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Abstract
In this paper,we study the quantumvirtualGrothendieck ring, denoted byKq (g), which
was introduced in [39], and further investigated in [25, 26]. Our approach involves
examining this ring from two perspectives: first, by considering its connection to
quantum cluster algebras of non-skew-symmetric types; and second, by exploring its
relevance to categorification theory. We specifically focus on (i) the homomorphisms
that arise from braid moves, particularly 4-moves and 6-moves, in the braid group; and
(ii) the quantum Laurent positivity phenomena, which have not yet been proven for
non-skew-symmetric types. As applications of our results, we derive the substitution
formulas for non-skew-symmetric types discussed in [11] for skew-symmetric types,
and demonstrate that any truncated element in a heart subring, denoted by Kq,Q(g),
which corresponds to a simple module over the quiver Hecke algebra Rg, possesses
coefficients in Z�0[q±1/2]. This result is particularly interesting because it implies
that each truncated Kirillov–Reshetikhin polynomial in Kq,Q(g) and each element in
the standard basis Eq(g) of the entire ring Kq(g) have coefficients also in Z�0[q±1/2].
Since (truncated) Kirillov–Reshetikhin polynomials can be obtained using a quan-
tum cluster algebra algorithm and appear as quantum cluster variables, they provide
compelling evidence in support of the quantum Laurent positivity conjecture in non-
skew-symmetric types.
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1 Introduction

Let g be a complex finite-dimensional simple Lie algebra, which has an index set I
and a Cartan matrix C. The quantum loop algebra Uq(Lg) associated with g has been
extensively studied since its emergence. This is mainly due to the fact that its repre-
sentation theory exhibits a rich structure characterized by monoidality and rigidity.
Although the category Cg of type 1-representations over Uq(Lg) is not braided, it is
well-known that the Grothendieck ring K (Cg) is commutative.

Motivated by W-algebras, Frenkel–Reshetikhin [9] constructed the q-character
monomorphism χq : K (Cg) ↪→ Z[Y±1i,w]i∈I ,w∈C(q)× which also explains the commu-
tativity of K (Cg) � χq(K (Cg)) =: K(Cg). Nakajima [48] and Varagnolo–Vasserot
[56] then employed the geometry of quiver varieties to construct the non-commutative
t-quantization, denoted as Kt (Cg), of K(Cg) for a simply-laced type g. This con-
struction is known as the quantum Grothendieck ring and highlights the non-braided
property of Cg. Moreover, Kt (Cg) recovers K(Cg) when t = 1.
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The quantum Grothendieck ring admits a remarkable Kazhdan–Lusztig algorithm
forCg, offering insights into the Jordan–Hölder multiplicity Pm,m′ of a simple module
L(m′) in a standard module E(m) in K (Cg). Nakajima established this connection
through the formulation of the Kazhdan–Lusztig type polynomial Pm,m′(t) inKt (Cg),
with its specialization at t = 1 yielding the desired Pm,m′ .

To be more specific, he constructed bases Et (g) = {Et (m)} and Lt (g) = {Lt (m)}
for Kt (Cg), consisting of (q, t)-characters of standard modules and simple modules,
respectively. He proved the uni-triangular property that exists between these two bases:

Et (m) = Lt (m)+
∑

m′;m′<N m

Pm,m′(t)Lt (m
′) for some Pm,m′(t) ∈ tZ[t] (1.1)

in Kt (Cg). We call Et (g) the standard basis and Lt (g) the canonical basis.
Taking a significant stride forward, Nakajima went on to establish that every coeffi-

cient polynomial of Lt (m), Et (m), and the polynomial Pm,m′(t) resides inZ�0[t±1/2].
Moreover, he proved that the specializations of Lt (m) and Et (m) at t = 1 yield the
q-character χq(L(m)) for the simple module L(m) and the q-character χq(E(m)) for
the standard module E(m) in Cg, respectively. These findings collectively underscore
the profound nature of the algorithm he unveiled.

In cases where g is non-simply-laced, a fully-developed geometry is lacking, ren-
dering the direct application of the framework for g impractical. To address this,
Hernandez [18] introduced a conjectural Kazhdan–Lusztig algorithm for all g, using
the quantum Cartan matrix C(q) associated with g. He devised a non-commutative
t-quantization, also denoted asKt (g), ofK(g) and constructed a basis Fq(g) forKt (g)
through a special algorithm known as the t-algorithm. It is noteworthy that the t-
algorithm can be viewed as a t-quantization of the Frenkel–Mukhin algorithm in [8],
utilizing C(q).

Subsequently, Hernandez constructed bases Et (g) and Lt (g) for Kt (g), adhering
to (1.1), and expected them to also exhibit the same positivity as Lt (m), Et (m), and
Pm,m′(t). Particularly, in [19], he showed that the (q, t)-character Lt (Yi,w) of a funda-
mental representation L(Yi,w) manifests the desired quantum positivity. This implies
that every coefficient polynomial of Lt (Yi,w) resides in Z�0[t±1/2], consequently
establishing the quantum positivity of elements in Et (g) as well.

The quantum cluster algebra Aq , introduced by Berenstein–Fomin–Zelevinsky in
[2, 6], serves as a crucial framework for the investigation of the dual-canonical/upper-
global basis Bup introduced by Lusztig/Kashiwara, through a combinatorial point of
view. The algebraAq is a non-commutative Z[q±1/2]-subalgebra of the skew field of
Q(q1/2)(Zi )i∈K , generated by cluster variables. These variables are derived from the
initial cluster {Zi }i∈K through a sequence of quantum exchange relations known as
mutations. Despite the non-trivial nature of thesemutations, the quantum Laurent phe-
nomenon, proven in [2, 6], assures thatAq remains contained in the (non-commutative)
Laurent polynomial ring Z[q±1/2][Z±1i ]i∈K .

