quiver Heckealgebra . . . . . . . . . . . .. 59
6.2 R-matrices and their Z-invariants . . . . . .. ... . L L L L L Lo 61
6.3 Laurent family . . . . . . . . .. 62
7 Quantum positivity . . . . .. L. e e 64
8 Appendix A. Examples of substitution formula . . . . . ... ... 0o 000000000 67
Appendix B. Go-equivalence . . . . . ... 71
References . . . . . . . . . . . L 72

Mathematics Subject Classification 13F60 - 17B37 - 17B10 - 17B67 - 18N25

1 Introduction

Let g be a complex finite-dimensional simple Lie algebra, which has an index set 1
and a Cartan matrix C. The quantum loop algebra U, (Lg) associated with g has been
extensively studied since its emergence. This is mainly due to the fact that its repre-
sentation theory exhibits a rich structure characterized by monoidality and rigidity.
Although the category & of type 1-representations over U, (Lg) is not braided, it is
well-known that the Grothendieck ring K (4) is commutative.

Motivated by W-algebras, Frenkel-Reshetikhin [9] constructed the g-character
monomorphism x, : K(€) — Z[Yi’iul}]iE I,weC(q)* Which also explains the commu-
tativity of K (%y) ~ x,(K(6y)) =: K(%y). Nakajima [48] and Varagnolo—Vasserot
[56] then employed the geometry of quiver varieties to construct the non-commutative
t-quantization, denoted as /C;(%g), of K(%y) for a simply-laced type g. This con-
struction is known as the quantum Grothendieck ring and highlights the non-braided
property of €. Moreover, K; (6y) recovers K(%g) when t = 1.
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The quantum Grothendieck ring admits a remarkable Kazhdan—Lusztig algorithm
for 6y, offering insights into the Jordan—-Holder multiplicity P, ,,» of a simple module
L(m’) in a standard module E(m) in K (6). Nakajima established this connection
through the formulation of the Kazhdan-Lusztig type polynomial P,, ,,/ (¢) in IC;(€y),
with its specialization at ¢t = 1 yielding the desired Py, ;.

To be more specific, he constructed bases E;(g) = {E;(m)} and L;(g) = {L,(m)}
for K; (%g), consisting of (g, t)-characters of standard modules and simple modules,
respectively. He proved the uni-triangular property that exists between these two bases:

E,(m) =L,(m) + Z Py (1)L (m")  for some Py, (1) € tZ[t] (1.1)

m';m’'<ym

in KC; (6g). We call E;(g) the standard basis and L;(g) the canonical basis.

Taking a significant stride forward, Nakajima went on to establish that every coeffi-
cient polynomial of L;(m), E;(m), and the polynomial P, ,, (¢) resides in Z > (1172
Moreover, he proved that the specializations of L;(m) and E;(m) att = 1 yield the
g-character x, (L(m)) for the simple module L (m) and the g-character y, (E (m)) for
the standard module E (m) in g, respectively. These findings collectively underscore
the profound nature of the algorithm he unveiled.

In cases where g is non-simply-laced, a fully-developed geometry is lacking, ren-
dering the direct application of the framework for g impractical. To address this,
Hernandez [18] introduced a conjectural Kazhdan—Lusztig algorithm for all g, using
the quantum Cartan matrix C(q) associated with g. He devised a non-commutative
t-quantization, also denoted as K; (@), of K(g) and constructed a basis F,, (g) for KC;(g)
through a special algorithm known as the ¢-algorithm. It is noteworthy that the #-
algorithm can be viewed as a t-quantization of the Frenkel-Mukhin algorithm in [8],
utilizing C(q).

Subsequently, Hernandez constructed bases E,(g) and L;(g) for X;(g), adhering
to (1.1), and expected them to also exhibit the same positivity as L;(m), E;(m), and
Py, (¢). Particularly, in [19], he showed that the (g, t)-character L;(Y; y,) of a funda-
mental representation L(Y; ,,) manifests the desired quantum positivity. This implies
that every coefficient polynomial of L(Y; ,,) resides in Z>o[ti1/ 2, consequently
establishing the quantum positivity of elements in E,(g) as well.

The quantum cluster algebra 7, introduced by Berenstein—-Fomin—Zelevinsky in
[2, 6], serves as a crucial framework for the investigation of the dual-canonical/upper-
global basis B" introduced by Lusztig/Kashiwara, through a combinatorial point of
view. The algebra .7 is a non-commutative Z[g*'/?]-subalgebra of the skew field of
Q@) (Z)iex, generated by cluster variables. These variables are derived from the
initial cluster {Z;};ck through a sequence of quantum exchange relations known as
mutations. Despite the non-trivial nature of these mutations, the quantum Laurent phe-
nomenon, provenin [2, 6], assures that .27, remains contained in the (non-commutative)
Laurent polynomial ring Z[qil/z][Ziil]ieK.

Another interesting feature of .7, which has been confirmed for skew-symmetric
cases (see [4]), is the quantum Laurent positivity conjecture. This conjecture asserts
that every cluster variable indeed belongs to Z)o[qil/ 2][Ziil liek-
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Building upon the earlier discussion, it is worthwhile to emphasize that the algebras
K:(g) and o7, exhibit similar quantum Laurent positivity phenomena. The connec-
tion between these two structures is further underscored by the notable works of
Hernandez—Leclerc in [21-23]. This relationship gains additional support from the
results in [3, 10, 27, 33, 37, 38, 49], which collectively establish that C; (g) possesses
a quantum cluster algebra structure.

In a recent development, Fujita, Hernandez, Oya, and the second named author of
this paper have successfully resolved the quantum positivity conjectures for L;(m) and
Py, (t) in K, (g) for non-simply-laced Lie algebras g. This achievement was made
possible through the utilization of the quantum cluster algebra structure of X;(g) and
the application of a technique known as the propagation of positivity [10, 11]. Let us
explain their results more precisely.

For each specific g, we define g5, of simply-laced type as follows:

(ga gﬁn) = (Bn» A2n—1)’ (Cl’la Dn-H)a (F4’ Eé), (G2, D4) and 9 = 8Zfn otherwise.

In their work [10], it was established that the algebras C; (‘KS) and C; (%g?a n) are
isomorphic, with their presentations characterized as a boson-extension of the negative
half of the quantum group U, 7 (gqp) (refer also to [25, (1.7)]). Here, ‘590 denotes the
skeleton category, also known as the Hernandez—Leclerc subcategory. Taking a further
step in [11], they proved that the isomorphisms between X, (‘52?) and K, (%goﬁn) can
be interpreted as sequences of mutations-permutations between adapted sequences
of indices. Moreover, they extended these isomorphisms to the skew fields of their
quantum tori, introducing the substitution formula.

The implications of these isomorphisms are far-reaching, leading to several appli-
cations:

(a) Propagating positivity: Using the isomorphisms to propagate positivity from
type g4, to type g, they proved the quantum positivity conjectures for L;(m) and
Py, (¢) in non-simply-laced type g.

(b) Recovery of g-character: Using the monoidal categorification result presented
in [37] and the isomorphisms, they proved that L, (m) recovers the g-character of
a simple module L (m) at g = 1, provided it is reachable.

(c) Interplay between categories: The substitution formula revealed intriguing
behaviors among elements in L;(g) and L, (gg,)-

In summary, the algebraic structure of X, (‘ﬁg) exhibits (skew-)symmetry, irre-
spective of the inherent asymmetry in g. Moreover, the observed quantum positivity
phenomena of /C; ((fg ) are connected to those witnessed in the context of the skew-
symmetric quantum cluster algebra 7.

In light of the aforementioned observations, Kashiwara and the second named
author of this paper introduced what is now called the quantum virtual Grothendieck
ring R,(g): a distinguished subring of a non-commutative quantum torus over A :=
Z[qil?z], generated by the variables X i,p associated with g, and characterized as
the common kernel of ¢-deformed screening operators S; ; (see Definition 5.2 for
more details). Note that the construction of £, (g) can be seen as a C(#)-analogue of
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Hernandez’s construction of K; (Cﬁg), where C(¢) is another quantization of C known
as the t-quantized Cartan matrix.
The main results established in [26, 39] include:

(i) Quantum cluster algebra structures: The algebra £,(g), along with vari-
ous subrings, possesses quantum cluster algebra structures. Importantly, the
(a)symmetries of these structures coincide with those of the underlying Lie alge-
bra g.

(ii) Bases and relations: Bases F, (g), E;(g), and L, (g) are identified in £, (g), and
they exhibit similar relations to those in K (g), including (1.1). Notably, E, (g) is
termed the standard basis, and L, (g) the canonical basis, mirroring the naming
in the /C; (g) cases.

Conjecturel ([26])

(@) In the case where L, (m) is real, meaning that L (m)? = q“/qu (m?) for some
a € 7, every coefficient polynomial of L, (m) resides in Z;o[qil/z].

(b) For a Kirillov—Reshetikhin (KR) monomial m € £,(g), the element L,(m) in
L, (@) coincides with F,(m) in F,(g) consisting of real elements, where F,(m) is
a KR-polynomial (see § 5.3 for the definition).

In particular, combining (a) and (b), we expect that each coefficient polynomial of a
KR-polynomial Fy(m) is in Z>0[qi1/2],

We remark here that each basis element F, (m) in F,(g) can be obtained from the
g-algorithm, which is a C(#)-analogue of the ¢-algorithm and is defined inductively.
Thus determining whether the coefficient polynomials of F, (m) are in Z >o[g='/?] or
not is quite intricate.

In this paper, we further study the quantum virtual Grothendieck ring & (g), utiliz-
ing its quantum cluster algebra structure. It is important to note that &, (g) is generated
by a countably infinite set of fundamental sz)lynomials, denoted as {Fy (Xi,p)}; p)ea,
and parameterized by a specific index set A (see (5.2)).

For each Dynkin quiver Q = (A, &) associated with the Lie algebra g (see § 5.5),
the heart subring £, o(g) of &, (g) is generated by the fundamental polynomials
{Fq(Xi’p)}(i,p)EF(?Czo (see [12, 25]). The utilization of the heart subrings yields the

following homomorphisms [10, 22, 26]:

(a) Isomorphism Wy: An A-algebra isomorphism, denoted by Wy, is established
between the integral form A (n) of the quantum unipotent coordinate ring .4, (n)
and the heart subring £, ¢ (g). Importantly, this isomorphism maps the normalized
dual-canonical/upper-global basis B to the canonical basis Ly o(@) =L, (g N
R4.0(®) of £.0().

(b) Automorphism W o/: For any pair of Dynkin quivers O = (A, £) and
Q' = (A, &), there exists an automorphism denoted by W o of £ (g). This auto-
morphism sends the heart subring &, o (g) to &y, ¢ (g) and respects the canonical
basis L.

Note that the integral form .44 (n) of the quantum unipotent coordinate ring A4 (n) is
isomorphic to the quantum cluster algebra A; ([13, 15]). The initial seed of A; can
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be constructed through the combinatorics of a reduced sequence i associated with the
longest element w, of the Weyl group W.

As a main result, Theorem 5.21 establishes, through the use of isomorphisms
and the degrees of quantum cluster monomials, that the isomorphism Wg g
Ry.6/(9) = £R4.¢(g) obtained by restricting Wy ¢ to the &'-negative subring £, ¢ (g)

of R,(g) (refer to Definition 5.8) is compatible with sequences of mutations-

permutations between the seeds associated with infinite sequences 7 and 7 in 10
respectively adapted to Q' and Q (see (5.11)).
The proof of Theorem 5.21 involves the following steps:

(a) Braid moves as mutations-permutations: The interpretation of braid moves as
mutations-permutations is established.

(b) Analysis of degrees of quantum cluster monomials: The behaviors of degrees
of quantum cluster monomials concerning mutations-permutations corresponding
to braid moves are analyzed. This analysis includes the study of 4-moves for types
B,, C,, F4 and 6-moves for type G», involving more complicated computations
compared to the investigations of 2-moves and 3-moves presented in [11].

Through this detailed analysis, it is proved that the isomorphism W¢ ¢ induces a
corresponding bijection between their quantum cluster monomials, establishing the
compatibility highlighted in Theorem 5.21.

As an application, we extend the automorphisms W o to substitution formulas
\TIQ, o for the variables in the fractional skew field F(X;) of &, (g) (Theorem 5.30).
These substitution formulas, derived from mutations-permutations and consequently
being automorphisms, involve non-trivial fractions among Laurent polynomials. Inde-
pendent of the quantum Laurent phenomena, these substitution formulas yield Laurent
polynomials in £, (g) and respect the canonical basis L.

Exploring these substitution formulas reveals highly non-trivial relations among
elements in L, . For concrete examples of these formulas, particularly for type B>, we
refer the reader to Appendix A. The investigation of the substitution formulas offers
valuable insights into relationships among elements in the canonical basis L.

Another main result (Theorem 7.1) of this paper is a proof of quantum positivity for:
(a) fundamental polynomials F, (X; ) = L4(X; p), (b) elements in the standard basis
Ey, (c) truncated KR-polynomials in (£, ¢ (9)) <¢. The quantum cluster algebra algo-
rithm generates fundamental polynomials L, (X; ) and truncated KR-polynomials
F,(m) e, starting from their highest dominant monomials X; , and m ([3, 23, 26]).
This result serves as robust evidence supporting the quantum positivity conjecture for
non-skew-symmetric types.

The main argument of the proof involves the categorification theory of Az (n)
through the category R-gmod of finite-dimensional graded modules over the quiver
Hecke algebra R ([41, 52]). Recently, Kashiwara, Kim, Park, and the second named
author introduced the concept of a Laurent family of simple modules over R and
proved that each Laurent family exhibits the quantum Laurent positivity phenomena.
This positivity is observed with respect to the basis of A (n) that corresponds to the
isomorphism classes of simple modules over R through the process of categorification

([36D.
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The proof of Theorem 7.1 employs the following key ingredients:

(i) The isomorphisms among KCs (R-gmod), £y, 0(g), and Ay (n) (see (7.2)).
(ii) The truncation isomorphism (-)<¢ : Ry, 0(9) —> (R4, 0(9))<e (see (5.8)).

(iii) The structure of KR-polynomials (see Theorem 5.6).
(iv) The fact that KR-polynomials in &, o (g) can be understood as certain charac-
ters of determinantal modules over R ([25, 32]).

With these ingredients, we show in Theorem 7.1 that:

(a) The set of KR-polynomials {F mD[p, é,-]) | i, p) € FOQ} is the set of such
characters of the Laurent family £:={M (w; @, @;, )} of determinantal modules
for any reduced sequence i of w, adapted to Q = (A, §).

(b) Any element X<¢ € (Ry,0(g)) e corresponding to a simple module X over R is
quantum positive (see Example 7.3 for instances).

As special cases, we obtain the desired result (Corollary 7.2) that fundamental poly-
nomials, elements in the standard basis E;(g), and truncated KR-polynomials in
(R4, 0)(9) <& are quantum positive.

This paper is structured as follows: Section 2 provides a review of the fundamen-
tal concepts in the theory of quantum cluster algebras, covering essential topics such
as the degrees of quantum cluster monomials and the valued quiver associated with
an exchange matrix. Section 3 explores the mutations-permutations corresponding to
moves in the braid group of g. It contains intricate computations and makes crucial
observations concerning the behaviors of degrees of quantum cluster monomials with
respect to these mutations-permutations. We allocate considerable space to this section
because the computations are quite important for later parts. Section 4 investigates the
connection between mutations-permutations corresponding to moves and the basis
B™ in Ax(g) through the isomorphism A; = Aa(n). In Section 5, we establish

the compatibility between the isomorphism W ¢/ and mutations-permutations corre-
sponding to moves. This compatibility is then applied to the analysis of substitution
formulas. Section 6 reviews the categorification of 4, (n) via R-gmod and discusses
the results from [36] related to the concept of a Laurent family. Section 7 presents the
proof of the quantum positivity of fundamental polynomials, the standard basis E, (g),
and truncated KR-polynomials in (£4,0)(9) <¢-

Convention

Throughout this paper, we use the following convention.

e For a statement P, we set §(P) to be 1 or 0 depending on whether P is true or not.
In particular, we set §; j := (i = j) (the Kronecker’s delta).
e For atotally orderedset J = {--- < j_1 < jo < j1 < jo---}, write

l—[ Aji=--Aj | AjAjAj -
jelJ
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e Fora € Z, we set [a]+ := max(a, 0). Note that a = [a]+ — [—a]+.

o WesetN :=7Z>; and Ng :=Z3o.

e For a set A, we denote by G4 the group of permutations of A. In particular, if
A =Nand k € N, we write oy for the simple transposition of k and k + 1 in O.

e We set g to be an indeterminate and A := Z[g*!/?], where ¢!/ denotes the formal
square root of g. For an A-algebra R and elements X and Y in R, we write X = Y
if there exists a € Z such that X = ¢g%/?Y.

2 Quantum cluster algebra structure
2.1 Quantum cluster algebra

Let K be a (possibly infinite) countable index set with a decomposition K = Kex L K.
We call Kex the set of exchangeable indices and K the set of frozen indices. Let
A = (A )i, jek be a skew-symmetric Z-valued matrix.

Definition 2.1 We denote by 7 (A) the A-algebra generated by {Zkil ek subject to
the following defining relations:

2;z7'=27'2;=1 and 2Z; =q"i2;Z; fori,jeK.
We define the Z-algebra anti-involution () of T(A), called the bar-involution, by
q'?=q7"?  Zi=17, 2.1)

for all k € K. For a = (a;);ek € Z®K, we define the element Z? of 7 (A) as

—
1 )
73 :=q? DisjaidjAij | |Z?’,

ieK

where > denotes a total order on K. Note that Z? does not depend on the choice of a
total order. The set {Z2 | a € Z®X} forms an A-basis of 7 (A). Since 7 (A) is an Ore
domain, it is embedded into the skew field of fraction F(7 (A)).

Definition 2.2 We call a Z-valued matrix B = (bi, j)iekK, jeke an exchange matrix if it
satisfies the following properties:

(a) Foreach j € K, there exist finitely many i € K such that b; ; # 0.
(b) Its principal part B = (b; ;)i jek. 1S skew-symmetrizable with an Ny-valued
diagonal matrix D;i.e., DB is skew-symmetric.

For an exchange matrix B, we associate a valued quiver '8 whose set of vertices is
K, and whose arrows between vertices are assigned by the following rules:

Ta,ba
—"%e ifl,k € Kex, | #k,byy =a >0and by = b <0,
koo (2.2)

a0 T0.b .
c}(%o (resp. OﬁO) if I € Kex, k € Ky and bgy = a = 0 (resp. by = b < 0).
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Here we do not draw an arrow between k and [ if by; = 0 (and by = Owhenl, k € Key).
Note that o denotes a vertex in K¢, and we call "a, b_ the value of the arrow.