Another interesting feature of Aq , which has been confirmed for skew-symmetric
cases (see [4]), is the quantum Laurent positivity conjecture. This conjecture asserts
that every cluster variable indeed belongs to Z�0[q±1/2][Z±1i ]i∈K .
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Building upon the earlier discussion, it is worthwhile to emphasize that the algebras
Kt (g) and Aq exhibit similar quantum Laurent positivity phenomena. The connec-
tion between these two structures is further underscored by the notable works of
Hernandez–Leclerc in [21–23]. This relationship gains additional support from the
results in [3, 10, 27, 33, 37, 38, 49], which collectively establish that Kt (g) possesses
a quantum cluster algebra structure.

In a recent development, Fujita, Hernandez, Oya, and the second named author of
this paper have successfully resolved the quantum positivity conjectures for Lt (m) and
Pm,m′(t) in Kt (g) for non-simply-laced Lie algebras g. This achievement was made
possible through the utilization of the quantum cluster algebra structure of Kt (g) and
the application of a technique known as the propagation of positivity [10, 11]. Let us
explain their results more precisely.

For each specific g, we define gfin of simply-laced type as follows:

(g, gfin) = (Bn, A2n−1), (Cn, Dn+1), (F4, E6), (G2, D4) and g = gfin otherwise.

In their work [10], it was established that the algebras Kt (C 0
g ) and Kt (C 0

gfin
) are

isomorphic, with their presentations characterized as a boson-extension of the negative
half of the quantum group U−

q (gfin) (refer also to [25, (1.7)]). Here, C 0
g denotes the

skeleton category, also known as theHernandez–Leclerc subcategory. Taking a further
step in [11], they proved that the isomorphisms between Kt (C 0

g ) and Kt (C 0
gfin
) can

be interpreted as sequences of mutations-permutations between adapted sequences
of indices. Moreover, they extended these isomorphisms to the skew fields of their
quantum tori, introducing the substitution formula.

The implications of these isomorphisms are far-reaching, leading to several appli-
cations:

(a) Propagating positivity: Using the isomorphisms to propagate positivity from
type gfin to type g, they proved the quantum positivity conjectures for Lt (m) and
Pm,m′(t) in non-simply-laced type g.

(b) Recovery of q-character: Using the monoidal categorification result presented
in [37] and the isomorphisms, they proved that Lt (m) recovers the q-character of
a simple module L(m) at q = 1, provided it is reachable.

(c) Interplay between categories: The substitution formula revealed intriguing
behaviors among elements in Lt (g) and Lt (gfin).

In summary, the algebraic structure of Kt (C 0
g ) exhibits (skew-)symmetry, irre-

spective of the inherent asymmetry in g. Moreover, the observed quantum positivity
phenomena of Kt (C 0

g ) are connected to those witnessed in the context of the skew-
symmetric quantum cluster algebra Aq .

In light of the aforementioned observations, Kashiwara and the second named
author of this paper introduced what is now called the quantum virtual Grothendieck
ring Kq(g): a distinguished subring of a non-commutative quantum torus over A :=
Z[q±1/2], generated by the variables X̃i,p associated with g, and characterized as
the common kernel of t-deformed screening operators Si,t (see Definition 5.2 for
more details). Note that the construction of Kq(g) can be seen as a C(t)-analogue of
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Hernandez’s construction of Kt (C 0
g ), where C(t) is another quantization of C known

as the t-quantized Cartan matrix.
The main results established in [26, 39] include:
(i) Quantum cluster algebra structures: The algebra Kq(g), along with vari-

ous subrings, possesses quantum cluster algebra structures. Importantly, the
(a)symmetries of these structures coincide with those of the underlying Lie alge-
bra g.

(ii) Bases and relations: Bases Fq(g), Eq(g), and Lq(g) are identified in Kq(g), and
they exhibit similar relations to those inKt (g), including (1.1). Notably, Eq(g) is
termed the standard basis, and Lq(g) the canonical basis, mirroring the naming
in the Kt (g) cases.

Conjecture I ([26])

(a) In the case where Lq(m) is real, meaning that Lq(m)2 = qa/2Lq(m2) for some
a ∈ Z, every coefficient polynomial of Lq(m) resides in Z�0[q±1/2].

(b) For a Kirillov–Reshetikhin (KR) monomial m ∈ Kq(g), the element Lq(m) in
Lq(g) coincides with Fq(m) in Fq(g) consisting of real elements, where Fq(m) is
a KR-polynomial (see § 5.3 for the definition).

In particular, combining (a) and (b), we expect that each coefficient polynomial of a
KR-polynomial Fq(m) is in Z�0[q±1/2].

We remark here that each basis element Fq(m) in Fq(g) can be obtained from the
q-algorithm, which is a C(t)-analogue of the t-algorithm and is defined inductively.
Thus determining whether the coefficient polynomials of Fq(m) are in Z�0[q±1/2] or
not is quite intricate.

In this paper, we further study the quantum virtual Grothendieck ring Kq(g), utiliz-
ing its quantum cluster algebra structure. It is important to note thatKq(g) is generated
by a countably infinite set of fundamental polynomials, denoted as {Fq(Xi,p)}(i,p)∈�̂0

and parameterized by a specific index set �̂0 (see (5.2)).
For each Dynkin quiver Q = (�, ξ) associated with the Lie algebra g (see § 5.5),

the heart subring Kq,Q(g) of Kq(g) is generated by the fundamental polynomials
{Fq(Xi,p)}(i,p)∈�Q

0 ⊂�̂0
(see [12, 25]). The utilization of the heart subrings yields the

following homomorphisms [10, 22, 26]:

(a) Isomorphism �Q : An A-algebra isomorphism, denoted by �Q , is established
between the integral formAA(n) of the quantum unipotent coordinate ringAq(n)
and the heart subringKq,Q(g). Importantly, this isomorphismmaps the normalized
dual-canonical/upper-global basis B̃

up
to the canonical basis Lq,Q(g) := Lq(g)∩

Kq,Q(g) of Kq,Q(g).
(b) Automorphism �Q,Q′ : For any pair of Dynkin quivers Q = (�, ξ) and

Q′ = (�, ξ), there exists an automorphismdenoted by�Q,Q′ ofKq(g). This auto-
morphism sends the heart subring Kq,Q′(g) to Kq,Q(g) and respects the canonical
basis Lq .