Convention 1 In this paper, we adopt the following scheme for depiction of a valued
quiver:
(1) ifbyy =1land by, = —b < 0,use k —<b—>1,
(i) ifbyy =2and by = —b < O,use k=<b=>1,
(iii) if byy =3 and by = —b < 0, use k =<vr=1,
(iv) we usually skip <1 in an arrow (when "a, —1_.and 1 < a < 3) for notational
simplicity,
) ifby = —byg = > l,use k ——=1.

We say that a pair (A, B) is compatible if

ZbkiAkj =d;é;, jforanyi € Kex, j €K,
keK

where {d; };ck,, are positive integers. In this case, B is skew-symmetrizable with the

diagonal matrix D = diag(d; | i € Kex). Also, for k € Ke, the mutation of (A, E) in
direction k is a compatible pair i (A, B) := (ux (A), i (B)) defined as follows ([2]):

wi(A) ;= ETAE and ui(B):=EBF,

where the matrices E = (¢;, ;)i jek and F' = (fi ;)i jek., are given by

i) if j #k, i) ifi £k,
ejji=13—1 ifi =j =k, fiji=1-1 ifi =j =k,
(buls ifi# )=k, [bijly ifi =k # .

Note that the mutation x is involutive; i.e., wx (r (A, E)) = (A, E). The mutation
i on B can be described as the operation 1 on its corresponding valued quiver I'?
in the following algorithm:

Algorithm 2.3 For k_€ K,y, the valued quiver mutation iy transforms FE into a new
valued quiver uk(FB) = THB) yig the following rules, where we assume (i) ac > 0
or bd > 0, and (ii) we do not perform (N'C) and (C) below, if i and j are frozen at the
same time.

Te,fa

. . _— ;T . . =B
(NC) For each full-subquiver i k j inTB we change the value of

Ta,b. Te,da

the arrow fromi to j into "e + ac, f —bd :

[
Te+tac, f—bd
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Te,fa

. . /\ . . . ~B
(C) For each full-subquiver i k Jj with (e, f) # (0,0) in '8 we
Ta,b. Te,da

change the valued arrow between i and j as follows:

Te—bd, f+aca Jo ¥ fHac<0se—bd,

in iff+ac>02>=e—bd.

(R) Reverse the direction of each arrow incident to vertex k and change the value
"a, bl of each arrow into " —b, —a .

Here if there is no arrow between i and j in (NC) and (C), then put e = f = 0 and
follow the same rule.

We define an isomorphism of Q(g'/?)-algebras wi s F(T (uiA)) = F(T(A)) by

Z¥ 4+ 72 if j =k,

N(Z;) =
HZ) {Zj it £k,

where
al = =8, +38( #KIbixly and a = =3 x +8G # k)[—bixl+ foralli € K.

Definition 2.4 For a compatible pair (A, I§), an element z in F(7 (A)) is called a
quantum cluster variable (resp. quantum cluster monomial) if

Z =g, M i, (Zj)  (resp. g, -+ - g, i, (Z)),

for some finite sequence (ki, k2, ...,k;) in Kex and j € K (resp. a € Ze;g). The

quantum cluster algebra 7, (A, B) is the A-subalgebra of F(7 (A)) generated by all
the quantum cluster variables. We call the triple S := ({Z }xek, A, B) the initial seed
of @, (A, B).

Theorem 2.5 (The quantum Laurent phenomenon [2]) The quantum cluster algebra
g (A, B) is contained in T (A).

Remark 2.6 For a permutatlon m € S of K preserving K, we denote by 7 (A, B ) =
(A, nB) where (TA)ij = Ag-13y7-1(j) fori, j € Kand (JTB),,., =by-13)- ()

for (i, j) € K x Kex. The operation 7 on a compatible pair (A, B) obviously induces
the A-algebra isomorphism

*: dy(m(A, B)) = (A, B) givenby m*(Z;) = Z,-1; forall j € K
and bijections between the sets of quantum cluster monomials.
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Let (A, E) be a compatible pair. An element z in 7 (A) is pointed if it is of the
following form:

2=¢"z8" + Y puzette 2.3)

neZZ5x\(0)

1
for some a € EZ’ g% € Z% and p, € A. In this case, we call g® the degree of the

pointed element z and denote it by deg(z). Note that the notion of degree does depend
on B.

Theorem 2.7 [5,7, 17, 54]

(a) Every quantum cluster monomial z in </ (A, B)is s pointed.
(b) If two quantum cluster monomials z,Z' € Ay (A, B ) have the same degree, then
z=17.

Letz € 7, (A, E) and z' € o (i (A, E)) be pointed elements such that deg(z) =
() € Z® and deg(z) = (g}) € Z®*.If u}(z) = z, we have ([5, 7, 17])

-8 if j =k,
g = gj+[b]k]+gk if j # kand g

1 >0, 2.4)
g] + [— b]k]+gk if j # k and g},

3 Behaviours of degrees with respect to braid moves and forward
shifts

In this section, we study the behaviours of degrees with respect to several moves among
sequences of simple reflections. For 2-moves, 3-moves and forward shifts, they are
investigated in [11]. We mainly focus on the 4-moves and 6-moves, which have not
been investigated before as far as the authors know, and quite complicated. We mainly
follow the notations and frameworks in [11].

3.1 Setup

Let g be a complex finite-dimensional simple Lie algebra. We denote by / the index
set of simple (co)roots IT = {a;};es (resp. [1Y = {h;};er), by A the Dynkin diagram
of g, by h the Coxeter number of g, by C = (¢; ;)i jes the Cartan matrix of g, by
D = diag(d; € Z3 | i € I) the minimal (left) symmetrizer of C, by & the set of
positive (resp. negative) roots of g, and by P the weight lattice of g. We write i ~ j
fori, j € Iif ¢;; < 0, and let w; be the fundamental weight for each i € I. We
set Q:=,; Za; and QF := £, Noa;. For B = ¥, nia; € QF, we set
[Bl:=7);c; ni- We denote by d(i, j) the number of edges between i and j in A (see
[26] for examples of d (i, j)).
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We take the symmetric bilinear form (—, —) on P such that

2ai, aj)

(aj,aj) =di¢; j =d;c;; and (h;, a;) = =G j.
(i, )

Let W be the Weyl group of g generated by simple reflections {s;};c; such thats; (1) =
A — (hi, A)a; for A € P. For a finite sequence i = (iy, ..., i) in the Weyl group W,
we calli reduced, if s;, . .. s; 1is areduced expression of some w in W. Note that there
exists a unique longest element w, in W and w, induces the automorphism * on / by
wo(a;) = —ax.

We say that two sequences i = (if,...,i,) and i’ = (if,..., i) of indices are
commutation equivalent, denoted by i < 7', if i’ can be obtained from i by applying
2-moves (or commutation moves) (ik, ik+1) —> (ik+1 = iy, ik = ij ) for 1 <k <r
and d (i, ix+1) > 1. We denote by [i] the equivalence class of i under S

Leti = (i1, ..., i¢) be areduced sequence of w,. Then it is well-known that
O = (Bl =5, .5, (0;) | 1 <k<t) and |OT|=¢. (3.1)

Example 3.1 For g of type By, there are only two reduced sequences i and i’ of w,
givenbyi = (1,2,1,2)andi’ = (2, 1, 2, 1), respectively. Then

ot = (B! = a1, B5 = a1 + a2, B = a1 + 202, B = a2},

— (B} = ar, By = a1 +2a2, B = a1 + a2, B = a1}
3.2 Sequences of indices
Leti = (iy)yeny € 1 N be an arbitrary sequence satisfying
H{u eN|i, =i} =00 foranyi e [. 3.2)

We denote by 7 the set of sequences in IV satisfying (3.2).
Forie I" r e Nu{oo}),u € [l,r]and j € I, we set

uf (j):=min(fk € N | k > u, ix = jiu{r +1}), u = u (i),

u; (j):=max({k e N |k <u, i = jiu{0}), u; =u; (iy),

u™(j):=min(k € N | iy = j), u™ = u™" (i),

We drop ; if there is no danger of confusion.

Fori € 1), we define an N x N exchange matrix B = (b

w.v)u.veN as follows:

+1 ifv= ui,
b, i=1=%C,.i, ifu<v<ut <vt(esp.v<u<vh<ub),
0 otherwise.
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Note that B! is skew-symmetrizable with diag(d;, | # € N) and satisfies the conditions
in Definition 2.2.
Let A" = (A}, ;) be a skew-symmetric matrix given by

i i i i
Nyy=—Ny = (w;, — w,w;,, @, + w,m;,) foru <v,

where
wy =sj,...5, €W fork e N.

For s € N, we set
K:=[1,s], Ke :={k e K| kT > s}, Kex := K\ Kg.
Lemma3.2 [11, Lemma 1.1] For u,v € N withu < v, we have Afw = (wi, —
w' i, , i, + wio;).
Proposition 3.3 [11, Proposition 1.2] Leti € 1>,
(a) The pair (A%, Ei) is compatible with diag(d;, ),eN; i.e., foranyu, v € N, we have

bem i o= 2di,8u0-

keN

(b) Foreachs € N, we set
_ Ai d §i,s o bi
=( u,v)u,veK an = ( u,u)ueK,ueK”‘

Then the pair (A%, §i's) is compatible with diag(d;, )kek,,-

We define T = (1"’ , F’) as the valued quiver associated with B!, where F’ denotes
the set of vertices and F‘ denotes the set of arrows. For a subset K of Ff), we denote
by I |xc the full subqulver of T whose set of vertices is K.

We denote by .A; the quantum cluster algebra associated with the compatible pair
(A%, B '), which is an A- subalgebra of the quantum torusNT(Ai). For each s € N,
we also have the quantum cluster algebra A} = %(Ai’s, B%) in the quantum torus
T (A™). Then we have

1¢ 2¢ ...C
Al A

Aj
: d AS = A
I I fome U

T(Aiyl)(_> T(Ai’2)<—> G T(Ai)

Fori € IV, let C; ¢ Z®N denote the cone defined by

Ci:= g = (gu)ueN € ZEBN Z g = 0,VueN¢ = ZNQ(@M - e”i_)’
v}u,iuziu ueN

(3.3)
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where {e, },en is the natural basis of Z®N and we understand ey = 0.
For g = (gu)uen € Z® andi e IN, write

pi(gi)i= Y. gu (3.4)

ueN,i,=i
3.3 2-moves

In this and next subsections, we recall the results on 2-moves and 3-moves investigated
in [11].

For sequences i = (iy)uen,i = (i/,)uen € 1), we say that i’ can be obtained
from i via a 2-move if there exists a unique k € N such that

k= iy ikt =i de= i) ¢ (kk+ 1)

and
Cirr,ix = Cigigp1 = 0.
In this case, we write i’ = Y.
Proposition 3.4 [11, §2.1] Leti,i’ € IN be related by i’ = yii for some k € N.
@) B = akgi and A¥ = ox AL

(ii) We have an A-algebra isomorphism

vi(=07) Ay = A givenby Zy, > Zg ) forallu € N,
which induces a bijection between the sets of quantum cluster monomials.

(ili) Ifz € Ay is a quantum cluster monomial with deg(z) = g' = (g),)ueN, then the
quantum cluster monomial y;'z € A; has deg(y;'z) = g = (8u)ueN as follows:

(3.5)

g = gék(u) ifue{k, k+1},
‘ g, otherwise.

(iv) The map g’ + g given by (3.5) sends the cone Cy C 79N into the cone
C; C Z8N.
(V) The elements g, g' € ZON related by (3.5) satisfy
pi(g;i) =py(g';i) foralliel.

3.4 3-moves

For sequences i = (i,)yeN, i’ = (i])uen € I°°, we say that i’ can be obtained from i
via a 3-move, if there exists a unique k € N such that

. . ./ . ./ ./ . ./
ik = ik42 = ijqqs kbl =1 = iggp, =10, (ué¢lk, k+2])
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and
Cirgr,ix Ciksigy1 = L.
In this case, we write i’ = Bi.
Proposition 3.5 [11, §2.2] Leti,i’ € I1°® be related by i’ = pyi for some k € N.
@) B = ak+1uk§i and A¥ = ak+1ukAi.

(ii) We have an A-algebra isomorphism

Bi (= ugop ) : Ay = A givenby Zy — i (Zoy, ) for allu € N,

which induces a bijection between the sets of quantum cluster monomials.
(iii) Ifz € Ay is a quantum cluster monomial with deg(z) = g' = (8))ueN, then the
quantum cluster monomial Bz € A; has deg(B;z) = g = (gu)uen as follows:

-8 ifu=k,
gékﬂ(u)""[g]/(]-&- ifuel{k+2,(k+1);},
8oy — =8+ ifuefk+ 1k},

g, otherwise.

gu = (3.6)

(iv) The map g’ +— g given by (3.6) sends the cone Cy C Z®N into the cone
C; c 78N,
(V) The elements g, g' € Z®N related by (3.6) satisfy

Py (g i) +[—gl+ ifi=irandk; =0,
pi(g:i) = {py(gi) —[gel+  ifi =irs1and (k+1); =0,
py (g 1) otherwise.

3.5 4-moves

For sequences i = (iy)yen, i’ = (i})uen € 1), we say that i’ can be obtained from
i via a 4-move if there exists a unique k € N such that
. . ./ ./ . . ./ ./ . ./
Ik = lk42 = gy = ipy3s bkl = k43 = = lqn, =1, (W ¢ [k,k+3])
and
Cirgtix Ciksiky1 = 2.

In this case, we write i’ = n;i. Throughout this subsection, we assume that i, i’ € I N
are related by i’ = nii for some k € N, and sometimes we write i := iy and j :=ig41.

Lemma 3.6 We have

~s

B" = op a0k i1 ik B (3.7
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Proof By condition (a) in Definition 2.2, it is enough to consider the local behaviour

under the operation described in (3.7). Note that

(1) theset C={k,k+1,k+2,k+3,k = (k+ 1)7,(k+ D); —k } consists of
vertices adjacent to {k, k 4+ 1} in I (resp.NF" ) and themselves, .

(2) the sequence of mutations g i1k on I only affects the full subquiver I |
(resp. T |x0).

Thus it is enough to check that

- .
i ik+1 ik o = oxorgal .

In this proof, we shall only consider the case when both k;~ and (k + 1);” exist, since
the proofs for the other cases are similar. In that case, the valued quiver I |xc can be
depicted as follows:

k+2 k ki
Fle= el g ot Chgs e (3.8)
k+3 k+1 k+1)
where a = —¢;,,, i, and b = —¢; ;. Here

o the dotted arrow between k;~ and (k + 1); exists if and only if k;” < (k + 1);,
o the dotted arrow between k + 3 and k +2 exists if and only if (k+2)] < (k+3);".

Let us consider the case when iy = n — 1, ix41 = n and g = B,. Then (3.8) can be
drawn as follows with Convention 1:

k+ k.

Tl = 2\ / \ e
k+1

k+3 (k+1)

J’_

Then, by following Algorithm 2.3, one can see that stz itk 114k |ic can be depicted
as follows:

etk i Dl = 2 // 2"
ya
k+3 k+1 k +1);

Here the dotted arrow between k 43 and k + 2 exists if and only if (k —1—2);r > (k+3) t+ .
On the other hand, the valued quiver | i is depicted as:

k+3 k+1 (k+ 1)y

e = hY r
K +2/ 2\ / 2

Here
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e the dotted arrow between (k + D, and ktT exists if and only if
k+1D, =k > k+1); =k,
o the dotted arrow between k + 3 and k + 2 exists if and only if
(k+3) =k +2); < k+3); =*k+2)]"

Thus our assertion follows. For C,, and Fy cases, one can prove in a similar way. 0O

Lemma 3.7 We have ) '
A" = op 20k i k1 i A"

Proof Let us denote by
A:=A" and A" :=uguis1k A’ for notational simplicity.
Note that
A;’fv =Ny ifu,vé{k k+1}.
(A) For the cases when |{u # v} N {k, k + 1}| = 1, we have

"

Afi1w = Do = =Dkt + Akszo + A(k+1);,v (forv > k+ 1),

AZCHI = AZ,HI = —Auyit+1 + Aups3 + Au,(k+l>{ (foru < k),
Ay = Ay + gy ik B0 = Mtz = iy Az + Az (forv > k4 1),
A,ka =Aur+¢G

(H])F,ik Auv(k+])i’ — Auk+2 — Ciggsip Duk+3 + Au,ki’ (foru < k),

by direct calculations.
(B) For the cases when {u, v} = {k, k + 1}, we have
n
Ak’k"'l = ~Akkt1 = ci(k+1)lf”'kA(k-',-l),T,kH — Nkt 1,k42
+ Ak k3 + Ci(k+1)i_’ik A(k+1);,k+3
- Ak+2,k+3 - A(k+1)i_,k + A(k+l)i_,k+2 — Cipys,ix Ak+1,k+3
F Gt A e 1y; k3 — it T i ks T g gy

" _ "
N g = D

Recall that (i, i1, ixs2,ixe3) = G, j,i,J) ~ (G0 VTS IS R B
(j, i, j,i). Thus it suffices to prove that the following equation holds:

" Al
A0k+2(fk(u)y‘7k+2<7k(v) - Au,v'

Since only {k, k + 1, k 4+ 2, k + 3} are changed by o20%, it is enough to show that
the following 15 equations hold:
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®
(i)

(iii)
@iv)
(v)
(vi)

(vii)
(viii)
(ix)
(x)
(x1)
(xii)
(xiii)
(xiv)

(xv)

k v = AZ{H o = —Npt1v + Mgy + A(k+1);,v forv >k + 3,

Ao = My = Mk + ik gy = Mgz = Gilkaw + Ay, for
v > k+3,
Ak+2 v A§§/+3,v = Ag43,p forv >k +3,

Ak+3 o = A, = Akgoy forv >k +3,
,k = A;’ka = —Aujt1 + Auiys + Au‘(k+])i’ foru <k,
i’,k+1 = Z/k = Ay + cj,iAu‘(kJr])lT — Nukt2 — Ciluk+3 + Au,k{ for
u <k,
l;,k+2 = Ay i3 = Augss foru <k,
Ai ki3 = Ao ki = Ak foru <k,
Ak k1 = Mg
Ak+2 k43 = M3 krn = Dkt3kt2,
ka3 = Mt oan = = Dhtiha2 + Aas 2 + Ay ka2
fir2 = Aliags = —Mkriaas + A1y k3o
Mrrirz = Mlies = M + il sy kg3 — Dbtk + A g3
s = Mlipa = Mk + il e = Gk + Ak,

AL =AY foru,v g kok+1,k+2,k+3).