Note that the integral form AA(n) of the quantum unipotent coordinate ring Aq(n) is
isomorphic to the quantum cluster algebra Ai ([13, 15]). The initial seed of Ai can
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be constructed through the combinatorics of a reduced sequence i associated with the
longest element w◦ of the Weyl group W.

As a main result, Theorem 5.21 establishes, through the use of isomorphisms
and the degrees of quantum cluster monomials, that the isomorphism �ξ,ξ ′ :
Kq,ξ ′(g) ∼−→Kq,ξ (g) obtained by restricting�Q,Q′ to the ξ ′-negative subringKq,ξ ′(g)

of Kq(g) (refer to Definition 5.8) is compatible with sequences of mutations-
permutations between the seeds associated with infinite sequences î

′
and î in I (∞)

respectively adapted to Q′ and Q (see (5.11)).
The proof of Theorem 5.21 involves the following steps:

(a) Braid moves as mutations-permutations: The interpretation of braid moves as
mutations-permutations is established.

(b) Analysis of degrees of quantum cluster monomials: The behaviors of degrees
of quantum cluster monomials concerningmutations-permutations corresponding
to braid moves are analyzed. This analysis includes the study of 4-moves for types
Bn,Cn, F4 and 6-moves for type G2, involving more complicated computations
compared to the investigations of 2-moves and 3-moves presented in [11].

Through this detailed analysis, it is proved that the isomorphism �ξ,ξ ′ induces a
corresponding bijection between their quantum cluster monomials, establishing the
compatibility highlighted in Theorem 5.21.

As an application, we extend the automorphisms �Q,Q′ to substitution formulas
�̃Q,Q′ for the variables in the fractional skew field F(Xq) of Kq(g) (Theorem 5.30).
These substitution formulas, derived from mutations-permutations and consequently
being automorphisms, involve non-trivial fractions among Laurent polynomials. Inde-
pendent of the quantumLaurent phenomena, these substitution formulas yield Laurent
polynomials in Kq(g) and respect the canonical basis Lq .

Exploring these substitution formulas reveals highly non-trivial relations among
elements in Lq . For concrete examples of these formulas, particularly for type B2, we
refer the reader to Appendix A. The investigation of the substitution formulas offers
valuable insights into relationships among elements in the canonical basis Lq .

Anothermain result (Theorem 7.1) of this paper is a proof of quantum positivity for:
(a) fundamental polynomials Fq(Xi,p) = Lq(Xi,p), (b) elements in the standard basis
Eq , (c) truncated KR-polynomials in (Kq,Q(g))�ξ . The quantum cluster algebra algo-
rithm generates fundamental polynomials Lq(Xi,p) and truncated KR-polynomials
Fq(m)�ξ , starting from their highest dominant monomials Xi,p and m ([3, 23, 26]).
This result serves as robust evidence supporting the quantum positivity conjecture for
non-skew-symmetric types.

The main argument of the proof involves the categorification theory of AA(n)
through the category R-gmod of finite-dimensional graded modules over the quiver
Hecke algebra R ([41, 52]). Recently, Kashiwara, Kim, Park, and the second named
author introduced the concept of a Laurent family of simple modules over R and
proved that each Laurent family exhibits the quantum Laurent positivity phenomena.
This positivity is observed with respect to the basis of AA(n) that corresponds to the
isomorphism classes of simple modules over R through the process of categorification
([36]).
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The proof of Theorem 7.1 employs the following key ingredients:

(i) The isomorphisms among KA(R-gmod), Kq,Q(g), and AA(n) (see (7.2)).
(ii) The truncation isomorphism (·)�ξ : Kq,Q(g)

∼−→(Kq,Q(g))�ξ (see (5.8)).

(iii) The structure of KR-polynomials (see Theorem 5.6).
(iv) The fact that KR-polynomials in Kq,Q(g) can be understood as certain charac-

ters of determinantal modules over R ([25, 32]).

With these ingredients, we show in Theorem 7.1 that:

(a) The set of KR-polynomials {Fq(m(i)[p, ξi ]) | (i, p) ∈ �Q
0 } is the set of such

characters of the Laurent familyL:={M(wi
k�ik ,�ik )} of determinantal modules

for any reduced sequence i of w◦ adapted to Q = (�, ξ).
(b) Any element X�ξ ∈ (Kq,Q(g))�ξ corresponding to a simple module X over R is

quantum positive (see Example 7.3 for instances).

As special cases, we obtain the desired result (Corollary 7.2) that fundamental poly-
nomials, elements in the standard basis Eq(g), and truncated KR-polynomials in
(Kq,Q)(g)�ξ are quantum positive.

This paper is structured as follows: Section 2 provides a review of the fundamen-
tal concepts in the theory of quantum cluster algebras, covering essential topics such
as the degrees of quantum cluster monomials and the valued quiver associated with
an exchange matrix. Section 3 explores the mutations-permutations corresponding to
moves in the braid group of g. It contains intricate computations and makes crucial
observations concerning the behaviors of degrees of quantum cluster monomials with
respect to thesemutations-permutations.We allocate considerable space to this section
because the computations are quite important for later parts. Section 4 investigates the
connection between mutations-permutations corresponding to moves and the basis
B̃
up

in AA(g) through the isomorphism Ai
∼−→AA(n). In Section 5, we establish

the compatibility between the isomorphism �ξ,ξ ′ and mutations-permutations corre-
sponding to moves. This compatibility is then applied to the analysis of substitution
formulas. Section 6 reviews the categorification of AA(n) via R-gmod and discusses
the results from [36] related to the concept of a Laurent family. Section 7 presents the
proof of the quantum positivity of fundamental polynomials, the standard basis Eq(g),
and truncated KR-polynomials in (Kq,Q)(g)�ξ .

Convention

Throughout this paper, we use the following convention.

• For a statement P, we set δ(P) to be 1 or 0 depending on whether P is true or not.
In particular, we set δi, j := δ(i = j) (the Kronecker’s delta).