(iii), (iv), (vii), (viii) and (x)-cases: Let us recall the following facts:

(a) wk+3wj = wk+3wj = wk+2wl’
(b) wk+3w, = Wy 3@ = wk+2w,

The assertion for (iii), (iv), (vii) and (viii)-cases follows directly. Let us check (x)-
cases. By Lemma 3.2, we have

A3 k42 = (@) — Wi 3, i + W, ®i)

_ . i’ . . 14 N — Al
= (@) — Wi, @, Wi + Wi 3@7) = Njy3 40

which completes our assertions for these cases.

(1), (v), (xi) and (xii)-cases: Since the proofs for these cases are all similar, we shall
give a proof for (i)-case only. Note that

kv = (@) —wp_ 5,0, @i, + wwi,) = (@ — wy_ (@) — @), Ti, + W, ;).

On the other hand

i i
—ANjy10 = —(@j — Wy_18iS;@;, Wi, + W, @)
i i
=(—o; —w_(—o; +aj — ¢ ja;), @, +w,T,),
i i
Npyzp = (@) — Wy_18i8j8iS;@;, Wi, + w,@j,)

= (@ —wi_ (@) + ¢ jo; —2a)), @i, + wyw;,),
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— . i e g
Ay 0 = @) — W @), @i, + W, @3,).
Thus the sum of the three given above is
(@j — w1 (@ — @), @i, + w,mi,) = Ap .

which shows the assertion (i).

(ii), (vi), (xiii) and (xiv)-cases: Since the proofs for these cases are all similar, we shall
give a proof for (ii)-case only. Note that

i i i
k1.0 = (@i —wy_y8jsiwi, wi, + w,@;,)

= (w; —wi_(w; —a; + ¢ ;) w;, +wywi,).
First let us consider the following two terms:

. —(C: iy — aph R — i
c],,A(kH);’U = (¢ imj — wy_ ¢} i@}, @i, + w,@i,)

—Cjilkt3,0 = (=Cj i) — Wiy (=C im; — 2 + 2¢ 1))@, @y, + Wywy,),
whose sum is
(—w;{_l(—Zcx,- =+ 2Cj,i0lj), w;, + wLZD','v). 3.9
Next, let us consider the following three terms:

Ay = (@i — wj_sio;, wi, + who;) = (w; — wi_ (@ — a;), @;, + who;)

[ i
—Apg2,0 = —(@; — wj_,8i8siw;, @, + wyo;,)
= (—w; —wy_(—o; — ¢ jaj +20;), wj, + wym;,),

Akij,, = (@; — wi_lwi, wj, + wiwz‘v),
whose sum is
(w; — w;;_l(wi —Cj i+ a;), @i, + wiw,-v). (3.10)
Hence, RHS of (ii) becomes
3.9) + (3.10) = (w; — wi_l(wl' —a; +¢jia;j), i, + wiwiu) = Z+1,v’

which implies assertion (ii).
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(ix)-case: This is the most complicated case. We have to show thats

Akt = Dokt l GGy g + Akt Lk2 = Akkts

i D ey k3 T ARR2AE3 T Ay ke T A k2 TG Ak L3

A A

~ il e k3 T A et T Ak s T Mk gy
(3.11)
whose RHS consists of 13 terms.
" )
On the other hand, A;{ k41 can be rewritten as follows:
A1 = (@) — Wi 5@, @i + Wi_1 ;i)
= (wj —wi_ (@ —aj), w; + wj_ (@i —a; +¢jiaj))
= (wj, wi_ (@) — (@), wi_ () + ¢ (@), wi_;(ej))
— (wy_ (@), @) + (wi_ (a), @i).
Let us analyze the 13 terms in (3.11):
Lemma 3.2 i i

(D) Aggt1 = —Dkv1x = —(@ —wi_8iS;j@;j, @i + Wi_,8iTi),

2) A(k+l),-‘,k = (o) — wf{_lzzrj, w; + wf{_lsiw,-),

. — .. R . . i Jp—
Q) il gy w1 = i@ — Wi @, @+ Wy y8is; @),

“4) _c/’l’A(k+1);,k+3 =—C;i(@j — w;;_lw./, o+ w};_lsis.,'sisj'wli),
S) Atz = (@ —wi_ sis;m), o + wh_ sisjs5i0;),

©) —A iy a2 = — (@) — Wi @), @i + wi_8issiwi),

(1) —App3 = —(@; —wi_ | siwi, @)+ wh_ sis5i5,@)),

(8) Ak+2k43 = (@i — Wy _18i88i Wi, Wj + Wy _8i8j8i8; ),

(9) Cj,iAk+],k+3 = Cj,i(ZD'j — w}c_lsis]'zzrj, W + w;(_lsiSjSiSjZDj),

. — e e — e i ooy
(10) _C/,lA(k+1);,k+3 = —Ci(@j —wp_ @), @ + Wi _5i5;8i5; D),
(1D Ak,-‘,k+l = (w; — wy_ @i, @ + w;_,5is;D}),
(12) _Ak;,k+3 = —(o; — wj_ @i, T + W, _,5i5j5;S;D}),

Lemma 3.2 i i
(I3 =M= vy = —(@i —w @ @+ wp @),

Using the techniques applied to the previous cases, we have
(D + @) = —(wj_ysi(a)), @),

B)+ @) =cj (@, w_(a)) — (e, @),
(5) +(6) = (aj, o) + (wh_si(a)), wi),

D+ @8) = (Wi_ (a)), @) —cji(wi_aj, @) + (i, @),
9) + (10) = ¢j i (Wi _ &), @) — 2(wh_ (&), @}) — i, j (i, @y),

(1) + (12) + (13) = — (w3, wh_ (@) + (@1, wh_ (@) + (Wi_ @1, ).
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Hence the summation of the 13 terms becomes

13
> ) = —(@i wi_ (@) + (@i, wh_ (o)) + (w}_ @1, )
s=1

- (wi_l(aj), wj)+ ¢ i(mj, w;;_l(aj)) = Ai,kﬂ,
which completes the proof of assertion (ix). O

As a consequence of the previous two lemmas, we have the following proposition:

Proposition 3.8 We have an isomorphism of A-algebras
M (= WM MOk Ofgn) - Ay —> Ay
given by

Zy = wgig i Zog o)) forallu € N,
which induces a bijection between the sets of quantum cluster monomials.
Lemma3.9 Ifz € Ay is a quantum cluster monomial with deg(z) = g’ = (g,)uen,

then the quantum cluster monomial n;z € A; has deg(n;z) = g = (8u)uen as
follows:

Sear — Cilgey I+ 1Al fu=k+3,
Sa3 — =g l+ F Bl fu=k+2,
—A+¢;i[-Bl+ ifu=k+1,
gu=1"" / fu=k, (3.12)
8ynyy T8kl = [=Blw fu=ki',
g +IAL —ClBle  ifu=(k+1y,
g,; otherwise,
where
A=g +¢i[—8yil+ and B=—g  +¢ j[-Al;. (3.13)
Proof By applying (2.4) repeatedly, we obtain the assertion. O

Lemma3.10 The map g’ +> g given by (3.12) sends the cone Cy C 72N into the
cone C; C Z9N.

Proof To simplify the notation, for g = (g,)uen and g’ = (g, )ueN, We set

¥, = Z gv, X, = Z g (3.14)

vu,iy=iy v2u,il =i,

for each u € N. Throughout this proof, we shall use the notations A and B in (3.13).
We have to show that &), > 0 (Vu € N) implies £, > 0 (Vu € N).
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(@) Ifu > k+3,wehave £, = X/ > 0.

(b) Ifu =k + 3, we have Xpy3 = EI/<+2 — Cj,i[g]/€+1]+ +[A]l+ = 0.

(c) If u = k +2, the assertion holds when g; +1 = 0 obviously. Let us assume further
841 < 0. Then we have

Bit2 = Tpyy + 8yt + [Bly = Tiyy +[Bly,

which implies the assertion for u = k + 2.
(d) Ifu =k + 1, we have

Tit1 = Zpao — Cilgrrl+ +[Aly — A+cji[—Bly

/ ’ (3.15)
= iy — Cil8k1l+ + [—Al+ + ¢ i[—Bl4.

Thus the assertion holds when B > 0. Assume that B < 0. Then we have

Tir1 = Zpan — Cillgar 1+ — &rq) + [—AlL — 2[—Al4
= %40 — CGil—8ky1ls — [—Al4

Thus the assertion holds when B < 0 and A > 0. Let us consider the case when
B < 0and A < 0. Then we have

Tt = Bpyo — Cilgip ]+ —A—¢jiB
= Zigo — Cilghy ]+ — A+ €8y +24
=30 — Cuilgiy s + g + 8k + Guil—&)+ =

which completes the assertion.
(e) If u = k, we have

¥k =By — g1+ + [=Bl+ (3.16)
= 8(8k41 = 043 +8(8hy1 < O Zpyy +[-Bly >0,

which implies the assertion.
) If u < k, we have

8k+3 + 8k+1 + 8yr) = k2 — Cj,il8k11+ + 2[Al+ — A+ g,/(7 —¢iB
=g T8+ 8-
and
8k+42 + 8k + gk; = g]/(+3 + g]/<+] + g2k+l);a

and thus X, = X, which implies the assertion. O

By (f) in the proof of Lemma 3.10, we have the following corollary:
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Corollary 3.11 Assume that k= € N. Then we have
py(g':i) = pi(g; i) foralliel,
where g’ — g under the map given by (3.12).

Lemma 3.12 The elements g, g' € 79N related by (3.12) satisfy the followings:
(1) Wheni =iryy and (k +1); = 0, we have

Py (g5 i) — [g. ]+ g =0,
(g: 1) pr(gi) — g, g1 <0,8,>0and A >0,
(g: 1) =
P& Py (g'ii) — 28, +Cji& 4y if8u1 <0.8,>0,A<0andB >0,
Py (g’ 1) otherwise.

(2) Wheni =iy and k; =0, we have

P (g i) — g4 ifg),, >0,B>0,

p(gl) _ pi/(g/; l)—Cz,][—g,/{]J,- lfg//<+1 20’3 < 0’
l b —_— . :

py (g’ i) ifg),, <0,B>0,

Py (g 1) — gy tCi =)+ gy <0,B<0.
(3) Except above two cases, we have
pi(g: i) =py(g'si).

Here
A=g+¢il—gyly and B=—g  +c j[-Al;.

Proof Since the proofs for y; and B are given in [11, Lemma 2.18], let us focus on

the case 7.

(1) Let us first consider when i = iy and (k + 1); = 0. In (3.15), we see that
Tit1 = Spyo — Cilgrail+ + [ Al + ¢ i[- B4

@) Ifg,/<+] >0,then A = g,/(,[—B]Jr = g,/<+] - c,-,j[—g,/(]Jr and

Tit1 = Siyo — it + (=814 + iy — Cinjl—grl4)
=% — =g+ = =, — [8)+-

(i) If g, <O, then A = g — Cjigf,, and B = —g},, + i j[—Al4.
(ii-a) Let us assume that g; < Oand A < 0. Then B = g, — ¢ jg <0and

Tit1 = Ziyn — Cilgipr ]+ F Al +¢i[-Bly = %5 + 8 = 5
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(ii-b) Let us assume that g; > 0 and A > 0. Then B = —g,’(Jrl and
Tt = Tpp = 5 - g
(ii-c) Finally, assume that g; > 0 and A < 0. Then B = g; | — C; jg;-

¥ —2g, +¢iig ifB>0
— ..ol .. — k k J:18k+1 = ¥
Ypt1 = El/c+2 - g]/c +Ci8k+1 T ¢ i[-Bly = 2//{ £B <0
(2) Let us consider when i = i;. In (3.16), we see that

Tk = By — 81+ + =Bl

Then we have

Tt~ 8kt if g1 =20,B2>0,
5, = i~ Gl-gls if gy >0,B <0,
T if g,y <0,B >0,
i1~ & TG jl—gl+ ifg, <0,B <0,
which implies our assertion. O
3.6 6-moves

For sequences i = (iy)yen and i’ = (i})uen € I°), we say that i’ can be obtained
from i via a 6-move, if there exists a unique k € N such that

. . . ./ ./ ./

Tk = k42 = U4 = Uy 1 = Y3 = Ly s

. . . ./ ./ ./

lk4+1 = k43 = U5 = 1 = g0 = g4

iy =1, (u ¢ [k, k+5])
and

Cirp1.ik Cisigp1 = 3.

In this case, we write i’ = ¢xi. Throughout this subsection, we assume that i, i’ € 1)
are related by i’ = i for some k € N and we sometimes write i ;=i and j :=i41.

Lemma 3.13 We have

~s

B' = 044 40k 4 20K [k k43 k42 ek k-1 k43 ek k2 Mk +1 14k B (3.17)

Proof As in the 4-move case, it is enough to show that

Ik k43 k42 e k41 k43 [k k42 1 ik DY | ¢ = Okga0ki200 T i
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where K = [k, k + 5] u {k;, (k + 1);}.

We shall only consider the case when both k;” and (k + 1);” are nonzero since the
proofs for the other cases are similar. In that case, the valued quiver I'*|x is depicted
as:

k44 k+2 k ki
Fle= sl e el Theg fohe e el (38)
k+5 k+3 k+1 (k+ 17
where a = —¢;,,, i, and b = —¢;, ;. Here

o the dotted arrow between k; and (k + 1); exists if and only if k;” < (k + 1);,
o the dotted arrow between k + 5 and k +4 exists if and only if (k+4)] < (k+5);".

Let us consider the case when iy = 1, ix+1 = 2, g = G»> and dotted arrows exist.
Then (3.18) can be drawn as follows with Convention 1:

k44 k+2 k -
k+5 k+3 k+1 (k+1);
From now on, we shall depict the sequence of mutations on r | in turn:
k+4 k+2 k\\ K
Mk A \ /
—
/3 /3/ 34
k+5 k+3 k+1 > (k+ 1)
k+4 k+2 k Kk
Mk+1 v \ \
—
k+5 k+3 k+1 — k+1);
//\ _
k+4 k+2 k k;
P2 7 / W
A /
k+5 k+3 k1l <—g— G+ D;
//\ —
k+4 k+2 k k;
Mk e /
—>
3 N A
k+5 k+3 k+1 (k + 1)y

4//\
k+4 k+2

k k=
Hig3 7 !
~ /%/ N

k+5 k+3 k+1 (k+ 1)
//\_
k+4 k;

" k+2 k
k+1 Iy
k+1

k+5 k+3 (k+1);
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///\ _
k+4 k+2 k k;
Mk 3/ 3
/_ L3
k+5 k+3///z/ k+1 k+ Dy
/—\ _
k+4 k+2 k k;
”w
o gg;;;;;;;%ffifffi;;
k+5 k+3 - k+1 (k+ 1)
k+4 k+2 k ko
Hhy3 /ﬁ/%
k+5 k+3 5 k+1 k+1);
k+4 k+2 k K
a4 /L3//7/L3//7/L3/
k+5 k+3 k+1 (k+ 1)

On the other hand, the valued quiver I is depicted as:

k+5 k+3 k+1 (k+1);

M- K SN

k+4 k+2

Thus our assertion follows. The remaining cases can be proved in a similar way. O

Lemma 3.14 We have

«

A" = Ok 40K 120K Sk Jok 43 k42 Ik [l 41 [ok+-3 Ik k42 k1 ke A (3.19)

Proof To simplify notation, let us denote Al as A. Unless k <u<k+50rk <
v < k + 5, the expressions A, , = Af;’v hold true, and the values of A, , remain
unchanged under the operations [tx, k41, Uk+2, Lk+3s Oks Ok+2, and ox14. Therefore,
for simplicity, we will only consider A, , whenk <u <k+4+5o0ork <v <k 435,
which we will assume from now on. Furthermore, due to the skew-symmetry of A
and A"/, we can assume further u < v.

%lecall the definition

Ay = (m;, — wyw;,, o, + wyw;,) foru <.

Since the number of elements in the set W is 12 and the sequence i contains only 1 and
2, we will demonstrate that there exist only a limited number of finite subsequences
of i that need to be examined to directly verify the assertion.

Consider a fixed set W consisting of reduced sequences of elements in W. Let us
examine how A, , is determined. To avoid minor exceptions, assume k > 4. If u < k
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and k < v < k45, then A, , is determined by the subsequence
W1 @ W2 Ik ik] " * Eg+5s

where wy, wy € W, i, =a,andi, =iy forsome{ =k, k+1,...,k+5. Note that it
is sufficient to consider wy, wa € W, as A, ,, does not change with other expressions
of the Weyl group elements represented by w; and ws.

Ifk <u,v <k+5then A, , is determined by

Ik Tk+1 " " Ek+5-

Ifk <u<k+5andv > k + 5 then A, , is determined by the subsequence

if ikl - - iprswad,

where w3 e W, i, =d, i, =iy forsomel =k, k+1,...,k+5.
All three cases mentioned above are encompassed in the sequences given by

W1 a Wy g g1 - b5 wid, (3.20)
where wi, wy, w3 € W, a,d € {1,2} and
(lkalk+17"alk+5)€ {(1’271527152)5(2517251725 1)}

However, to apply ptx, ik+1, k42, Li+3, 1t is crucial to keep track of the corre-
sponding mutations of Bi. As demonstrated in the proof of Lemma 3.13, we only need
to consider k;” and (k + 1);” in addition to k,k + 1, ...,k + 5 when dealing with
mutations (note that (k + 4)+ and (k + 5)+ are not relevant) In the matrices obtained
from the mutations of B associated with the mutations of A’ in the statement of this
lemma, we observe that

the (k, j)- and (k + 1, j)-entries are zero for j < kunless j = k; or j = (k+ 1)i".
(3.21)
Therefore, these entries do not contribute to the mutations of A, , by definition.
Now consider a sequence

J19J2 ik iks1 - ikgsi3d,

where j; = ijiz---iy—1, iy = a, i, = d and j, and j; are finite sequences. Let
{b,c} = {ii-, [k +1)7}. Without loss of generality, we may consider the following
three cases:

()jra---be---cigipyr - ikysjsd,
(i) jjac---cigixs1 - ikys5j3d witha = b,

(iii) ---ba---aigig41 - ix+s5j3d witha =c.
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Applying the observations (3.20) and (3.21) in determining A, , and their mutations,
we only need to consider

(i) ~ wiawabcirixy -+ - ikys wad, (3.22)
(i) ~ wiaciyigsy - ig4s5wsd or wiacciyixyl - igys wid, (3.23)
(iii) ~» wia ik ik41 - igys wad , (3.24)

where wi, w2, w3 € W, a,d € {1,2}, (b,c) € {(1,2), (2, 1)} and
Gk, fk+1s -5 ikg5) €{(1,2,1,2,1,2), (2, 1,2, 1,2, D}.

We consider the submatrices of A’ given by the finite sequences in (3.22)-(3.24).
These sequences are not mutually exclusive, and we deliberately maintain this redun-
dancy for convenience, as it is unnecessary to remove it when directly checking using
a computer. The total number of sequences in (3.22)-(3.24) is 62,208. If k < 3, it is
easy to list all possible sequences. We have used a computer to verify the assertion
of the lemma for all these finite subsequences, which took less than 12 minutes on a
regular laptop (single CPU). O

Remark 3.15 The above lemma assumes a general situation. For our purpose in later
sections, we need only special i and i’ in this remark (see Remark 5.22 below also),
and hence we do not need to use a computer. Consideri = (1,2,1,2,1,2,1,2,...)
andi’ = (1,2,2,1,2,1,2,1,...) with k = 3. Then we obtain

0-3-1-3 0 0 23 0-3-2-3 0 0 23
30 0-3 0 0 36 30 0-3 0 0 36
1 0 0-3 0 0 36 2 0 0 0 0 0 26
Ai‘g— 333 0 0 0 39 ﬂ) 330 0 0 0 39 U354
- 00 0 0 0 0 26 0O 0 0 0 0 0 26
0 0 0 0 0 0 06 0O 0 0 0 0 0 06
-2-3-3-3-2 0 03 -2-3-2-3-2 0 03
-3 -6-6-9-6-6-30 -3 -6-6-9-6-6-30
0-3-1-3 0 0 23 0-310 0 0 23
303 3 3 0 36 3 066 3 9 36
1-3 0 0 1 0 13 -1-600-1-3-10
3-3 0 0 3 0 39 L3[4 146 0-600 0 0 00 H3H6M1S
0-3—-1-3 0 0 03 0-310 0 0 03
0 0 0 0 0 0 06 0-930 0 0 03
-2-3-1-3 0 0 03 -2-310 0 0 03
-3 -6-3-9-3-6-30 -3-600-3-3-30
0-320 33 2 3 0-3023 3 3 2
3 066 69 3 6 3 0669 6 6 3
—-2-600 00 0 O 0-6000 0 0 O
0-600 00 0O O | o70503 -2-6000 0 0 O —Ai/’g
-3-600 03-1 0 -3-9000-3-3-3]
-3-900-30-3-3 -3-6003 0 0-1
-2-300 13 0 3 -3-6003 0 0-3
-3-600 03-3 0 -2-3003 1 3 O

As a consequence of the previous two lemmas, we have the following proposition:

@ Springer



Quantum cluster algebra, braid moves and Page290of 74 66

Proposition 3.16 We have an isomorphism of A-algebras
O (= R M2 B4 3P 1 H 2 M43 MEOR Ok 20kq) - Ay —> Ai - (3.25)
given by

Zu > Wl PR3 et FE R 3Pk (Zogaorsaon) for allu € N,
which induces a bijection between the sets of quantum cluster monomials.

Remark 3.17 There are another 31 sequences of mutations of length 10, which give
rise to mutation equivalence from .4; — A;. For instance, we have

* * * * * * * * * * * * * . ~ .
i3k 2 M | 43 M2 M 31 Mk 430K Ok 420k 14 Ay —> Ai.

In Appendix B, we record all the 32 sequences of mutations of length 10 that produce
the equivalence with index permutation o' 0}, 07" 4. Recall that deg does not depend
on the choice of sequences of mutations [17, 50] .

Lemma 3.18 Ifz € Ay is a quantum cluster monomial with deg(z) = g’ = (g,)uen,
then the quantum cluster monomial ¢z € A; has deg(¢z) = g = (8u)ueN as
follows:

g2k+1)i7 + g i)+ +[Bly — [-Gly — [=114 ifj =k; .
8- + D — il Fle +2[H1y —cjillly  ifj = (k+ 1)y,
¥ ifj =k,
—H +cji[-1]y ifi=k+1,
R ifj=k+2 (20
—E+¢;i[-Gly +[H]y ifj=k+3,
845 — [=Bl+ +[Gl+ ifi=k+A4,
8kvs — [—Al4 — ¢jilBly +[El+ if j = k+5,
g;- otherwise,

where

A= =il Bi=giys — =g+ Ci= =gy — G jlAl4 — [=Bl4.

D:=g + Cj,i[—g//<+1]+ = 2[-Al4+ + ¢ ;[-Cl+, E:=-A-c;[Cl+ +[Dl+,
F:=-C+¢ j[-Dl+, G:=—B —[-Cly +¢ j[-El+ +[Fl4,
H:=-D+[E]l+ +c¢j[-Fl+, [:'=—F+[Gl++¢ j[-Hl+.
(3.27)
Proof By applying (2.4) repeatedly, we can obtain the assertion. O
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Lemma 3.19 The map g’ + g given by (3.26) sends the cone Cy C Z®N into the
cone C; C ZON.

Proof Let us use similar arguments to those in Lemma 3.10 and notations in (3.27).
As in the 4-move case, we check positivity by verifying that all partial sums ¥, =

ng . v remain nonnegative. Because the 6-move only modifies entries between k
and k + 5, we only need to check those indices.

(@Ifu>k+5 wehave &, =X/ > 0.
() Ifu =k + 5, we have
Tits = Spys — [—Al4 — ¢ ilBly + [El4.
In the above equation, the only term that can contribute a negative amount is —[—A].
Therefore, to check the non-negativity of X5 it is enough to distinguish whether A
is nonnegative or negative.
Note thatif A < 0, then £ > 0 and A + E > 0 since
A+E=A+(-A—-¢;;[Cly+ +[D]l+) = —¢;,[C]+ + [D]+ > 0.
Thus ¥4+5 > 0. Assume that A > 0. In this case, we have

Tits = Tpyq — CilBly + [Ely,

which proves the assertion for k + 5.

(c)If u = k + 4, we have

St+4 = Spys — [~ Bls + (Gl

As in the case (b), it suffices to consider when B < 0. If g,’(_H < 0, then E,’{+5 + B =
Z,LH > 0, and if g,’(Jrl > 0, then E,/HS +B = E,/C+3 > 0. Thus the assertion follows.

(d) If u = k 4 3, we have
k43 =Tpqq — [FAlL — ¢ i[Bl + [Ely — E +¢;,i[-Gly +[Hl+.  (3.28)
Applying [E]+ — E = [—E]+, (3.28) becomes
i3 =Zp o4 — [—Aly — ¢ i[Bly + [—Ely + ¢ i[-Gly + [H]4. (3.29)

Now we divide into cases according to the signs of A and E.
(A < 0, E > 0): In this case, we have

[E]ly =0, —[-Aly =A =g, —Cilgil+
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and hence (3.29) becomes

Yia + &an — Cilgrprl+ — €ilBly +¢ji[—Gly + [H]4
= Tio — Cil8kyr ]+ — il Bl + ¢ i[—Gly + [H]4.
Since the only term that can contribute a negative amount is [—G], it is enough to

consider when
0>G=-B—[-Cly +¢ ;[-El+ +[Fl4t.

Note that it suffices to show that
Tiir — Cil&k1l+ — ¢jilBl+ + ¢ i[-Gly > 0. (3.30)
Replacing G with the above formula, (3.29) turns into

Tiqo — Cilgri)+ — €jilBl+ — ¢ji(—B — [-Cly + ¢ j[—El+ + [F13)
= Y0 — Gil8k1l+ — ¢i([Bl+ — B) + ¢ i[—Cly — 3[—El+ — ¢ i[Fl+

2 %1y — Cuilghyr e — Cil=Bly + ¢l =Cls — ¢ i Fly.
Here = follows from
(1) E > 0 by the assumption and (2) [B]y — B =[—B]4.

Finally assume
0>C=—g —[—-Bl4t.

Then we have
Sir2 = Cuil8ky1l+ — Cil=Bly — CjilFly + €8y + il Bt
< i — CGil—gr )+ — il Fly
+
Here = follows from (3) [} 1+ — 8441 = [—8;41]+ and (4) [- Bl — [-Bl+ = 0.
Then our assertion for this case follows.
(A > 0, E < 0): In this case, we have
[-Ely =—E, —[-A]lL=0
and hence (3.29) becomes
Z]/(_M —CjilBly —E+c¢;i[-Gly +[H]+
Since —FE > 0, it suffices to consider when

0>G=-B—-[-Cly —¢;E+[Fl4,
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as in the previous case. Replacing G with the above formula, (3.29) turns into
Yisa —CilBly —E+[Hly +¢jiB+¢ji[-Cly +3E — ¢ i[Fl4
L Sfy — Cil=Bly +2E + [Hly — ¢l Fly + ¢ il—Cly.
Here S follows from (1) [B]+ — B = [—B]+. Finally assume
0>C=—gy —CijA—[-Bl:.
Then we have

Tips — Cil=Bly +2E + [Hl4 — ¢ i[Fly + ¢} igrs +3A+ ¢ i[—Bl4
= %4 —2A+2[Dly + [Hly — ¢ i[Fly +¢jighyy +3A
LSyt ghin — Culghi ]y +2ID1y + [H1y — L1y +Cjighay
= S — il =8hyr+ +2(D14 + [Hl4 — ¢j i [Fly

Here

2) = follows from the replacement of E with —A + [D]4,
3) £ follows from the replacement of A with g;_» — ¢ i[g;, 11+

<
(4) = follows from X}, +g; . » = X, and [g 1+ — &4y = [—&p ]+

(A >0, E > 0): In this case, we have
[-ElL =0, —[-Al; =0
and hence (3.29) becomes
Yiia — € ilBly + ¢ i[-Gly + [H]4.
Similarly, it suffices to consider when
0>G=-B—[-Cly +[F]+.
Replacing G with the above formula, (3.29) turns into

Yiea — CilBly + [Hly +¢jiB+ ¢ i[-Cly — ¢ i[Fly
= %jis — Cil=Bly + [Hl+ +¢j,i[-Cly — ¢ji[Fl4t.

Finally assume
0>C= —g,/{_H -G jA—[-Bly.
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Then we have

Sisa — Cil=Bly + [Hly — ¢ i[Fly +¢jigr 1 +3A+¢ji[—Bl+
A

= Tppa + [Hly — il Fly + €8k 24+ 81y — €ilgig 1+
Tipo + [Hly — il Fly — ¢jil—grp 1+ +2A >0,

[l®

which completes a proof of the assertion for k + 3. Here

(i) £ follows from [~Bly — [-Bls+ =0and A = g} ., — C;.i[g4 1]+

(ii) 2 follows from B}, = 5}, + g and [g 1+ — &yy = [—8hy 1]+
(e)If u =k + 2, we have

Tip2 = Tpys — [-Bl4 +[Gly — G+ 114
= %15 — [-Bly + [-Gl+ + [1]4.

Thus the assertion for k + 2 is a direct consequence of the assertion for k + 4.

O Ifu=k+ 1, we have

Skal = Tppg — [=Aly = ¢jilBly + [-El+
+¢i[-Gly +[H]ly — H +¢;i[-1]+
=34 — [Aly — cjilBly +[-El4
+¢i[-Gly +[-H]y +¢;i[—1]4.

(3.31)

If I > 0, the assertion for k + 1 follows from the one for k + 3. Thus it suffices to
assume that / < 0. As in the case (c), we divide into cases according to the signs of
Aand E.

(A <0,E 20,1 < 0):Byreplacing I with —F+[G]4+c; j[—H]4, (3.31) becomes

Yipa+A—cjilBly +¢;i[-Gly + [-H]y +¢;iF — ¢ i[Gly — 3[—H]4

O
=%+ o — Cilgip ]+ — €jilBly + ¢ i(F — G) —2[—Hl4
=i — Cilgr1)+ — il Bl+ + ¢ji(F — G) — 2[—H]4.

Here = follows from —[—G]+ + [G]+ = G. Note that the assumption I < O is
equivalent to

[Gly + ¢ j[-H]+ < F. (3.32)
Using (3.32), we have
Ci(F—G)—2[-H]y > ¢ i ([Gl+ + ¢ j[-H]+ — G) —2[-H]+
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=¢;i[=Gly + [-H]+ = ¢ i[-Gly + [-H]4+.
Then
Skt > { g — Gilgepil+ — Gl Bl + ¢il=Gli ) +[-Hl+.  (3.33)

Then (3.30) implies that the {}-part in (3.33) is non-negative and hence our assertion
for this case follows.

(A>0,FE <0, <0):Byreplacing I with —F+[G]++¢; j[—H]4,(3.31) becomes

Yiia — CilBly — E+¢i[-Gly + [-H+ + ¢ i F — ¢;i[Gl+ —3[—H]+
= El/c+4 — Cj’i[B]+ —E+ Cj’,'(F —G)—-2[-H]+ (3.34)

as in the former case. Here we remark that —E > 0.
Using (3.32) again and (3.34), we have an inequality

Tigs — CilBly +¢ji(F—G) —2[-H]y — E
> %44 —CilBly — E+¢;i([Gly + ¢ j[-H]y — G) —2[-H]4
= X4 — CilBly + ¢ i[-Gly + [-H]4 — E. (3.35)

Now let us assume that
0>G=-B—[-Cly + ¢ ;[—FEl+ +[Fl+.
Then (3.35) becomes

Tiys = CilBly +[=Hly — E+¢; i B+¢;i[=Cly +3E —¢; i [Fly

A
= By — ¢il=Bly + [=Hly +2E +¢; i[-Cly — ¢ i [Fly

2 %4 — Cjil-Bly + [—Hly —2A = 2¢; ;[Cly + [D]y + ¢ ;/[-Cly — ¢ i[Fly

=44 —Cil=Bly + [-Hl+ —2A — ¢ ;i[Cl4 + [D]4+ — ¢ ;C — ¢ i[Fl+
= E/,C+4 = ¢ il=Bl+ +[-H]l+ —2A —¢; ;[C]+
—¢jilFly + D1y +¢jigh iy +3A+¢ji[-Bly
Y S+ [—Hly — ¢ ilCly — ¢ i[Fly +[Dl+ + A+¢jigrp
o} }31/(+4 +[-Hl+ — ¢ i[Cly — ¢ i[Fl+ + [D]+ + g]/<+2 _ Cj,i[gl/c+1]+ N cj,ig]/(+|

< E,/(Jrz +[-Hl+ — ¢ i[Cly — ¢ i[Fl+ + [D]+ — Cj.i[*8//<+1]+-

Here

(i) = follows from [Bls — B = [~ Bls+,
(>i1) = follows from E = —A — ¢;,i[Cl+ + [D]+,
(iii) = follows from [C]y — [-C]4 = C,
(iv) = follows from C = —8ks1 — Cij[Al+ — [=Bl4,
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) Y follows from [-Bl+ —[-Bl+ =0,
(vi) 2 follows from A = g;/H_Q - iji[gl,<+l]+’

(vii) = follows from Yo = Zat+ & and [gp 14 — gy = [—81 1+

(A>0,E >0,1 <0):Byreplacing I with —F+[G]++¢; j[—H]4,(3.31) becomes

Sisa — CilBly + ¢ i[—Gly + [—H]+
+¢jiF —¢;ilGly —3[-H]+
= %4 — CilBly —2[—Hly 4+ ¢ji(F - G) (3.36)

as in the previous cases. Using (3.32) and (3.36), we have

Y4 — CilBly —2[—Hly 4+ ¢ i(F — G)
> Y44 — GlilBly 4+ ¢ i[-Gly + [-H]4. (3.37)

Now let us assume that
0>G=-B—[-Cly +[Fls.
Then (3.37) becomes

Sia — CilBly + [—H4 + ¢ iB+ ¢ i[-Cly — ¢ i[Fly
= Y4 — Cil=Bly + [Hl4 + ¢ i[-Cly — ¢ i[Fly

Finally, it suffices to assume that
0>C= —g]/(Jrl - ¢, jA—[-Bl;.
Then we have

Yips — Cil=Bly + [—H]y — ¢ ilFly +¢igryy +3A+ ¢ i[—Bly
= EI/<+4 +[-Hly —¢;i[Fly +2A+ C.I'ng/ﬁ—l + g,/(+2 - Cj,i[gl/(+1]+
=S+ [—Hly — il Fly +2A — ¢jil—gi 1]+

Since A > 0, it proves the assertion for k + 1.

(g) If u = k, we have

Sk = Shys — [-Bly +[Gly — G+ 14 — 1
=%,5— [-Bls +[-Gly + [~ 114 (3.38)

Thus the assertion for k is also a direct consequence of the assertion for k + 4.