• For a totally ordered set J = {· · · < j−1 < j0 < j1 < j2 · · · }, write
→∏

j∈J

A j := · · · A j−1 A j0 A j1 A j2 · · · .
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• For a ∈ Z, we set [a]+ :=max(a, 0). Note that a = [a]+ − [−a]+.
• We set N := Z�1 and N0 := Z�0.
• For a set A, we denote by SA the group of permutations of A. In particular, if

A = N and k ∈ N, we write σk for the simple transposition of k and k + 1 inSN .
• We set q to be an indeterminate and A :=Z[q±1/2], where q1/2 denotes the formal
square root of q. For an A-algebraR and elements X and Y inR, we write X ∼= Y
if there exists a ∈ Z such that X = qa/2Y .

2 Quantum cluster algebra structure

2.1 Quantum cluster algebra

Let K be a (possibly infinite) countable index set with a decomposition K = Kex � Kfr.
We call Kex the set of exchangeable indices and Kfr the set of frozen indices. Let

 = (
i, j )i, j∈K be a skew-symmetric Z-valued matrix.

Definition 2.1 We denote by T (
) the A-algebra generated by {Z±1k }k∈K subject to
the following defining relations:

Z j Z−1j = Z−1j Z j = 1 and Zi Z j = q
i, j Z j Zi for i, j ∈ K.

We define the Z-algebra anti-involution (·) of T (
), called the bar-involution, by

q1/2 := q−1/2, Zk := Zk, (2.1)

for all k ∈ K. For a = (ai )i∈K ∈ Z
⊕K , we define the element Za of T (
) as

Za := q
1
2

∑
i> j aia j
i, j

→∏

i∈K
Zai

i ,

where > denotes a total order on K. Note that Za does not depend on the choice of a
total order. The set {Za | a ∈ Z

⊕K} forms an A-basis of T (
). Since T (
) is an Ore
domain, it is embedded into the skew field of fraction F(T (
)).
Definition 2.2 We call a Z-valued matrix B̃ = (bi, j )i∈K, j∈Kex an exchange matrix if it
satisfies the following properties:

(a) For each j ∈ K, there exist finitely many i ∈ K such that bi, j �= 0.
(b) Its principal part B = (bi, j )i, j∈Kex is skew-symmetrizable with an N0-valued

diagonal matrix D; i.e., DB is skew-symmetric.

For an exchange matrix B̃, we associate a valued quiver �̃ B̃ whose set of vertices is
K, and whose arrows between vertices are assigned by the following rules:

⎧
⎪⎪⎨

⎪⎪⎩

• �a,b�
k

•
l

if l, k ∈ Kex, l �= k, bkl = a � 0 and blk = b � 0,

◦ �a,0�
k

•
l

(resp. ◦ �0,b�
k

•
l
) if l ∈ Kex, k ∈ Kfr and bkl = a � 0 (resp. bkl = b � 0).

(2.2)
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Herewe do not draw an arrow between k and l if bkl = 0 (and blk = 0when l, k ∈ Kex).
Note that ◦ denotes a vertex in Kfr, and we call �a, b� the value of the arrow.

Convention 1 In this paper, we adopt the following scheme for depiction of a valued
quiver:

(i) if bkl = 1 and blk = −b < 0, use k <b l ,
(ii) if bkl = 2 and blk = −b < 0, use k <b l ,
(iii) if bkl = 3 and blk = −b < 0, use k <b l ,
(iv) we usually skip <1 in an arrow (when �a,−1� and 1 � a � 3) for notational

simplicity,

(v) if bkl = −blk = α > 1, use k
α

l .

We say that a pair (
, B̃) is compatible if

∑

k∈K
bki
k j = diδi, j for any i ∈ Kex, j ∈ K,

where {di }i∈Kex are positive integers. In this case, B is skew-symmetrizable with the
diagonal matrix D = diag(di | i ∈ Kex). Also, for k ∈ Kex, the mutation of (
, B̃) in
direction k is a compatible pairμk(
, B̃) := (μk(
), μk(B̃)) defined as follows ([2]):

μk(
) := ET
E and μk(B̃) := E B̃ F,

where the matrices E = (ei, j )i, j∈K and F = ( fi, j )i, j∈Kex are given by

ei, j :=

⎧
⎪⎨

⎪⎩

δi, j if j �= k,

−1 if i = j = k,

[−bik]+ if i �= j = k,

fi, j :=

⎧
⎪⎨

⎪⎩

δi, j if i �= k,

−1 if i = j = k,

[bkj ]+ if i = k �= j .

Note that themutationμk is involutive; i.e.,μk(μk(
, B̃)) = (
, B̃). Themutation
μk on B̃ can be described as the operation μk on its corresponding valued quiver �̃ B̃

in the following algorithm:

Algorithm 2.3 For k ∈ Kex, the valued quiver mutation μk transforms �̃ B̃ into a new
valued quiver μk(�̃

B̃) = �̃μk (B̃) via the following rules, where we assume (i) ac > 0
or bd > 0, and (ii) we do not perform (NC) and (C) below, if i and j are frozen at the
same time.

(NC) For each full-subquiver i �a,b�

�e, f �
k �c,d� j in �̃ B̃ , we change the value of

the arrow from i to j into �e + ac, f − bd� :

i �e+ac, f−bd� j .
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66 Page 10 of 74 K.-H. Lee and S.-j. Oh

(C) For each full-subquiver i �a,b� k �c,d� j

�e, f �
with (e, f ) �= (0, 0) in �̃ B̃ , we

change the valued arrow between i and j as follows:

⎧
⎪⎨

⎪⎩

i �e−bd, f+ac� j if f + ac � 0 � e − bd,

i � f+ac,e−bd� j if f + ac � 0 � e − bd.

(R) Reverse the direction of each arrow incident to vertex k and change the value
�a, b� of each arrow into �−b,−a�.

Here if there is no arrow between i and j in (NC) and (C), then put e = f = 0 and
follow the same rule.