(h) For u < k, the assertion follows from Lemma 3.20 below. O
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Lemma 3.20 Assume that k~ € N. Then we have
pi(g'si) = pi(g;i) foralliel,
where g’ — g under the map given by (3.26).
Proof 1t suffices to show that
() g5 + 8k+3 + 8kt + 8y 1)y = Shpa T &pa T 8L T 8
(i) grra + g2+ 8 + 8 = &ys T &y T & + gék +1>t;'

(1): By (3.31) and applying the techniques we have used,

S = G+ 8-
= Tj4 — [FAl4 — ¢jilBly + [E) +¢;,i[-Gl4
+[=Hly +¢jil=11+ + (g + D]y
—CjilFly +2[Hl — ¢jillly) €. (3.26)
=%+ g,y/{7 —[-Aly —¢;ilBl+ + [-El+ +¢;i[-Gl+ + [-H]+
+[Dly — ¢ il Fl+ +2[H]4 — ¢l Co U+ = [l =1)
=Xp 4+ g,,(; —[-Al+ — ¢ i[Bl+ +[-El+ + ¢ i[-Gl+
+[-H]+ +[D]l+ — ¢ i[Fl+
+2[H]y +¢jiF —¢;i[Gly —3[-H]y (. I=-F+[Gl+
+cij[-H]y)
=S4+ 8,27 —[-Al+ = ¢ i[Bl+ +[-E]+ + [Dl+ — ¢ i[Fl+
+2H +c¢jiF —c;;G
o xl = [=x1+ =x)
=+ g,’(; —[-Aly — ¢ i[Bly +[-E]l+ +[Dly — ¢ i[Fly —2D
+2[E]l+ +2¢;,i[-Fl+ —¢;iC+3[-Dl+ +¢;;B+c¢;[-Cl+
= 3[-E]+ — ¢ i[Fl+
(. (3.27) for H, F and G)
=Tiq + g]/(; —[-Al+ — ¢;i[Bl+ + [D]+ + 3[=Dl+ + ¢ i[-Cl+
—2D+2E —2¢j;F —¢;iC+cj;B (. [xl4 —[—x]l4 =x)
=Tt g,,(; — [-Al+ — ¢ i[Bl+ + [Dl+ 4+ 3[- D14+ + ¢,i[-Cl4+ — 2g;
=26 i[=gry1l+ +4[—Aly —2¢;,i[—Cly — 24 —2¢;,[Cly
+2[D]y +2¢;,;C — 6[—D]y + ¢} ig + 3[Al+
+ il =Bl +¢igks — Cil—8hyr 1+
(. (3.27) for B,C, D, E and F)
=X 4+ g,'c; —2g; — 3¢ i[—gr 1)+ +3[—Aly — 3¢,i[—Cly + ¢igys
+ 3[A]+ + Cj,ig,,(+3 —2A—-c¢;iB+3D o [x]l+ — [—x]+ =x)
=S4+ g,/(7 — 28 — 3¢.il—gry1 1+ +3[—Aly — 3¢ i [-Cly
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+ ¢k +3[ALy

+ €8s — 24 = CjiB +3g +3¢jil=gr ] — 6[=Aly 43¢ [=Cly

(. (3.27) for D)
= Tpys t 8;/{; + 8+ A+ ik + iz —CjiB

o ]+ = [=x]+ = x)
=Tpa+ 8 + &+ 8 — Cilgip e + gk
+Cji8kys — Ci&kas T+ Cjil—8rp ]+ (. (3.27) for A and B)

=Tia+ g;/(; + 8 + 8rin O [x]y — [—x]4 = x)

— /
=%

In the above computation, we repeatedly substitute the relations in (3.27) and use
[x]+ — [—x]4+ = x to cancel all auxiliary terms.

@: By (3.38), we have

X, -

1

(338) + g~
=5 — [=Bl4 +[=Gly + 11+ + (g;kH)i7 + (g1 1+
+[Bl+ — [-Gl+ — [-114)
=5+ B+ gékH); + g+ Colxle =[xl =x)
= Tios + 8hea — (=8l T8l T80y (- G2Dfor B)
= Tjys + 8ys + &r T gzkﬂ)l; ¢ Ixly = [=x]4 =x)

_ /
- Z(k+l),-7'

The following lemma can be obtained as in other moves and we omit the proof.

Lemma3.21 Let g, g € Z®N be elements related by (3.12). If gi = O for s €
[k, k + 3], we have

pi(g;i) =py(g;i) foranyie€l.

Example 3.22 Takei = (2,1,2,1,2,1,...)andi = (1,2,1,2,1,2,...). Using the
above formulae, the map 6(11) *: g’ + gin (3.26) that is induced by the isomorphism

;1(1) * 1 Ay => A; can be descried for special g’s as follows:

Gﬁl)*(el) =ec — ey, 95”*(@) = (es — e4) + 3ey,
0" (e3 — e1) = 2(ec — e4) +3e1.  0]"*(es — €2) = (e — e4) +2¢1. (339

1 1
9% (es — e3) = (e — eq) + 3ey, 95 (e — e4) = ey.
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Similarly, the map 632)* induced by the isomorphism ¢ 1(2)* : A; = Ay canbe descried
as follows:
01" (e1) = (e5 — e), 017" (e2) = 3(e — ex) + €1,

017" (e3 —e1) =2(es — es) +e1, 077 (es —e2) = 3(es — e4) +2e1, (3.40)
07" (es — e3) = (e5 —ea) +e1, 0 (es —es) = e1.

3.7 Forward shifts

In this subsection, we consider a forward shift of i € I introduced in [11] when g
is of simply-laced type. However, in this subsection, we do not impose any restriction
on the type of g.

We say thati’ = (i ,’{)keN is obtained from i = (i;)ren Via a forward shift if

i =ixy1 forallk e N.

In this case, we write i’ = d.i. Throughout this subsection, we assume thati, i’ € I(>
are related by i = 04 and i} :=i. Define

(a) asequence (x,),en such that x; = 1 and x,, = (xu_l);r foru > 2,

k=1 ific =i,

b) a permutation o, € Gy by o (k) =
(b) ap + N by o4 (k) k—1  ifi £1.

Remark 3.23 Even though [11] considered only simply-laced types, the statements
and proofs in [11, §2.3] can be extended to non simply-laced types. Thus we only give
the statements and leave their proofs to the reader.

Proposition 3.24 (a) Thelimitlim, o iy, * - * thxs x; §iyieldsawell—deﬁnedmatrix
/,L+§i and we have U+M+§i =B . .

(b) The limit lim,,_, o0 [y, - - - Ux, Ux; A" yields a well-defined matrix i A* and we
have oy Al = A

(c) We have a homomorphism of A-algebras

3_’;(: /Lj_gj_); Ay — A givenby Z,, — /L+(ZU;1(M))f0r allu € N,

which sends each cluster monomial in Ay to a cluster monomial in A;.
(d) Ifz € Ay is a quantum cluster monomial with deg(z) = g’ = (g),)uen, then the
quantum cluster monomial 9%z € A; has deg(97z) = g = (8u)ueN as follows:

gu = _ZUGN;i{J:il g; ifu:l’
! ! ifu > 1.

8u—1

(3.41)

In other words, the assignment g’ > g is given by the Ny-linear map Cy — C;
which sends e, — e, € Cytoe 1 — €ut)y; € Ciforallu € N.
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4 Bases and braid moves

In this section, we first recall the quantum unipotent coordinate algebra 4, (n) of g and
its bases. Then we apply the result in the previous section to investigate the relationship
among braid moves and the bases.

4.1 Quantum unipotent coordinate algebra

Let Z/{Z () be the quantum group of g over Q(¢q'/?). It is generated by e;, f; (i € I)
and ¢", where h belongs to the dual weight lattice P¥ = Homy, (P, Z). We denote by
Z/lq"r (g) the subalgebra of U, (g) generated by ¢; (i € I) and Z/IAF (g) the A-subalgebra

of qu"' (g) generated by e;/[n];!, where

k —k
q;

k
qi ‘= qd", [k]; == CI,-—]’ and [k];!:= H[si] fork € N.

q9i —q; s=1
Set

A;m) = @ A;(n)p  where Ay(n)p := Hom@(ql/z)(u;(g)fﬁ, Qg'?),
BeQ—

and Z/[;r (g)—p denotes the (— B)-root space of Z/{;(g). For an element a € A, (n)g,
we set wt(a) := B. It is known that A, (n) has an algebra structure and is called the
quantum unipotent coordinate algebra of g. We denote by A (n) the A-submodule
of A, (n) generated by \p € A, (n) such that 1])(1/{;%Ir (g)) C A. Then Ay (n) also has an
A-algebra structure.

Foreach A € PT:=3%",_; Nw; and Weyl group elements w, w’ € W, we can define
a specific homogeneous element D(wA, w’'A) of Ag (n), called a quantum unipotent
minor (see for example [29, Section 9]). Note that D(wA, w’A) vanishes if wA —w'A ¢
Q™. We set

5(11))\,, w’k) = q—(wfx—wk,u;’A—wk)/4—(w/A—wA,p)/2D(w)\’ w’k)

where p:=) ., @ € P, and call it a normalized quantum unipotent minor.
Let us fix a reduced sequence i of w,. For 1 < k < £, we set

Fi(k) := D(w}w;, . wi,_ ;).

Notethatwt(l?i(k)) = —ﬂ}; € @~ asanelementin Ay (n).Forec = (cq,...,cp) € Ng,
we set

1 o &
Ve =—5 ) aa B+ el

1<k,I<E s=1
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and define

Fe)=q""" T] Fw.
1<kl

Proposition 4.1 (see, for instance, [46, Chapters 40,41]) The set {E(c) | ¢ € Ng}
forms an A-basis of Ap(n).

There exist an anti-involution (-) on A (n) defined by
gt — ¢F? and  Fik) —> Fi(k)

for all 1 < k < £, which is called the twisted bar-involution.

4.2 Comparison with braid moves

Lusztig [44, 45] and Kashiwara [30] have constructed a distinguished A-basis B"P,
which is called the dual-canonical/upper-global basis. In this paper, we consider
the normalized one B'? of B (see [43] for more details). Note that the normalized
quantum unipotent minor D(wh, w'A) belongs to B"? whenever it is non-zero.

Theorem 4.2 ([43, Theorem 4.29]) For a reduced sequence i of w., we have
B” ={(Gi(c) | ¢ € N§)

where 5i(c) is the unique element of Ax(n) satisfying the following properties for
foxs
eachc € Ny :

@) Gi(c) = Gi(e), ~

() Gi(e) — Fi(c) € Y0 4ZIq1Fi(C),

where <j is a certain bi-lexicographical order determined by i. In particular, éi(ek) =
D (w}, @i, w}(_wik).

Proposition 4.3 ([46, Chapter 42], [1, Theorem 3.1]) Let i and i’ be two reduced
sequences for wo, and ¢ = (c1, ..., ¢cg), ¢ = (¢}, ..., ¢)) € Ng.

(1) Assume i = yii for some 1 < k < £ — 1. Then we have

(Ck, Ck+1) = (C]/<+17 C]/()s

Gile) =Gy andonlylf " it g ok + 1),

(2) Assume i = Byi for some 1 < k < £ — 2. Then we have

€} = Ckt1 + Cry2 — min(cy, cx42),
Cpyq = Min(ck, cx12),

Ch+a = Ck+1 + ck — min(cy, ck42),
cu=c, ifuélkk+1,k+2).

éi(c) = 6,-/ (¢) ifandonlyif
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(3) Assume i’ = i for some 1 < k < £ — 3. Note that (ig, i1, ixs2, ixs3) and
(igs Tk g1» ipqr Brg3) can be regarded as reduced sequences of w, of type Ba,
and hence we have parametrizations of these sequences in terms of 'SI);;2 (see
Example 3.1). Then we have (see also [53, Lemma 2.15])

/
Cyy = Cajtas +2Ca1 4205 + Cay — 702,

/ —_ _
C(¥1+2a2 =T 1,

Gile) =Gy(c) < {c =27 — 7,

aj+oay
C:x] = Cq, +Ca1+a2 +ca1+2a2 -7,
¢ =cyifud kk+1,k+2k+3),

where

= min{cal + Cajtans Cay + Cays Cay+2ay + C(xz}s

my = min{2¢q; + Coy+ars 2Ca; + Cans 2Ca 4205 + Cas)-
@) Fori' = (2,1,2,1,2, ) andi = (1,2,1,2,1,2) of Go-type, we have

Gy(er) = Giles), Gy(e2) = Gile + eq),
Gy(e3) = Gi(3e1 +2e6), Gy(es) = Gi(2eq + 3eg), .1
Gi(es) = Gi(3e1 +e),  Gyles) = Giler),

and - - - -
Gi(e1) = Gy(eq), Gi(ez) = Gy (e + 3eg),
Gi(e3) = Gy(e1 +2e6), Gi(es) = Gy(2e1 + 3eq), 4.2)
Gi(es) = Gy(eg +e1), Gi(es) = Gy(er).

Theorem 4.4 ([13, 15, 16,29, 31, 36, 51]) For each reduced sequencei = (iy, ..., ig)
of w,, there is an isomorphism of A-algebras

@it Ai— Ax(n)

which satisfies the following properties:

(1) For any 1 < v<u <t vyith iy = Iy, there exists a cluster variable which
corresponds to D(w! w;, , w'w; ) under ¢;.
(2) The initial seed of Ap(n) corresponding to that of A; is given by
((Dwwyy, mi)hi<kse, A, BY). 43)

(3) Every cluster monomial of A; corresponds to an element of the basis B'" under
28
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(4) Foreachc = (¢;) € N 6, the element (pi_léi(c) is pointed and we have

deg(¢;'Gi(©)) = Y culeu —e,-) € Z°, (4.4)
1<ut

where we understand eq = 0. In particular, the map deg o (pi_l B - 7tis
injective.
The following proposition is proved for 2-moves and 3-moves in [11, Proposition

3.3], and we extend it to 4-moves and 6-moves:

Proposition 4.5 Leti, i’ be two reduced sequences for w,. Assume that we havei' = ti
for some v € {y1,...,ve—1} U{Bi, ..., Be—2} U {m, ..., me—3} U {&1}. Then the
following diagram commutes:

.Ai/ -Ai

*

T
i %

Aa(n)
Proof Since Ay (n) is generated by {éi/ (ey) | 1 < u < ¢}, itis enough to show that
oit*e; ' Gy(ey) = Gy (ey) 4.5)

for all u € [1, £]. By Theorem 4.4 and the fact that t* preserves cluster monomials,
we have

¢it*g; ' Gy(e) € B® and  deg(y;'Gr(ew) = (eu —¢,-).

@: Let us consider T = 5 for some 1 < u < £ — 2. Recall A and B in (3.13).
(1) u = k + 3. In this case

deg(¢; ' Gy (ers3) = (exs3 —exr1). A=c;; <0 and B=—1.

Then we have gk = —1+4¢;:¢i j = L g1~ = — 1, 843 = 8k+2 = 8kt1 = Eoy1)m =
0 by (3.12). Hence

deg(niwg‘éi/ (ex13)) = ex — e
= deg(¢; ' Gi(ex)).

(i) u = k + 2. In this case
deg(goifl(N}i/(ekH)) =er2—€, A=-1 and B=g¢ ; <O0.
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Then we have g, = —gk; =—Cij, 8k+3 = —8k+1 =1, gk42 = g(kH); = 0. Hence

deg(’?/f(ﬂ,?léi/ (ex+2)) = (ex43 — €xt1) — G, j(ex — €-)

= deg(<pi_15,~(—c,~,jek + ek+3)).

(iii) u = k + 1. In this case

deg(¢; ' Gir(ersn) = (et = €gpy) = (i1 —€2). A=0 and B=—1.

Then we have gy = _gkf =1, g3 = —gk+1 = —Cj i, Gky2 = g(k+1){ = 0. Hence

deg(nig; ' Gy (exs1)) = (ex — €-) = Cjii(ers3 — eks1)

= deg((pi_l(N;i(ek — C./,[ek+3)).

(iv) u = k. In this case

deg(¢; ' Gi(er) = (ex — €,-) = (ex — eqyp)).

Then we have gi+3 = 1, g1 = =1, gkt2 = 8k = & = &uyn)y = & = 0

by (3.12) and (3.13). Hence

deg(ng; ' Gi(en) = (exss — exs1) = (¢ ' Gilers3)).

VM u ¢ {k,k+1,k+ 2, k+ 3}. In this case, one can easily see that

deg(nj; ' Gy(e) = (ew — ¢,-) = degg; ' Gi(eu).

In conclusion, we have

e — e
1
(er+3 — er+1) — G j(ex — eki—)
_l ~
deg(njg, Gy(ew) = 1 (ex — e-) = Cjilexts — ext1)
€k+3 — €k+1
e, — euf

13

and get ¢inf ¢, Gy (en) = Gi(c,), where

e
€i+3 — Ci jek
Cy = €k —Cjiekt3
€r+3
€y

ifu=+k+3,
ifu=k+2,
ifu=k+1,
ifu==xk,
otherwise.

ifu =k+ 3,
ifu=+k+2,
ifu=k+1,
ifu==xk,
otherwise,
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Then our assertion for n; follows from Proposition 4.3 (3).
(¢): The assertion for ¢-case follows from (3.39), (3.40), (4.1), (4.2) and Proposi-

tion 4.3 (4). O
Note that any two reduced sequences of w, are connected by braid moves; i.e.,

there exists a finite sequence T = (t1,..., ) in {y1, ..., ye—1} U {B1,..., Be—2} U

{n1,...,me—3} U {¢1} such thati = 7 - - - 7ji. Then we have the isomorphism

=100t i Ay @ AL

Corollary 4.6 With the above notation, the following diagram commutes:

Ay - A;

T
@i %

Ax(m)

Moreover, the isomorphism t* = (piTI o @; depends only on the pair (i, i), and not on
the sequence T satisfyingi = 11 - - - 7ji.

5 Homomorphisms and substitution formulas

In this section, we first review the quantum (virtual) Grothendieck ring £, (g) asso-
ciated with g, its bases and subrings. For g of simply-laced type, the ring £,(g) is
introduced in [18, 48, 55] while it is introduced in [25, 26, 39] for g of non-simply-
laced type. Then we study homomorphisms on subrings of £, (g) and the skew field

of fraction F(X,), which are closely related to braid moves and the theory of quantum
cluster algebras.

5.1 Quantum torus X;(g) and the ring £4(g)
Let ¢ be an indeterminate. For i, j € I, we set
G O =8+17")+8G # )
and call the matrix C(7) := (¢; j (1)) the t-quantized Cartan matrix. Then
B(t) := Q(t)D_1 is a symmetric matrix in GL, (Z [til]).

Regarding B(7) as a Q(¢)-valued matrix, it is invertible and we denote the inverse
of B(#) by B(r) = (B; ;(t))i, jer. Write

B (=) b; ;i eZ()

uez

@ Springer



Quantum cluster algebra, braid moves and Page 450f 74 66

for the Laurent expansion of EI-’ j(@® att = 0. It is proved in [22, 39] that, for any
i,jelandu € Z, we have

b, ;w)=0 if Hu<d, j) or ()dG, j)=u (mod2). (5.1)

We fix a parity function € : I — {0, 1} such that€; # €; fori ~ j, based on (5.1),
and define

Ro:={G,p)elxZ|p=¢ (mod2)}CIxZ. (5.2)

Definition 5.1 ([18, 39, 48 56]) We deﬁne a quantum torus (X, (g), *) to be the
A-algebra generated by {X | @i, p) e Ao} subject to the following relations:

X,,p*Xi’p_Xi’p*X,,p_l and X; p,*X;,=q~ Xjs*Xip,
where

NG, pij.s)= _,,<p—s—1>—_l,(s— —D—b j(p—s+1D
+Q,’](S—p+1)

Note that there exists a Z-algebra anti-involution on A} (g) given by

172 —12 ~ di ¥

q and X,"pl—>q 'Xi’p.

—q
We will write A} instead of X (g) if there is no danger of confusion. We denote by

X the commutative Laurent polynomial ring obtained from A, by specializing ¢ at 1.
We write the map evy—; : X; — X and set X; ), := equl(q"/z}?i,p) for any a € Z.
We call a product 71 of Xli; and g*1/% in Xy amonomial; i.e., it is of the form

al2 3 )?fti,p(n?)

m=gq N
(i,p)edo

fora, u; ,(m) € 7Z.

We also call a monomial m € X, commutative if m = m, and dominant (resp.anti-
dominant) if it is a product of fi,p (resp. Xi_)llj) and g*1/2.

For amonomial m € X, we can associate the commutative monomial m € X; such
that evy—1 (m) = m. Thus we write m for commutative monomials in X;. Let M be

the set of all monomials in X', and M be the set of all dominant monomials in X’
For monomials 71, m’ in Xy, define

NG aly= Y i@, sGING, ps ).

(i.p).(j.$)eBo
Foreach (i, p) € I x Z suchthat (i, p£1) € Ko, define the commutative monomial

Bi.p ::@i,p’

@ Springer



66 Page460f74 K.-H. Lee and S.-j. Oh

where %, , = Xi p—1Xi p+1 l'lm c” e X.
Definition 5.2 ([18, 26, 39])

(a) Foreachi € I, denote by £; ,(g) the A-subalgebra of X, generated by

Xip*(+q %% ) and X7\ forjel\(i}and (i, p), (j.s5) € Ao.

(b) Define
Ra(@) =) Rig(@

iel
and call it the quantum virtual Grothendieck ring associated with C(¢). If there is
no confusion, we write £, instead of &, (g).

5.2 Bases

For m, m’ € M, there exists a partial order <v called Nakajima order, defined by
m < m’ if and only if m~'m’ is a product of elements in {%; , | (i, p£ 1) € Dol

For monomials 7, m’ € X, we write i <y m' if evy—1 (m) <y €Vg=1 m).

Theorem 5.3 ([18, 26], cf. [8]) For each dominant monomial m € M, there exists
a unique element F,(m) of &, such that

m is the unique dominant monomial appearing in F,(m) and Fy(m) = F;(m).

Furthermore,

(a) a monomial appearing in Fy(m) — m is strictly less than m with respect to <X,,
(b) Fy:={F,(m)|m € M+}f0rms an A-basis of R,
(c) Ry is generated by the set {Fy(X; p) | (i, p) € Ao} as an A-algebra.

Form € M, we set

E,m):=¢"( * x _ Fy(Xi )t ),
peZ isel,(i,p)elo

where b is an element in %Z such that m appears in E,(m) with coefficient 1. Then
the set E; :={E,(m) | m € M} also forms an A-basis of £, (g), called the standard
basis, and satisfies

Eq(m) = Fy(m)+ Y CpmFy(m') forsome Cpp € A. (5.3)

’
m <Nm
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Theorem 5.4 ([18, 26, 48]) For each m € M, there exists a unique element L, (m)
in Ry (@) such that

(i) Ly(m) = Ly(m) and
(i) Ly(m) = Egm) + Y Qmuw(@)Eq(m’) for some Qum/(q) € qZIq).  (5.4)

/
m <Nm

Furthermore,

(a) a monomial appearing in Ly(m) — m is strictly less than m with respect 1o <,

(b) Ly :={Ly(m) | m € M} forms an A-basis of R, called the canonical basis of

Rq(0), R
(©) Ly(Xi p) = Fy(X;,p) forall (i, p) € Ao.

Let CD;H be the A-algebra automorphism of X, given by X ip X i* p+h, Where h
is the Coxeter number of g. It is well-known that it induces a Z-algebra automorphism
D on X satisfying evy—1 o ’inl =%l evy=1 and preserves the subalgebra &, of
Xy . Moreover, we have

D, (Fy(m)) = Fy(@*'m) and D7'(Ly(m)) = Ly(®F'm) foranym € M.
(5.5)

Remark 5.5 Note that, for r € 2Z, there exists an automorphism T, of X, sending
X; pto X; .p+r satisfying the following properties:

(a) The restriction to £, gives an automorphism of £;.
(b) Foreachm e M, we have T, (F,(m)) = F,(T,(m)), T,(E;(m)) = E;(T,(m))
and T, (L4 (m)) = L,4(T,(m)). Here T, denotes the induced automorphism on X'

5.3 Kirillov-Reshetikhin and fundamental polynomials

For a pair (i, p), (i, s) € Ko with p < s, we set

m®[p, s]:= I1 X5 e M,. (5.6)

(i,w)elg, p<u<s

We call m@[p, s] the Kirillov—Reshetikhin(KR) monomial and Fy mD[p,s]) e
R4(g) the KR-polynomial for the pair (i, p) and (i, s), respectlvely In particular,
wecall Fy(X; p) = Fy (m(’)[p p)) the fundamental polynomial for each (i, p) € Ao

Theorem 5.6 ([10, 20, 47]) For each KR-monomial m(i)[p, s], the KR-polynomial
Fy (mD[p, s)) satisfies the following properties:

(a) Fy (m(i) [p, s]) contains the unique dominant monomial m(i)[p, s].

(b) Fy (m® [p, s]) contains the unique anti-dominant monomial m{) [p+h,s+h]
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(c) Each X;-monomial of F, mD[p,sl) — mD[p,s] — m(i*)[p +h,s+h]lisa
product of X with p < u < s+ h, having at least one of its factors from

J.u

p < u < s+ h. In particular, each monomial of F, (X, »)— Xip Xi*,p+h isa

product ofXjFIld withp <u < p+h.

5.4 Height functions and their negative subrings
A height function & on A is a function & : I — Z given by i +— &; satisfying

&

¢ (mod2) and |[§ —§;|=1 ifi~ j.
For a height function £ on A, we set
SRo:={(i, p) € Bo | p <&}
We call a bijective function p : N — 520 a compatible reading of §ngifk > 1
whenp(k) = (i, p), p()=(j,p+1) € ng andi ~ j. For a compatible reading p
of 20, we set p : N — 10 where p(k) = iy for (k) = (ix, pr) € Ag. We abuse

p to be the image (i1, i2,...) € 1 N of N under p and call it an I-compatible reading
of § N\o.

For each (i, p) € 4 Zo, set the KR-monomial
Zf,p =mVp, & € A,

When there is no danger of confusion, we write Z; , instead of Zf » for notational

simplicity. Denote by X, ¢ the quantum subtorus of &, generated by {% ik, Pt

Proposition 5.7 ([39, Theorem 7.1], see also [3, Proposmon 5.1.1]) Let p =
(i1, i2,...) and p' = (ji1, j2, ...) be I-compatible readings ofsAo

(i) Foru < v, we have
S
N(Z bpes Ziy ) = (@i, — wh@,, @i, + wiw;,),

where p(u) = (iy, py) and p(v) = (iy, py). Hence we have an A-algebra
isomorphism

Ko : T(AP) = X, <& givenby Z,+—> le e = m(i“)[pu,éiu]. 5.7
(i) We have p < o’ and there exists & € Gy such that

(AP, BP) = (AP, BP).
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For an element X € A;, we denote by X<z the element of X, < obtained from X
by discarding all the monomials containing factors X lil], with (i, p) € Ao \ §Ao. We
write the A-linear map

Mg &y — Ay <e, X —> fgg.

Definition 5.8 Let R, ¢ be the subring of &, generated by {F,(X; ;) | (i, p) € 520}
and call it the & -negative subring of &.

We set
(A6, BE) = (A[p], g[p]) _

Remark 5.9 In [25], the subring £, ¢ was written as R, <¢. We hope there is no
confusion by these notations.

Proposition 5.10 ([21, Proposition 6.1], [26, Proposition 6.3]) For a height function
& on A, the A-linear map (-)<¢ induces the injective A-algebra homomorphism

(I<e 1 Rge = Xy e (5.8)

We call (-)ge in (5.8) the truncation homomorphism. Note that, for a monomial
m®[p, &] with p <& and p =; &, we have

(FymVp, &)< = mV[p, &1 (5.9)

by Theorem 5.6 (c).

Proposition 5.11 (cf. [23, 39] see also [11, Proposition 5.14]) For a Dynkin quiver
0 = (A, &), e, (u € N) and an I-compatible reading p of € Mo, let us set

bﬁ = B[p]eu = Zbk,uek-
keN

Then we have

Ry (Z%) = 7] (5.10)

i,p—1
where p(u) = (i, p).

Proof We claim that ) N
Ky (Zb) = %;;_1.

Note that b+ , = —1,b,- , =1, p(u™) = (i, p—2) and p(u~) = (i, p +2) by the
assumption on p. Then we have

~ —e 1te, \ ~ v—13—1
Rp(zettery = X X1,
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For j ~ i, we see u™(j) satisfy u < ut(j) < u™ < ut(NT, u=(j) < u <

u=(NT =ut () <ut @t () = (., p—Dand pu(j)) = (j, p+ 1). Since

by+(jyu = —€j,i and by~ (jy , = C; i, we have
~ —Cjil,+ntCjie,— i\ ~ v Ci.i
Kp(Z ST (DT () = Xj,p—l'

Hence the claim follows. Since k, is compatible with the bar involutions on 7 (A”)
and X, <¢, we obtain (5.10). O

Theorem 5.12 ([11, Theorem 5.15], [26, Theorem 8.8])

(i) For an I-compatible reading p of SZO, there exists a unique A-algebra isomor-
phism k , which makes the following diagram commutative:

Ap Ry
Kp
T(AP) qugg

(ii) Fork € N, we have ko(Zy) = Fy (m(i)[p, &1) where p(k) = (i, p). Moreover
every KR-polynomial Fy;(m) in R ¢ appears as a cluster variable.
(i) Fge:=F; N Ry, By e :=By N Ry e and Ly ¢ := L, N Ry ¢ are bases of Ry ¢.

Remark 5.13

(a) The entire ring &, (g) has also a quantum cluster algebra structure (see [11, The-
orem 6.17], [26, Theorem 9.6]), but we will not use the structure in this paper.

(b) Theimage (R,,¢) ¢ of Ry ¢ under (-) ¢ has a cluster algebra structure with initial
cluster variables {m@[p, &1|i € I, p < &} by (5.9) and Theorem 5.12 (ii).

Theorem 5.14 ([3,23,26]) For each KR-monomial m® [ p, s] and any height function
& on A such that & > s, there exists a quantum cluster algebra algorithm for cal-
culating (Fy (m(i)[p, s1))<e, which can be obtained from the initial cluster variable
m(i)[p + 2k, &) of (Rye)ge with & = s + 2k (k € No) via a certain sequence of
mutations.

Remark 5.15 By Theorem 5.6 (c), (Fy mD[p, sD<e = Fy (mD[p, s1) if k in Theo-
rem 5.14 is big enough.

Conjecture 1 ([26])

(i) For each KR-monomial m(i)[p, s],'the element Fy(m @ [p, s]) is quantum posi-
tive; i.e., each coefficient of Fy (m® [p,s])is contqined in No[qil/zj.
(i) For each KR-monomial m(’)[p, s], we have L, (m(’)[p, s = Fy (m(’)[p, s].

The conjecture in the above is proved by Nakajima in [48] for symmetric cases (see
also [11]). By Theorem 5.14, Conjecture 1 is closely related to the quantum Laurent
positivity conjecture suggested by Berenstein—Fomin—Zelevinsky.
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5.5 Dynkin quivers and their heart subrings

A Dynkin quiver Q is a pair (A, &) consisting of (i) a Dynkin diagram A of g and (ii)
a height function £ on A.
For a Dynkin quiver Q = (A, &), we call i € I a source (resp. sink) of Q, if
& > &; (resp. & < &j) forall j € I withi ~ j. For a Dynkin quiver Q0 = (A, §)
and its source i, we denote by s; Q the Dynkin quiver (A, s;&), where s;& is the height
function defined by
(5i6)j:=§; —2x & ;.

We call the operation from Q to s; Q the reflection of Q at the source i of Q. For any
Dynkin quivers Q and Q’ with the same Dynkin diagram A, there exists a sequence
of reflections, including s;” ! from Qto Q.

For a sequence of indices i = (i1, iz,...,0]) € I' (I € NU{oo}) and a Dynkin
quiver Q = (A, &), we calli Q-adapted if

i is a source of s;, ;i ,---s;;Qforalll <k <[

The followings are known (see [22, 37, 39]):

(A) Any I-compatible reading of Zo is Q-adapted.

(B) For each Dynkin quiver Q, there exists a unique Coxeter element tp € W, all of
whose reduced sequences are adapted to Q. Conversely, for any Coxeter element
7, there exists a unique Dynkin quiver Q such that T = 7¢.

(C) For each Dynkin quiver Q, there exists a reduced sequence i of w, adapted to Q
and the set of all reduced sequence of w, adapted to Q forms a single commutation
class of w,, denoted by [Q].

(D) For a reduced sequence i = (iy,...,i¢) of w, adapted to Q, define 7=
(t1,12,...) € ™ by

=1 forl <k<{ and zkzz,f_g forall k > ¢. 5.11)

Then 7 is an I -compatible reading of ¢ Zo and we have a compatible reading i
of A corresponding to 7. Furthermore, we have i ~ p for any /-compatible
reading p of §A. R
(E) For each Dynkin quiver Q = (A, &), there exists a bijection ¢g : Ag — ot x7Z
defined recursively as follows: Set yl.Q =1 —19)w; and
() ¢oli, &) = (v2,0) foreachi € I,
i) if ¢; (i, p) = («a, k), we have
(fQFla,k) if fQFl €T,

| pE2) = 5.12
b0t p£2) (—tFla k£ 1)if 1} € o 612

For a Dynkin quiver Q = (A, £), we denote by D*!(Q the Dynkin quiver
(A, DF1E), where DF!£ is the height function defined as follows:

@*'g); ==& +h forjel.
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Proposition 5.16 ([12,22,39]) Let Q be a Dynkin quiver and set FOQ :=¢é1 (& x{0)).
Then 'y is a subset of KO characterized by

F()QZ{(i,P)GZO|Si*_h<P<§i}-

Furthermore, for any (j, s) € Zo, there exists unique k € 7 and (i, p) € I"OQ such

that
K (Xi ) = X, -

We define & o the quantum subtorus of A}, generated by {)?,; pl @, p)e FOQ},

and set
M2:=MNX,p and MZ:=M.NX, .

We denote by R, ¢ the subring of £, ¢ whichis generated by {F,(X; ») | (i, p) € FOQ}.
We call it the heart subring associated with the Dynkin quiver Q = (A, &).

Theorem 5.17 ([10, 11, 22, 24-26]) Let i be a reduced sequence of w, adapted to
0 =(4,8).

(i) We have A-algebra isomorphisms &; : T(A}) — Xy 0 and ki : Ai — Ry 0,
and an A-algebra monomorphism (-)¢| s, , which make the following diagram
commutative:

Ki

A .0
s
Az J/ Rye O<elsgg
T(Ai) = \L()\E Xq 0
T(A) — X, <t

i

(ii) The setF, 0 :=F; N KRy 0, E5,0:=E; N KRy 0 andl, g :=L, N Ry o are bases
Ofﬁq’Q.

The following theorem is proved in [25, Corollary 5.4] which gives a partial answer
for Conjecture 1 (ii).

Theorem 5.18 ([25, Corollary 5.4]) For a KR-monomial m contained in Mg for some
Dynkin quiver Q = (A, &), we have

Ly(m) = Fy(m).
Recall that, for a reduced sequence i of w, adapted to a Dynkin quiver Q, we have

an A-algebra isomorphism
0i » Ai == Ax(n).
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Hence we have an A-algebra isomorphism

Wii=kio@ 1 Aa(n) => Ky.0. (5.13)

Moreover, for another reduced sequence i’ of w, adapted to Q, we have ¥; = ¥,
(see [10, 25] for more details about the independence of the choice of i € [Q] for the
isomorphism W;). Thus the notation W make sense.

Theorem 5.19 ([22], [10, §10.3], [25, §71)

(a) For each Dynkin quiver Q, the isomorphism W sends B" 10 Ly.0-
(b) For a reduced sequence i of w adapted to Q and a KR-monomial m"[p, s] in
./\/l_% there exists a pair of integers (t,u) suchthat 0 <t <u < ¢,

(i) iy =i, ift>0 and (i) Yo(Dwlw;,, wiw;)) = F,mP[p,s]).

Here we understand wf) =id e W.
(c) Let Q = (A, &) and Q' = (A, &') be Dynkin quivers defined on the same . Then
we have a unique A-algebra automorphism

Vo a Ry — Ky (5.14)

satisfying the following properties:

(1) The automorphisms VW o restricted to R, o and R, ¢ respectively induce
2,9 q,0 q.§
A-algebra isomorphisms

\IJQ,Q/ . ﬁq,Q/ = Rq,Q and \I’gygl . ﬁq’g/ l) ﬁq,g (5.15)

such that Wgp o = Yo o \Ilé,l.
(ii) We have W o 0 D' = DF o Wy o
(ili) Wq o sends L, to Ly, bijectively.

Theorem 5.20 ([25, 34]) Let Q be a Dynkin quiver with a source i € I and write
T; for the automorphism Wy, o of Ry. Then the collection of automorphism {T;};c;
satisfies the braid relations of g.

For Dynkin quivers Q = (A, &) and Q' = (A,&') on the same A, leti =
(i1,...,i¢) and i’ = (i{, ..., ;) be reduced sequences of w, adapted to Q and Q’,
respectively. Then we have a sequence

T=(t,.... ) in{y, ..., ye—1}U{B1, ..., Be—2} U {m1, ..., ne—3} U {¢1}

such that
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Recall we have i = (i1, 02, ...), i = (if,i5,...) € 1 corresponding to i and i’
respectively, which are constructed in (5.11). We extend the isomorphism 7* : Ay —
A; to the one from ’47 to A; as follows: For each n € N, consider the A-algebra
isomorphism

CACAEERALLE S o’fl(")* : A’:f — A’ll,z,

where £ = £(w,) and

~)% UL

Vi = VEVise Vis—es Bi = BiBrre  Birim-ne
~(n)*x ,_ Sm)*

M = Mo Mk (i—1)es & = S e

Recalling 7 o 17 = 17 0 7% When |k — I| > ¢, we define

7= lim 7% Ay — As.
n—o00 t

The following theorem tells us that the isomorphism T* is compatible with the
isomorphisms W &/, k3 and k7. The argument of a proof can be almost the same
as the one in [11, Theorem 6.3], which investigates simply-laced types only. For the
reader’s convenience, we give a proof of the theorem.

Theorem 5.21 We have the following commutative diagram:

K=
i

AT’ R
l?* \Lq’ss/
<3
Az Rq.e

Proof Setting ¥ :=«k; 07" o K Uitis enough to prove that
\P = \I/E_E/.