We define an isomorphism of Q(q1/2)-algebras μ∗k : F(T (μk
)) � F(T (
)) by

μ∗k(Z j ) :=
{

Za′ + Za′′ if j = k,

Z j if j �= k,

where

a′i = −δi,k + δ(i �= k)[bik]+ and a′′i = −δi,k + δ(i �= k)[−bik]+ for all i ∈ K.

Definition 2.4 For a compatible pair (
, B̃), an element z in F(T (
)) is called a
quantum cluster variable (resp. quantum cluster monomial) if

z = μ∗kl
· · ·μ∗k2μ∗k1(Z j ) (resp. μ∗kl

· · ·μ∗k2μ∗k1(Za)),

for some finite sequence (k1, k2, . . . , kl) in Kex and j ∈ K (resp. a ∈ Z
⊕K
�0). The

quantum cluster algebra Aq(
, B̃) is the A-subalgebra of F(T (
)) generated by all
the quantum cluster variables. We call the triple S := ({Zk}k∈K,
, B̃) the initial seed
of Aq(
, B̃).

Theorem 2.5 (The quantum Laurent phenomenon [2]) The quantum cluster algebra
Aq(
, B̃) is contained in T (
).

Remark 2.6 For a permutation π ∈ SK of K preserving Kfr, we denote by π(
, B̃) =
(π
, π B̃) where (π
)i, j :=
π−1(i)π−1( j) for i, j ∈ K and (π B̃)i, j := bπ−1(i)π−1( j)

for (i, j) ∈ K × Kex. The operation π on a compatible pair (
, B̃) obviously induces
the A-algebra isomorphism

π∗ : Aq(π(
, B̃)) � Aq(
, B̃) given by π∗(Z j ) = Zπ−1( j) for all j ∈ K

and bijections between the sets of quantum cluster monomials.
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Let (
, B̃) be a compatible pair. An element z in T (
) is pointed if it is of the
following form:

z = qa Z gR +
∑

n∈Z⊕Kex�0 \{0}
pnZ gR+B̃n (2.3)

for some a ∈ 1

2
Z, gR ∈ Z

⊕K and pn ∈ A. In this case, we call gR the degree of the

pointed element z and denote it by deg(z). Note that the notion of degree does depend
on B̃.

Theorem 2.7 [5, 7, 17, 54]

(a) Every quantum cluster monomial z in Aq(
, B̃) is pointed.
(b) If two quantum cluster monomials z, z′ ∈ Aq(
, B̃) have the same degree, then

z = z′.

Let z ∈ Aq(
, B̃) and z′ ∈ Aq(μk(
, B̃)) be pointed elements such that deg(z) =
(gi ) ∈ Z

⊕K and deg(z′) = (g′i ) ∈ Z
⊕K . If μ∗k(z′) = z, we have ([5, 7, 17])

g j =

⎧
⎪⎨

⎪⎩

−g′k if j = k,

g′j + [b′jk]+g′k if j �= k and g′k � 0,

g′j + [−b′jk]+g′k if j �= k and g′k � 0.

(2.4)

3 Behaviours of degrees with respect to braidmoves and forward
shifts

In this section,we study the behaviours of degreeswith respect to severalmoves among
sequences of simple reflections. For 2-moves, 3-moves and forward shifts, they are
investigated in [11]. We mainly focus on the 4-moves and 6-moves, which have not
been investigated before as far as the authors know, and quite complicated. We mainly
follow the notations and frameworks in [11].

3.1 Setup

Let g be a complex finite-dimensional simple Lie algebra. We denote by I the index
set of simple (co)roots 
 = {αi }i∈I (resp. 
∨ = {hi }i∈I ), by � the Dynkin diagram
of g, by h the Coxeter number of g, by C = (ci, j )i, j∈I the Cartan matrix of g, by
D = diag(di ∈ Z�1 | i ∈ I ) the minimal (left) symmetrizer of C, by �± the set of
positive (resp. negative) roots of g, and by P the weight lattice of g. We write i ∼ j
for i, j ∈ I if ci, j < 0, and let �i be the fundamental weight for each i ∈ I . We
set Q :=⊕

i∈I Zαi and Q± := ±∑
i∈I N0αi . For β = ∑

i∈I ni αi ∈ Q+, we set
|β| :=∑

i∈I ni . We denote by d(i, j) the number of edges between i and j in � (see
[26] for examples of d(i, j)).
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66 Page 12 of 74 K.-H. Lee and S.-j. Oh

We take the symmetric bilinear form (−,−) on P such that

(αi , α j ) = dici, j = d jc j,i and 〈hi , α j 〉 = 2(αi , α j )

(αi , αi )
= ci, j .

LetW be theWeyl group of g generated by simple reflections {si }i∈I such that si (λ) =
λ − 〈hi , λ〉αi for λ ∈ P. For a finite sequence i = (i1, . . . , ir ) in the Weyl group W,
we call i reduced, if si1 . . . sir is a reduced expression of some w inW. Note that there
exists a unique longest element w◦ inW and w◦ induces the automorphism ∗ on I by
w◦(αi ) = −αi∗ .

We say that two sequences i = (i1, . . . , ir ) and i′ = (i ′1, . . . , i ′r ) of indices are
commutation equivalent, denoted by i

c∼ i′, if i′ can be obtained from i by applying
2-moves (or commutation moves) (ik, ik+1)→ (ik+1 = i ′k, ik = i ′k+1) for 1 � k < r

and d(ik, ik+1) > 1. We denote by [i] the equivalence class of i under c∼.
Let i = (i1, . . . , i�) be a reduced sequence of w◦. Then it is well-known that

�+ = {β ik := si1 . . . sik−1(αik ) | 1 � k � �} and |�+| = �. (3.1)

Example 3.1 For g of type B2, there are only two reduced sequences i and i′ of w◦
given by i = (1, 2, 1, 2) and i′ = (2, 1, 2, 1), respectively. Then

�+ = {β i1 = α1, β i2 = α1 + α2, β i3 = α1 + 2α2, β
i
4 = α2},

= {β i′1 = α2, β i
′
2 = α1 + 2α2, β

i′
3 = α1 + α2, β i

′
4 = α1}.