By Theorem 5.19, we have to show the following:

M Yig,, = VYo.0>
) WOQ;I = @;1 oY,

Noting that .A%, ~ Ay, .A% ~ A;, ?*|Ai/ = 1% k3|4, = Ky, k7|4 = ki and

14 7

\I'[S‘E/Iﬁq,Ql =Wy o, we have

o \I/Q/
® / (5.16)
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Here the commutativity for @-triangles follows from (5.13), the commutativity for
®-triangle from Lemma 4.6 and the commutativity for ©-triangle from the definition
in (5.15). Thus we have shown (1).

Now let us consider (2). Setting = (i,j‘)keN, we have i = 8_‘;_’1'\*, B = B and
A" = A", Thus we have an isomorphism v : Az« ~ Aj; sending Z; to itself. By
Proposition 3.24 and Theorem 5.12, the cluster variables

Kgli);qu(X,-,p) and v(aj)f;cgqu(x,-,p)

have the same degrees forall (i, p) € § Ao, and hence they are the same by Theorem 2.7.
Since the set {F; (X,-’p)}g,p)egzo generates £, ¢, we conclude that

1

vo @) ors! =kl oD . (5.17)

Note that the same assertion for 7~ holds by the same argument. Furthermore, for a
cluster monomial x € A whose degree belongs to C;, one can see that the degrees
of the cluster variables

T x and v(3%)TFx  are the same (5.18)

by Proposition 3.24 and by the result in Section 3 that T* sends C;/ to C;. Now we
have

YO, Fy(Xip) = 6T D (X p)

= TV s Fy (X, p) by (5.17) for i’
= kv TG Fy (X p) by (5.18)
=D, T Fy (Xip) by (5.17) for

=D, 'WF, (X p)

for any (i, p) € SZO. Since the set {F} (X,-,,,)}(i )et'R, generates Ry,e, the asser-
tion (2) follows. ]

Remark 5.22 1In the above theorem, we have applied a special sequence (i1, i2,...) €
1(% such that (ig, . . ., ik+¢—1) is a reduced sequence of w, for all k € N.

Corollary 5.23 Let Q and Q' be Dynkin quivers on the same Dynkin diagram A.
For reduced sequences i and i’ adapted to Q and Q' respectively, the A-algebra
isomorphism K?_ o W ook induces a bijection between the set of quantum cluster
monomials of Az and that of Az.
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5.6 Substitution formulas

One of the celebrated results of Berenstein—-Fomin—Zelevinsky is to show that quantum
cluster algebra is still contained in Z[qil/ A [Zkil] kek even though mutations involves
non-trivial fractions. In this subsection, we shall show that the automorphism ¥q o
can be interpreted as an restriction of birational auto-transformation of IF(A},), which
isreferred to as substitution formulain [11, Section 7]. Since W ¢ can be understood
as a composition of {T' l.il}ie [, it gives an interesting relation among elements in L.
The result in this section for simply-laced type is given in [11, Section 7] and we
apply the same framework and arguments of proofs in this paper for non simply-laced
type, based on the results that have been obtained for £, 4-moves and 6-moves. Thus
we just give statements, several notations and maps, so that readers may recover the
substitution formula on F(X;) and £, by themselves.

Throughout this subsection, we (i) fix Dynkin quivers Q = (A, §)and Q' = (A, &)
defined on the same Dynkin diagram A of non simply-laced type, (ii) denote by
i =(i1,...,i¢) andj = (j1, ..., je) reduced sequences of w, adapted to Q and Q’
respectively. To distinguish generators of quantum tori 7 (AD) and T(AT), we use
Z. for initial cluster variables 7 (A*) while Z,, for ones of T(AY).

For k € Z, we set £[k] := D& and Q[k] := DX Q for notational simplicity. We
recall the following:

(a) We have injective homomorphisms
Rgel-11 = Rge)<s = Ag.<e

induced from (-) ¢¢, whose composition is an identity indeed, by Theorem 5.6 and
the fact that R, ¢ is generated by {F,(X; ;) | (i, p) € EAo}.
(b) We have a commutative diagram

(Ige
Ryt

JoTe

« o
Rq.e1-11 (Rq.e)<e

Xq. <

Then, for /-compatible readings 7 (resp. 7/) of §A (resp. Z?/Eo), we have unique
morphisms E;’]F, K3 @ T and Wg ¢ which make the diagram below commutative:
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‘T‘s,s’
F(X, ) ~— 2 F(T(AT)) — = FT(AT) —2 - F(X, )
X o ~——2—T(AT) T — X,

/ T(«)gé/ JA JA (')gsT \
Rye)ge <~ Ry = Az = Az =R —— Rgo)<e

(5.19)

Let us set

~

Si=R5 LoD, ol F(T(AD) — F(T(AY),

¥ = %J:.}F 0@, ok;p : F(T(AT)) - F(T(AT)),
which are autoglorphisms of skew field of fractions. We also define Z-module homo-
morphisms Z, X : Z&N — 79N given by

T(e) = €ure  L(ey) = eypq — €ty forallu eN.

Note that

S(@) =L@ — Y pilai)eq, - foraeZl (5.20)

iel
The proof of the following lemma utilizes Proposition 5.11.
Lemma 5.24 Fora € 7N, we have
$(z% = 25@  gna (2% = 7@,
In particular,
i

S =bi,, and T =b],,. (5.21)

For u € N and an initial cluster variable Z;, of AJA-, we set Z, :=T*(Z,,), which is

a cluster variable of A7. Then there exists g, € Z%N and ¢, , satisfying

Z, =278 |1+ Z Cu’nZZkeN nibf
neNgMN\ {0

by Theorem 2.7.
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For k € Ny, we set

—k . . —k —k —k
o =G e~k -1+ i e 1y, TELH =1\ g
Note that, for each u € N, there exists a unique k € N such that Z;, can be obtained
from the initial cluster {Z, | u € N} by applying the mutations only at the vertices
labeled by &=k By (£-periodicity of i, j and T*, for u € N, we have

0,ex

=2(g,) ifu > Loru=(+1)z@)foriel
g .
u+L S Z(gu) + Z,’EI Ze(f-Fl)%(i) OtherWISC,
(5.22)
and
Cps—ton ifme ZNEN),
Cuton =1 05 ™ 0 (5.23)
0 otherwise.

Remark 5.25 Any braid move between 7 and 7 does not occur at (£ + 1)77 (i) + ke

for any k € Ny and i € I. Hence Z(Z+1)l2(i)+ké = Z(£+1)7T(i)+kl = Z£l+l)7.‘(i)+kl in

A; and they g-commute with all Z, (a € N).

When g is of non-simply-laced type, we need to employ Lemma 3.12, Lemma 3.20
and Lemma 3.21 to prove the following lemma.

Lemma5.26 Foru € N, we have
i(zu) =zX@) |1+ Z Cu_i_Z’nZZkeN mbf | ~ Zz(gu)_gu-f—ZZu_’_E' (5.24)
neNZM\(0)

Remark 5.27 The following proposition is a non-symmetric analogue of [11, Lemma
7.4 (1)], and it is not at all a consequence of Theorem 5.21 as emphasized in the
introduction of [11, Section 7].

Proposition 5.28 We have
D, v, o) 0 Ueer = Te g 0D, v, )
Corollary 5.29 Fork € Ng and (i, p) € FOQ/[_k], we have
Ve o/ (Xi p) € F(Xy 01-k)-

Proof Since E’S!E,(F(X%Q,)) C &y, 0, it follows from Proposition 5.28. ]

@ Springer



Quantum cluster algebra, braid moves and Page 59 of 74 66

Theorem 5.30 There exists an automorphism of the skew field F(X,)

Uq q (X)) =5 FX,)

satisfying the following properties:
(@) Dy 0 \T’Q’Q/ = \T/Q’Qf 0 Dy.

) Ve o(X;. ) € F(X, o)) forany k € Z and (i, p) € &™),
(c) We have the following commutative diagram:

T o
F(X,) ——— = F(X,)

I ]

Ry Ry

Proof We first define ‘-NIJQ’Q/ from ‘Ifg‘g/ by using D, as follows: Foreach y € F(X,),
there exists k € N such that ’D;k(y) € F(X,,<¢). Then we define

Uy o (y) = Dk (T (DX (1))
Now, as in [11, Theorem 7.1], one can prove that it is a well-defined automorphism

of [F(X}) satisfying the properties in the statement. O

In Appendix A, we provide examples of substitution formulas.

6 Categorification via quiver Hecke algebras and Laurent family

In this section, we first review the results on the categorification theory via the quiver
Hecke algebra R related to our purpose. Then we recall the definitions and the results
about the Laurent family of simple R-modules, which were introduced and investigated
in [36] very recently.

6.1 Quiver Hecke algebra

Let k be a base field. For i, j € I, we choose polynomials Q; ;(u, v) € K[u, v] such
that

(@) Qi ju,v) =Qji(v,u),

(b) Q,‘,j(u, v) =380 #J) Z t,‘,j;,,,qupvq where li,j;—a; ;,0 € k*.
Zdip+2djq=72(oti,otj)

For B € QT with | 8] = n, we set
n
P=f=@n....v)el"| Y oy, =B}
k=1
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For g and B € Qt with |B| = r, the quiver Hecke algebra R(B) associated with
(Qi,j)i,jer is the Z-graded algebra over k generated by

xe (1<k<r), ew) welf), ,A<s <),

subject to certain defining relations (see [29] for the relations). Note that the Z-grading
of R(B) is determined by the degrees of following elements:

deg(e(v)) =0, deg(xge(v)) =2d,, (1 <k <n), and deg(tpe(v))

= _(C(Vm’ Clvm+1) (1 g m < }’l)

We denote by R(S)-gmod the category of finite-dimensional graded R (8)-modules
with homogeneous homomorphisms. For M € R(f)-gmod, we set wt(M) = —f8 €
Q™. Denote by g the degree shift functor acting on R(8)-gmod as follows:

qg(M), =M,_,  forM = @ My € R(B)-gmod.
keZ

For an R(B)-module M and an R(y)-module N, we obtain an R(S + y)-module

by

MoN:=R(B+yle(B,y) Qrp)ar(y) (M oN),
where e(B,y) =}, c1p.ery €(v *1V') € R(B + y). Here v * p denotes the con-
catenation of v and u, and o is called the convolution product. We say that two simple
R-modules M and N strongly commute if M o N is simple. If a simple module M
strongly commutes with itself, then M is called real.

Set R-gmod:=® geq+ R(B)-gmod. Then R-gmod has the monoidal category struc-
ture with the unit object 1 = k € R(0)-gmod and the tensor product o. Thus the
Grothendieck group K (R-gmod) has the Z[g*!]-algebra structure derived from o
and the degree shift functors g*!. We set

Ka(R-gmod) := A ®z,+1] K (R-gmod).
Theorem 6.1 ([41, 42, 52])There exists an A-algebra isomorphism

Q : Ka(R-gmod) = Ap(n).

Proposition 6.2 ([32]) For A € PT and ju, ¢ € WA with i < ¢, there exists a self-dual
real simple R(¢ — )-module L(w, ) such that

QL(1, O)D = D(u, ).
Here [L(u, ¢)] denotes the isomorphism class of L(u, ¢).

We call L(u, ¢) the determinantal module associated with D(uw, ¢).
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6.2 R-matrices and their Z-invariants

For 8 e QT andi € I, let

NEDY [T  xa|ew) e xRAY.

velf \aell,|Bl]; va=i
where X(R(8)) denotes the center of R(S).

Definition 6.3 (/40, Definition 2.2]) For an /Ig(ﬁ)-module L, we say that L admits an
affinization if there exists an R(p)-module L satisfying the condition: there exists an
endomorphism z7 of degree ¢t € Z~¢ such that L /z;L ~ L and

(1) Lis afinitely generated free modules over the polynomial ring k[z7],
(i) p; gL #Oforalli € 1.

We say that a simple R(8)-module L is affreal if L is real and admits an affinization.
It is known that any L € R(B)-gmod admits an affinization if R(S) is symmetric.
However, when R(f) is not symmetric, it is widely open whether an R(8)-module L

admits an affinization or not.

Theorem 6.4 ([35, Theorem 3.26]) For w € P* and u,{ € Ww such that u < ¢,
the determinantal module L(u, ¢) is affreal.

Let i be a reduced sequence of w,. For B € ® such that 8 = ,3;'( in (3.1), we write
S,’; for the determinantal R(8)-module such that

Q(S}]) = D(wjwi,, wj- i)
We sometimes write S¢(3) for S,‘; to emphasize 8. Note that
wt(S) = wt(D(wimy,, wi_w;,)) = —B.

The module S,’; is also called the cuspidal module associated with i and S. For another

reduced sequence i’ of w, such that i i , we have Si( B) ~ S",( B). Thus the notation
Sl 8) make sense.

Proposition 6.5 ([29, 35]) Let M and N be simple modules such that one of them is
affreal. Then there exists a unique R-module homomorphismry ny € HOMgp(M, N)
satisfying

HOMpR(MoN,NoM) =kry .

We call the homomorphism ry; x the R-matrix.
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Definition 6.6 For simple R-modules M and N such that one of them is affreal, we
define

A(M, N) :=deg(ry,n),

~ 1
A(M,N):= 5(A(M, N) + (wt(M), wt(N))),

UM, N):= %(A(M, N)+ AN, M)).

It is proved in [29, 35] that the invariants JN\(M, N) and 0(M, N) in Definition 6.6
belong to Z .

For simple modules M and N,let M V N and M A N denote the head and the socle
of M o N, respectively.

Proposition 6.7 ([28, Lemma 3.1.4], [29, Lemma 4.1.2]) Let M and N be self-dual
simple R-modules such that one of them is affreal.

(@ MV N and M A N are simple modules and they appear exactly once in the
composition series of M o N.
(b) gAMN)M Y N is a self-dual simple module.
(¢c) If M o N >~ N o M up to a grading shift, then M o N is simple, which is equivalent
to0(M,N)=0and MV N >~ M A N up to a grading shift.
For a reduced sequence i of w,, we say an interval [a, b] C [1, £] is an i-box if

ig = 1ip. qu each i—bogc [a, b] and i, we define a self-dual simple modules Li[a, b] as
follows: L'[a, a] := S}, and

Li[a, b] = qK(SZ’Li[a’b_])Si v Li[a, b_]

Proposition 6.8 ([32, Proposition 4.6]) For a reduced sequencei = (i1, ..., i¢) of w,
and an i-box [a, b] C [1, £], we have

Q ([Li[a, b]]) = D(wf,zzrib, wi_w,-a).
Hence Li[a, b] is an affreal simple module.

6.3 Laurent family

Let J be an index set and % be a full monoidal subcategory of R-gmod stable by taking
subquotients, extensions and grading shifts. We say that a family of affreal modules
L ={L;}in ¥ is a commuting family in ¢ if

LioLj>~Lj;oL; uptoa grading shift foranyi, j e J.
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Then there exists a family {£(a) | a € Nga j} of simple modules in % such that

L£O)=1, L(e;)=L; forany;jeJ,
L(a) o L(b) ~ q_A(E(“)’E(b))/J(a +b) foranya,b e N(efj.

We say a commuting family £ = {L;} ey is independent if, when a, b < NSBJ
satisfies L(a) >~ ¢q* L(b) for some s € Z, we have a = b.

Definition 6.9 A commuting family £ = {L; | j € J} of affreal simple objects of &
is said to be a quasi-Laurent family in € if L satisfies the following conditions:

(a) L isindependent, and
(b) if a simple module X commutes with all L; (j € J), then there exista, b € Zéo
such that
X o L(a) >~ L(b) up to a grading shift.

If M satisfies (a) and (c) below, then we say that L is a Laurent family:

(c) if a simple module X commutes with all L; (j € J), then there exists b € Zéo
such that X >~ £(b) up to a grading shift.

For an index set J = Jex L Jr, assume that [Cx (%) =A®gz 421 K (%) is isomorphic
to a quantum cluster algebra .27 such that Q(ICs (%)) ~ o7. We say that a commuting
family £ = {L;}ies in¢"isamonoidal cluster in ¢ if there exists aseed ({Z; }ies, A =
(Ai,j)i,jes» B = (bi j)ies, jelo) of &/ such that

Zi = QL] ine and Aiyj =—A(L;, Lj)~

Theorem 6.10 ([36, Proposition 3.6]) Assume that Kx (%) has a quantum cluster
algebra structure, and let L = {L; | j € J} be a monoidal cluster in €. Then the
commuting family L is a quasi-Laurent family. In particular, the isomorphism class
[X]of amodule X in KCp(€) can be expressed as an element in the Laurent polynomial
Z[qil][ [L;]] j € J]with positive coefficients. Moreover, if every [Ly] is prime in
Ka(®)|g=1, then L is a Laurent family.

Remark 6.11 Note that if K (€')|,=1 is factorial, then every [L] is prime in K (%) |4=1
(see [14]).

For a reduced sequence i of w, and 1 < k < £, we set
b= Loy, wi,) ~ LK™, k].

Proposition 6.12 ([32, Theorem 4.12]) Let i be a reduced sequence of w,. For 1 <
s <t < ¥, wehave

—A(Li, L’;) = (w;, — wiwis, wi, + wiwi,).
Hence L} := {L};}forms a commuting family.
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7 Quantum positivity

In this section, we give a partial proof of the quantum positivity conjecture (Conjec-
ture 1 (i)) for non-simply-laced type. Thus throughout this section, we assume that g
is of non-simply-laced type.

Recall the following:

(a) For any reduced sequence i of w,, there exists an A-algebra isomorphism
gi + Ai — Ap(n)

sending Z; to 5(w;;w,'k, @;,). Moreover, this isomorphism sends the seed
({Zi)1<k<es AL, BY) of A; tothe seed ({ D(wh oy, , @i,)}1<kces AL, BY) of Ay (n).
(b) There exists an A-algebra monomorphism (-)ge : £y,0 — A&y, e for each
Dynkin quiver O = (A, &). Thus the image (£,,0)<¢ is isomorphic to Ry o
as A-algebras. Moreover (F,(mV[p, &) <s = mV[p, &] for (i, p) € Fg.
(c) For a reduced sequence i of w, adapted to a Dynkin quiver Q = (A, &), there
exists an A-algebra isomorphism

kit Ai — Rq,0
sending the seed ({Zi}1<k<e. A, BY) of A; tothe one ({F, ([ pr. & T <k<e. A7, BY)
of Ry, o, where i (k) = (i, p).
(d) For areduced sequence i of w, adapted to a Dynkin quiver Q = (A, &), Proposi-
tion 6.8 tells us that

Q(LY) = D(wiw;,, w;,) foralll <k < L. (7.1)

Thus, for a reduced sequence i of w, adapted to a Dynkin quiver Q = (A, &), we
have the following commutative diagram of isomorphisms

Q

Ka(R-gmod) Aa(m)
Eo,<t ~ l / T (7.2)
&0 i
(Rq,0)<e Rq.0 Aii

Ki

()<e

such that

[1]

0 =¥ oQ:Kxp(R-gmod) = & o and

[l

0,<t :=()ge 0 B : Ka(R-gmod) ;(ﬁq,Q)gg.

Moreover, the isomorphism Egp ¢ sends L(w;;zzrk,wk) for 1 < k < ¢ to
q**mD[p, & for some a € Z, where i (k) = (i, p) € FOQ.

@ Springer



Quantum cluster algebra, braid moves and Page 650f 74 66

Theorem 7.1 Let Q = (A, &) be a Dynkin quiver. For an element X<g € (84, 0)<é,
assume that there exists a module X € R-gmod and B < ([X]) = Xg. Write

X<e = Z alm;m'\m’  foralm : m'] € Z[g*"/?].
m'e M@

Then Xg is quantum positive; that is

alm; m'] € No[g*'/%].

Proof By Proposition 6.12 and (7.1),
the commuting family £’ is a monoidal cluster of R-gmod.

Hence Theorem 6.10 tells us that

[X]= ) aX:a) [] [LL* for some a(X: @) € Nolg™'].
aezt refl,e]

Now let us take a reduced sequence i of w, adapted to the Dynkin quiver Q. Then,
for 1 < k < € with 7 (k) = (ix, px), we have Bg <& (L1) = mDO[py, &,1 € M2
Hence

X<e 2 Bo (XD =Y o(X:a) ]_[ mPlp,, &,1 “ Where & (X: @) = o (X; a).
aczt refl,e]
Since l—[ m(i)[p,, Eir]ar € My forany a € Z*, our assertion follows. O

re[l,£]

The following corollary provides a partial proof of Conjecture 1 (i).

Corollary 7.2 Let m be a KR-monomial contained in ./\/l_% for some Dynkin quiver
0 = (A, §). Then (Fy (m))§§ is quantum positive. In particular, Fy(X; ) is quantum
positive for every (i, p) € Ao, and hence, so are the elements in the standard basis
Eq.

Proof The first assertion is a direct consequence of Theorem 5.19 (b), Proposi-
tion 6.2, (7.1) and Theorem 7.1. Let us focus on the second assertion which gives

a complete proof of Conjecture 1 (i) for m = X; ,. Recall that i* = j foralli € I
because g is of non-simply-laced type. Hence

r¢=1{G,p)ehol& —h<p<&)
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By the first assertion, (Fy(X;g_nht2))<e 1S quantum positive as an element in
No[qil/ 2][X +1 ] pli.per?: On the other hand, Theorem 5.6 (c) implies that

(Fy (X g—nt2))<e = Fy(Xi g,—nt2) — l§l+2

Hence our assertion follows from the automorphism T, in Remark 5.5. O

Example 7.3 (a) Let g be of type B4. Then we have
FqB4(X1,0) = q)?Lo + q)?z,l * )?l_é + q)~(3,2 * )~(2_§ + qzizw * )~(3_41‘
+ @ DXa3x X L+ ¢ X34 % X, 5
+qXosx Xy +qXi6% Xy +97 ' X1y,

where le 0= Xq, X1,0 and g~ X1 g = Xl_é

(b) Let g be of type Bz. Take O = (AB3,§) with & = & = 0 and & = —1,
and a simple module X = L(2) V L(1) in R%-gmod, where L(1) and L(2)
are 1-dimensional cuspidal module with their weights « and a5, respectively.
Note that the image X of X under E g is neither a fundamental polynomial nor a

KR-polynomial, while E¢ (L(1) V L(2)) ~ FqB3 (X1,—4). Then one can compute
that
So,<s([X]) = X< 26])?2 5*§10+q4)?1,_4*)~(§’_4*§2_’1_3*)N(Lo
+*X3 4+ X, x X10
+(q+q)X1 4*X3 4*}?3_12*)?1,0
~|—q4X1 4*X2 3>x<X 2*X10
+ (@ + X5 4% Xo, 3*X 2*X ' X0
+q8X2 3*X 2*X; 2*X10
+q3X1 4*X1 2*X 1*X10
+ (@ +qHXsax Xz 2% X, * X1
+ (@ +¢)X>, 3*X 1*X10
+¢%X,, 2*X3 2>|<X 1*X10
+@+a)Xs 4*X10*X30
+(¢* +¢HXo, 3*X 2*X10*X30
+ @+ ) X125 X, 2*X 1*X10*X30
+q4§1,,2*X1,0*X3’0,

+1/2]

all of whose coefficients are contained in Zxolg and q)~(2,_5 * X 1.0 =

X2, 5X1,1.
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8 Appendix A. Examples of substitution formula

In this appendix, we provide several examples of substitution formulas for B,. We
consider the situation when ¢ = 1 for simplicity. Its quantum analogue W« o’ can be
calculated in a similar manner.

Consider the height functions given by

£ (1,2 > 7, 10, 2+ —1,
£:{1,2) > Z, 10, 2 1.

Then the following infinite sequences i’ = (i} uen,i = (iu)uen are of the form in
(5.11):

=(1,2,1,21,2,1,2,1,2,1,2,...),
————— e e’ ——
reduced word for w,

i=@Q1,2,12,1,2,1,2,1,2,1,,...).
——— e e e —

reduced word for w,

Then T is the following quiver:

a\p) -~~~ —-12 -11 -10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1

1

@ @ (©] ® ® @ 0]
W A o S S S Sy
2 —® (@) [} @ ® ® ®

Note that i can be obtained from i’, and vise versa, by applying the braid moves in the
red parts of i and i’ above. Hence, by applying the mutations at the following vertices

2,1),1,0),2,1,2,=-3),(1,-4),2,-3),2,-7), 1, =8), 2, =T7),... (A1)

from left to right to I, we obtain the quiver I

@\p) --- =12 -11 -10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0

1 @ @ ® ® ® @ @]
W/ g S S S S
2 — @ ® ® ® ® o}

Here the correspondence of labelling of vertices is given by

(1, —4m) — (1, —4m), (1, =2 — 4m) > (1, =2 — 4m),

(A.2)
2, 1—4m) > (2, —1 —4m), (2, —1 —4m) — (2, =3 — 4m).

Let us write the initial cluster variable for i as {Z; , := Zf p} and the one for i’ as

Z! :=Z.é/ . Similarly, we write the generators of X, <¢ as {X; ,} and the generators
i,p i,p y g q.<§ P g
of Xq)gg/ as {X{,p}
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Using Keller’s mutation applet, the isomorphism 7*(Z éi p)) is computed as follows:

2 2
ZY g (Zz,_4m+321,_4m +22Z2 —4m+3Z1,—4m+2Z1,—4mZ2,—4m—1
2 2 2 2
+Z1 _ams2Z5 —am—1 + Zl.—4m+222,74m+1Zl,—4m—2) /(25 _ams1Z1,—4m),

2 2
, Zy —am+3Z1,—amZ2,—am—1 + Z1 —am+2Z5 _4pp_1 t Z5 _4ppi1Z1,—4m—2
2y am ™ ; :

s

23, —4m+121,—4m
! !
Zy _am—2 ™ Ll —4m-2, Ly _4py_3 > L2 —4m—1-

Hence

By o Dp, gD

m(l)[—4m—2,0] if (i, p) = (1, —4m —2),
m@[—4m — 1, 1] if (i, p) = (2, —4m —3),
_2 1
= (Xz,_4,,,+1X1,74m +2X0 —am—1X5 gy
+X1_.174)71X%.74m—1 + Xl.*4m*2> m(l)[74m +2,0] if (i, p) = (1, —4m),
(X£L4m+1 + XEL4mX2,—4m—] + Xl,—4m—2X£L4,,1,1)m(z)[—4m — 1,11 if @i, p)=@Q,—4m—1).

This calculation implies that, for (i, p) € & /[_2130,

Ter o (X)) = s D p 6D Tr o mD1p 42,607

—1 -2 -1 -1 -1
(X1,74)1172X2.74m+1 T2X2,—4m—1X3 11 X1 —am X1 —am—2

X2 X a2 X3 gy + x,jl_m)_I WG, p) = (1, —4m —2),

= (Xl,—4mX£2_4m+1 +2X2,74m71X£L4m+1 + XIL4mX%7_4”l_1 +X1,,4m,2) it G, p) = (1, —4m),
X5 it X7 g X2 —am—1 + X1 —am—2 X5 7! if i, p) = (2, —4m —3),
(X2, —4m—1 +X1_"_4,,,X%,_4m_lxz,74m+1 + X1,-am-2X2,—4m+1) if (i, p) = (2, —4m — 1),

which shows the substitution formula representing 7> on £(B>). Then we can observe
the following:

Y 0lg=1(X1,-4m-2) ¥, 0lg=1(X1,—4m) = X1,—4m X1,—4m-2,
Y alg=1(X2,—am—3)¥aq 0lg=1X2,—4m—1) = X2 —am1 X2, —am—1.

(I) Note that we have
Lg—1(X2,-7) = Xo 7+ X1 6X5 s+ Xo sX7 L, + X514 (A.3)

(see [26] for more details). Here, we set L,—1(m) := evg—=1(L,(m)). We set

M M=X"5+ X[ Xo s+ X1 6X5 5 o (X5,

(2 2= X2, -5+ X[L4X2,—3X§,,5 + X1,-6X2,-3 < (X2,-5),

G B=Xx X2+ 2x L XL X s+ X2 X hx? s+ X7l e
(X1 Le)s

4 4= Xl,—4X£2_3 + 2X£L3X2,—5 + X[1_4X§,_5 + X1,-6 < (X1,-4)",

(5) Bl= X5, + X[ )Xo + X1 2X5 1 < (X5 1)
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Note that
x X3 3Xo 5= and x X1,-4X1,-6 =[4].

Then the first three terms of (A.3) become

x Xp 3Xo 5+ 1+ 2P x X[L4Xfl,6
X '

(A4)

Let us compute each term in numerator:

(@) Blx X2,_3Xp 5 = (X], 6X2 2irax L xhexsxs s
+ X2 XT X3 s+ X7 x X0 _3Xs s
= X7 X3 aXo s+ 2XT L XTLXS s+ X7 X7 o Xa ax] s
+X1,_4X2,—3X2,—5,

(i 1,

(i) 2 x X7 X7 e = (Xo s+ XLy X0, 3X3 s+ X1 6X2,3)7 x X7 L, X7 ¢
= (X% s TXT24X3 35X s+ XT _6X3 32X X2 3X5 s
+2X1,6X2,-3X2, 5 +2X ] X1, 6X%_3X%75)><X_17 Xile
—XfL4Xf16X2 -5t Xy, 4X1_16X2 3X5 s+ XT 4X1 _6X3 3
+2X7 2, X Lo Xo 3X3 s+ 2X71 X0 3Xp s +2X72 X3 5X3 s

On the other hand, the denominator is

2 x Bl = (X3, 5+X 4X2, 3X2 5+X1 -6X2,-3)
x(XI1 +2X71 1*1 X2 DX s+ X2 X71 X% 5+Xfl,4)
=X L X2 3X2 5+2X1— L6 X5 13X5 5+X 24X LeX5 s
+ X7 X s+ XL x T xs L xg 5+2x2x1x2 s
+ X1_,3—4X1,—6X2,—3X2,—5 + X2, X0 3X5 s+ X5+ 2X X0 s
+ Xl—,2—4X2’—3X§,—5 + X1_,I_4X1,—6X2,—3.

Thus (A.4) becomes

x Xo3Xa s+ 1+ < X7 L, X7
x

= X,-3.

Consequently, (A.3) is the same as

Xo1+X1oXo 1+ X1,2X3 Ly + Xo, 03 = Lg1(X2,23) = Dylg=1 (Lg=1(X2,-7)).  (A.5)
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(IT) Now let us observe

Lomi(X1-4) = X1-a + X3 5X7 L, +2X0 3001 + X1 0X52 + X7,
(A.6)

We set
() @M= Xo—1 + X[ X21X3 | + X1.2X21 < (X221,
Q) @=X1-4X32 5 +2X, X0 s+ X7 L,X3 S+ X1 6 < (X1-4),
(3) Bl= X7 LoXa 1 +2X 10X Lo Xo 1 Xa 1+ XX X3+ X < (X Ly,
@ E=X51+ X )Xo+ X1,0X5 1 o (X511,
(5) Bl=X10X5] +2X5 1 Xo 1 + X[ 0 X3 | + X1,2 < (X10)-
Note that

x X1, 2X10= and x Xo 1X21 =[]
Thus (A.6) becomes

2 2

Blx X5 1 X3, 4% X 1Xo1 | X1,2Xi1p0 n 1
2 2 2 X

X Xi,IX%l x5 +2 x5 x Xo,_1X2,1 + X1,-2X 1,0 + [P

[ x 3]

21+

=+

(A7)

After a miraculous reduction of the fraction, the second term in (A.7) become X 1_1_ 2
as follows: Here are the four terms in the numerator
() 2 x B x Xo_1X2,1 = 2X10X2,1 X5 +4X5
+ 2X1_,(1)X;,_1X2,1 +2X1,2X2 1X2 1,
(i) @ = X%,fl + XI_,%X%IX;,A + X12,72X§,1
+ ZXEE)XZ,IX%’,] +2X1,2X2,1X21 + ZX[(I)Xl,sz%,]X%,,],
(i) B x X3 _ X5, x 3= (X7 ,X5 | +2X, 90X, 1,X3 1 X0
+ XX X3 X5+ X X5 X3 )
X (X1,0Xﬁ + 2X£1X2,—1 + X[(I)Xi_l + X1,-2)
= X7, X10X51X5 _ +2X L X0 X0+ XXX+ X5
+2X5 XL X3 AX XL X XS 4+ 2X 53X L X0 XS
+ 2X1_’(1)X§,_1X2’1 + Xl_,l_le_,(l)xéz‘,—l + 2X1_,(2)X§,—1X1_,1—2X§,1
+ XESXS,—IXI_,I—ZX%,I + X[(Z)Xg,—1X%,1
+ X3 +2X70X3  Xoo1 + X 0X5, X5 + X o X1, 2X5 X5,
(iv) X1,—2X10,

@ Springer



Quantum cluster algebra, braid moves and Page710f 74 66

while the denominator is

[ x[38 =

X1.0X51X5 _ + X7 0X3 _ + X1 _,X10+2X5 X3,
+2X12X1,0X5 1 X2, 1 +2X1 2X5
+2X51X3 | +2X5X3, X3 ) +2X2_1XT _,X21
+4X70X3,X5 ) +4X10X5
+AXT X1 2X21 X3 + X[ 0X3 L + X7 0X3, XS,
+ X2,72X1_,(1)X§,71X%,1 + ZXESXZJX%A
+2X1 20X 0X3  Xo +2X ] 0X1 2X5, X5+ X1, 2X5
+ Xl,*ZXf,gX%,lxzzt,—l + X%,—ZX%,I + 2X1,,2X1féX2’1X§’_1
+2XT )Xo 1 Xo +2XT X[ 0X5, X5 ).

Thus (A.6) is transformed into

Xl,—4X£2_3 + 2X2_,1_3X2,—5 + X[1_4X§,_5 + Xi,-6+ Xl_l_z = Ly=1(X1,-6).

Appendix B. G-equivalence

The sequences of mutations that give the equivalence in (3.25) are listed below:

B 2 PR3 M 2 P31 R R R 43 43 R 2
“z“zﬂi‘ﬁz“iﬁl‘;“zﬂ “2“%2“7&3“? HEHE 41 /‘7:+2“;§+3 I “ZH MI“ZHMIHM?
PEHE 2R 1R 3R e e R i i Y YA RV AT T
HEHE 2 a3 R E M1 M2 P31 R 2 g3 FE M 43 M2
“lt—H “7:+2“1t+3“7:+| i “7:4—1 "*lt+2“lt”1t+3“7:+| ’ “lt+1 “I+2“Z+3“1t+1 “I“IH “Z+2“1t+3“/t“lt+l J
B R4 23t PR 42 M1 3 M1 PR TR 2K 3T LM 2 M 143 MR M 41
Kt “2&3“%2“@1 “I“ZH #;f+2“z/‘lt+3“z+| ’ Wit l‘t+3“2+2#3§+1 “:“ltﬂ “Z+2“I+3“:“li+1 ’
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* * * * * ok * ko k * * * * * * ok * * * ok
Pl Pk 3P ke 2 Pl 1 Pk Pl 2 Pk 1 Pk k3 M k10 P L Pk 3P ke 2 Pl 1 F ke P2 Pk 1 PR3 P P k1
* ko k * * * * L * * k% * * * * * L
Hre 2 Fae P 1 H R 2 i3 Pl 1 e 2 P i e3P k2 P2 P P e 1 P2 k3 P e 1 2 F i3 P H a2
* S * * £ * ko k * * * ok * * * * * * ok
Pl 2P d Pt Pl 2 F k43 -2 Pk 1 Pk ko3 H k20 P2 P P i1 P2 Pk 3 P R 2 Pl 1 Fke3 P H k20
* * k% * * * k% * * * ko k * * * * kK
PR 2 F e 1 Pl P a2 Pl 3 Pl 1 e 2 P i P43 k42 P2 P 1 Fae P2 ke 3 P g1 P2 F i3 P H a2
* * * % * * * * %k * * * * ok * * * * * %k
Pl 2 Pdep 1 P I Pl 2 F ke 3 -2 P ke 1 PR k43 M k420 Pl 2 i 1 4R Pl 2 P k3 e 2 F ke 1 -3 Pk P42
* * * * %k * * * %k * * * * * ok * * * * %k
P31 e 2 Pl i3 Pl -2 P43 P Pl -1 P43 Pt 3F 4 1P g2 Pod P i 3 P2 F ke 3 P k-1 e P k43
* * * * * ok * kK * * * * * kK * * k%
P3P b 1 P k2 P43 F ke P2 ke 3 Pk ke 1 M k43 P 3Rk 1P k2 P43 F b P2 F ke3P k-1 e P ke+-30
* * * Kk * * ko k * * * * * ok * * * * ok
P32 P he -1 P ke3Pl 2 P -3 Pk Ple-1 P43 [ S L N o S N oy S L) S L N Ly S8 Ky 2oy S N
* * * * * ok * kK * * * * * ko k * * ko k
P3P b 2 P ke 1 P43k P2 Pk 3 P ke ke 1 M k43 P3P k2P ke 1 o3 F ke P2 ke 3 P k-1 P M43
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