3.2 Sequences of indices

Let i = (iu)u∈N ∈ IN be an arbitrary sequence satisfying

|{u ∈ N | iu = i}| = ∞ for any i ∈ I . (3.2)

We denote by I (∞) the set of sequences in IN satisfying (3.2).

For i ∈ I r (r ∈ N � {∞}), u ∈ [1, r ] and j ∈ I , we set

u+i ( j) :=min({k ∈ N | k > u, ik = j} � {r + 1}), u+i := u+i (iu),

u−i ( j) :=max({k ∈ N | k < u, ik = j} � {0}), u−i := u−i (iu),

umin
i ( j) :=min(k ∈ N | ik = j), umin

i := umin
i (iu).

We drop i if there is no danger of confusion.
For i ∈ I (∞), we define an N × N exchange matrix B̃i = (biu,v)u,v∈N as follows:

biu,v :=

⎧
⎪⎨

⎪⎩

±1 if v = u±,
±ciu ,iv if u < v < u+ < v+ (resp. v < u < v+ < u+),
0 otherwise.
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Note that B̃i is skew-symmetrizable with diag(diu | u ∈ N) and satisfies the conditions
in Definition 2.2.

Let 
i = (
i
u,v) be a skew-symmetric matrix given by


i
u,v = −
i

v,u := (�iu − wi
u�iu ,�iv + wi

v�iv ) for u � v,

where
wi

k := si1 . . . sik ∈ W for k ∈ N.

For s ∈ N, we set

K := [1, s], Kfr := {k ∈ K | k+ > s}, Kex := K \ Kfr.

Lemma 3.2 [11, Lemma 1.1] For u, v ∈ N with u < v+, we have 
i
u,v = (�iu −

wi
u�iu ,�iv + wi

v�iv ).

Proposition 3.3 [11, Proposition 1.2] Let i ∈ I (∞).
(a) The pair (
i, B̃i) is compatible with diag(diu )u∈N; i.e., for any u, v ∈ N, we have

∑

k∈N
bik,u


i
k,v = 2diu δu,v.

(b) For each s ∈ N, we set


i,s := (
i
u,v)u,v∈K and B̃i,s := (biu,v)u∈K,v∈Kex .

Then the pair (
i,s, B̃i,s) is compatible with diag(dik )k∈Kex .

We define �̃i = (�̃i
0, �̃

i
1) as the valued quiver associated with B̃i, where �̃i

0 denotes
the set of vertices and �̃i

1 denotes the set of arrows. For a subset K of �̃i
0, we denote

by �̃i|K the full subquiver of �̃i whose set of vertices is K.

We denote by Ai the quantum cluster algebra associated with the compatible pair
(
i, B̃i), which is an A-subalgebra of the quantum torus T (
i). For each s ∈ N,
we also have the quantum cluster algebra As

i = Aq(

i,s, B̃i,s) in the quantum torus

T (
i,s). Then we have

A1
i A2

i · · · Ai

T (
i,1) T (
i,2) · · · T (
i)

and
⋃

s∈N
As

i = Ai.

For i ∈ IN , let Ci ⊂ Z
⊕N denote the cone defined by

Ci :=
⎧
⎨

⎩g = (gu)u∈N ∈ Z
⊕N

∣∣∣∣∣∣

∑

v�u,iv=iu

gv � 0,∀u ∈ N

⎫
⎬

⎭ =
∑

u∈N
N0(eu − eu−i

),

(3.3)

123



66 Page 14 of 74 K.-H. Lee and S.-j. Oh

where {eu}u∈N is the natural basis of Z
⊕N and we understand e0 = 0.

For g = (gu)u∈N ∈ Z
⊕N and i ∈ IN , write

pi(g; i) :=
∑

u∈N,iu=i

gu . (3.4)

3.3 2-moves

In this and next subsections, we recall the results on 2-moves and 3-moves investigated
in [11].

For sequences i = (iu)u∈N, i′ = (i ′u)u∈N ∈ I (∞), we say that i′ can be obtained
from i via a 2-move if there exists a unique k ∈ N such that

ik = i ′k+1, ik+1 = i ′k, iu = i ′u (u /∈ {k, k + 1})

and
cik+1,ik = cik ,ik+1 = 0.

In this case, we write i′ = γk i.

Proposition 3.4 [11, §2.1] Let i, i′ ∈ IN be related by i′ = γk i for some k ∈ N.

(i) B̃i′ = σk B̃i and 
i′ = σk

i.

(ii) We have an A-algebra isomorphism

γ ∗k (= σ ∗k ) : Ai′
∼−→Ai given by Zu �→ Zσk (u) for all u ∈ N,

which induces a bijection between the sets of quantum cluster monomials.
(iii) If z ∈ Ai′ is a quantum cluster monomial with deg(z) = g′ = (g′u)u∈N , then the

quantum cluster monomial γ ∗k z ∈ Ai has deg(γ ∗k z) = g = (gu)u∈N as follows:

gu =
{

g′σk(u)
if u ∈ {k, k + 1},

g′u otherwise.
(3.5)

(iv) The map g′ �→ g given by (3.5) sends the cone Ci′ ⊂ Z
⊕N into the cone

Ci ⊂ Z
⊕N .

(v) The elements g, g′ ∈ Z
⊕N related by (3.5) satisfy

pi(g; i) = pi′(g
′; i) for all i ∈ I .

3.4 3-moves

For sequences i = (iu)u∈N, i′ = (i ′u)u∈N ∈ I∞, we say that i′ can be obtained from i
via a 3-move, if there exists a unique k ∈ N such that

ik = ik+2 = i ′k+1, ik+1 = i ′k = i ′k+2, iu = i ′u (u /∈ [k, k + 2])
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and
cik+1,ik cik ,ik+1 = 1.

In this case, we write i′ = βk i.

Proposition 3.5 [11, §2.2] Let i, i′ ∈ I (∞) be related by i′ = βk i for some k ∈ N.

(i) B̃i′ = σk+1μk B̃i and 
i′ = σk+1μk

i.

(ii) We have an A-algebra isomorphism

β∗k (= μ∗kσ ∗k+1) : Ai′
∼−→Ai given by Zu �→ μk(Zσk+1(u)) for all u ∈ N,

which induces a bijection between the sets of quantum cluster monomials.
(iii) If z ∈ Ai′ is a quantum cluster monomial with deg(z) = g′ = (g′u)u∈N , then the

quantum cluster monomial β∗k z ∈ Ai has deg(β∗k z) = g = (gu)u∈N as follows:

gu =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−g′k if u = k,

g′σk+1(u) + [g′k]+ if u ∈ {k + 2, (k + 1)−i },
g′σk+1(u) − [−g′k]+ if u ∈ {k + 1, k−i },
g′u otherwise.

(3.6)

(iv) The map g′ �→ g given by (3.6) sends the cone Ci′ ⊂ Z
⊕N into the cone

Ci ⊂ Z
⊕N .

(v) The elements g, g′ ∈ Z
⊕N related by (3.6) satisfy

pi(g; i) =

⎧
⎪⎨

⎪⎩

pi′(g
′; i)+ [−g′k]+ if i = ik and k−i = 0,

pi′(g
′; i)− [g′k]+ if i = ik+1 and (k + 1)−i = 0,

pi′(g
′; i) otherwise.

3.5 4-moves

For sequences i = (iu)u∈N, i′ = (i ′u)u∈N ∈ I (∞), we say that i′ can be obtained from
i via a 4-move if there exists a unique k ∈ N such that

ik = ik+2 = i ′k+1 = i ′k+3, ik+1 = ik+3 = i ′k = i ′k+2, iu = i ′u (u /∈ [k, k + 3])

and
cik+1,ik cik ,ik+1 = 2.

In this case, we write i′ = ηk i. Throughout this subsection, we assume that i, i′ ∈ IN

are related by i′ = ηk i for some k ∈ N, and sometimes we write i := ik and j := ik+1.

Lemma 3.6 We have

B̃i′ = σk+2σkμkμk+1μk B̃i. (3.7)
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Proof By condition (a) in Definition 2.2, it is enough to consider the local behaviour
under the operation described in (3.7). Note that

(1) the set K = {k, k + 1, k + 2, k + 3, k−i = (k + 1)−i′ , (k + 1)−i = k−i′ } consists of
vertices adjacent to {k, k + 1} in �̃i (resp. �̃i′ ) and themselves,

(2) the sequence of mutations μkμk+1μk on �̃i only affects the full subquiver �̃i|K
(resp. �̃i′ |K).

Thus it is enough to check that

μkμk+1μk�̃
i|K = σkσk+2�̃i′ |K.

In this proof, we shall only consider the case when both k−i and (k + 1)−i exist, since
the proofs for the other cases are similar. In that case, the valued quiver �̃i|K can be
depicted as follows:

�̃i|K =
k + 2

�b,−a�
k

�b,−a�
k−i

k + 3

�a,−b�

k + 1

�a,−b�

(k + 1)−i

�a,−b� (3.8)

where a = −cik+1,ik and b = −cik ,ik+1 . Here

• the dotted arrow between k−i and (k + 1)−i exists if and only if k−i < (k + 1)−i ,• the dotted arrow between k+3 and k+2 exists if and only if (k+2)+i < (k+3)+i .
Let us consider the case when ik = n − 1, ik+1 = n and g = Bn . Then (3.8) can be
drawn as follows with Convention 1:

�̃i|K =
k + 2

�2

k

�2

k−i

k + 3 k + 1 (k + 1)−i

Then, by following Algorithm 2.3, one can see that μkμk+1μk�
i|K can be depicted

as follows:

μkμk+1μk�
i|K =

k + 2

2�

k

2�

k−i

k + 3 k + 1 (k + 1)−i

2�

Here the dotted arrow between k+3 and k+2 exists if and only if (k+2)+i > (k+3)+i .
On the other hand, the valued quiver �i′ |K is depicted as:

�i′ |K =
k + 3

�2

k + 1

�2

(k + 1)−i′
�2

k + 2 k k−i′

Here
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• the dotted arrow between (k + 1)−i′ and k−i′ exists if and only if

(k + 1)−i′ = k−i > (k + 1)−i = k−i′ ,

• the dotted arrow between k + 3 and k + 2 exists if and only if

(k + 3)+i = (k + 2)+i′ < (k + 3)+i′ = (k + 2)+i .

Thus our assertion follows. For Cn and F4 cases, one can prove in a similar way. ��
Lemma 3.7 We have


i′ = σk+2σkμkμk+1μk

i.

Proof Let us denote by


 :=
i and 
′′′ := μkμk+1μk

i for notational simplicity.

Note that

′′′u,v = 
u,v if u, v /∈ {k, k + 1}.

(A) For the cases when |{u �= v} ∩ {k, k + 1}| = 1, we have


′′′k+1,v = 
′′k+1,v = −
k+1,v +
k+3,v +
(k+1)−i ,v (for v > k + 1),


′′′u,k+1 = 
′′u,k+1 = −
u,k+1 +
u,k+3 +
u,(k+1)−i (for u < k),


′′′k,v = 
k,v + ci
(k+1)−i

,ik
(k+1)−i ,v −
k+2,v − cik+3,ik
k+3,v +
k−i ,v
(for v > k + 1),


′′′u,k = 
u,k + ci
(k+1)−i

,ik
u,(k+1)−i −
u,k+2 − cik+3,ik
u,k+3 +
u,k−i
(for u < k),

by direct calculations.

(B) For the cases when {u, v} = {k, k + 1}, we have


′′′k,k+1 = −
k,k+1 − ci
(k+1)−i

,ik
(k+1)−i ,k+1 −
k+1,k+2

+
k,k+3 + ci
(k+1)−i

,ik
(k+1)−i ,k+3
−
k+2,k+3 −
(k+1)−i ,k +
(k+1)−i ,k+2 − cik+3,ik
k+1,k+3
+ cik+3,ik
(k+1)−i ,k+3 −
k−i ,k+1 +
k−i ,k+3 +
k−i ,(k+1)−i ,


′′′k+1,k = −
′′′k,k+1.

Recall that (ik, ik+1, ik+2, ik+3) = (i, j, i, j)
ηk� (i ′k, i ′k+1, i ′k+2, i ′k+3) =

( j, i, j, i). Thus it suffices to prove that the following equation holds:


′′′σk+2σk (u),σk+2σk (v)
= 
i′

u,v.

Since only {k, k + 1, k + 2, k + 3} are changed by σk+2σk , it is enough to show that
the following 15 equations hold:
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(i) 
i′
k,v = 
′′′k+1,v = −
k+1,v +
k+3,v +
(k+1)−i ,v for v > k + 3,

(ii) 
i′
k+1,v = 
′′′k,v = 
k,v + c j,i
(k+1)−i ,v − 
k+2,v − c j,i
k+3,v + 
k−i ,v

for
v > k + 3,

(iii) 
i′
k+2,v = 
′′′k+3,v = 
k+3,v for v > k + 3,

(iv) 
i′
k+3,v = 
′′′k+2,v = 
k+2,v for v > k + 3,

(v) 
i′
u,k = 
′′′u,k+1 = −
u,k+1 +
u,k+3 +
u,(k+1)−i for u < k,

(vi) 
i′
u,k+1 = 
′′′u,k = 
u,k + c j,i
u,(k+1)−i − 
u,k+2 − c j,i
u,k+3 + 
u,k−i

for
u < k,

(vii) 
i′
u,k+2 = 
′′′u,k+3 = 
u,k+3 for u < k,

(viii) 
i′
u,k+3 = 
′′′u,k+2 = 
u,k+2 for u < k,

(ix) 
i′
k,k+1 = 
′′′k+1,k ,

(x) 
i′
k+2,k+3 = 
′′′k+3,k+2 = 
k+3,k+2,

(xi) 
i′
k,k+3 = 
′′′k+1,k+2 = −
k+1,k+2 +
k+3,k+2 +
(k+1)−i ,k+2,

(xii) 
i′
k,k+2 = 
′′′k+1,k+3 = −
k+1,k+3 +
(k+1)−i ,k+3,

(xiii) 
i′
k+1,k+2 = 
′′′k,k+3 = 
k,k+3 + c j,i
(k+1)−i ,k+3 −
k+2,k+3 +
k−i ,k+3,

(xiv) 
i′
k+1,k+3 = 
′′′k,k+2 = 
k,k+2 + c j,i
(k+1)−i ,k+2 − c j,i
k+3,k+2 +
k−i ,k+2,

(xv) 
i′
u,v = 
′′′u,v for u, v /∈ {k, k + 1, k + 2, k + 3}.

(iii), (iv), (vii), (viii) and (x)-cases: Let us recall the following facts:

(a) wi
k+3� j = wi′

k+3� j = wi′
k+2� j ,

(b) wi′
k+3�i = wi

k+3�i = wi
k+2�i .

The assertion for (iii), (iv), (vii) and (viii)-cases follows directly. Let us check (x)-
cases. By Lemma 3.2, we have


k+3,k+2 = (� j − wi
k+3� j ,�i + wi

k+2�i )

= (� j − wi′
k+2� j ,�i + wi′

k+3�i ) = 
i′
k+3,k+2,

which completes our assertions for these cases.

(i), (v), (xi) and (xii)-cases: Since the proofs for these cases are all similar, we shall
give a proof for (i)-case only. Note that


i′
k,v = (� j −wi

k−1s j� j ,�iv +wi
v�iv ) = (� j −wi

k−1(� j − α j ),�iv +wi
v�iv ).

On the other hand

−
k+1,v = −(� j − wi
k−1si s j� j ,�iv + wi

v�iv )

= (−� j − wi
k−1(−� j + α j − ci, j αi ),�iv + wi

v�iv ),


k+3,v = (� j − wi
k−1si s j si s j� j ,�iv + wi

v�iv )

= (� j − wi
k−1(� j + ci, j αi − 2α j ),�iv + wi

v�iv ),
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(k+1)−i ,v = (� j − wi
k−1� j ,�iv + wi

v�iv ).

Thus the sum of the three given above is

(� j − wi
k−1(� j − α j ),�iv + wi

v�iv ) = 
i′
k,v,

which shows the assertion (i).

(ii), (vi), (xiii) and (xiv)-cases: Since the proofs for these cases are all similar, we shall
give a proof for (ii)-case only. Note that


i′
k+1,v = (�i − wi

k−1s j si�i ,�iv + wi
v�iv )

= (�i − wi
k−1(�i − αi + c j,i α j ),�iv + wi

v�iv ).

First let us consider the following two terms:

c j,i
(k+1)−i ,v = (c j,i� j − wi
k−1c j,i� j ,�iv + wi

v�iv )

−c j,i
k+3,v = (−c j,i� j − wi
k−1(−c j,i� j − 2αi + 2c j,i α j )� j ,�iv + wi

v�iv ),

whose sum is

(−wi
k−1(−2αi + 2c j,i α j ),�iv + wi

v�iv ). (3.9)

Next, let us consider the following three terms:


k,v = (�i − wi
k−1si�i ,�iv + wi

v�iv ) = (�i − wi
k−1(�i − αi ),�iv + wi

v�iv )

−
k+2,v = −(�i − wi
k−1si s j si�i ,�iv + wi

v�iv )

= (−�i − wi
k−1(−�i − c j,i α j + 2αi ),�iv + wi

v�iv ),


k−i ,v
= (�i − wi

k−1�i ,�iv + wi
v�iv ),

whose sum is

(�i − wi
k−1(�i − c j,i α j + αi ),�iv + wi

v�iv ). (3.10)

Hence, RHS of (ii) becomes

(3.9)+ (3.10) = (�i − wi
k−1(�i − αi + c j,i α j ),�iv + wi

v�iv ) = 
i′
k+1,v,

which implies assertion (ii).
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(ix)-case: This is the most complicated case. We have to show thats


i′
k,k+1 = 
k,k+1 + c j,i
(k+1)−i ,k+1 +
k+1,k+2 −
k,k+3

− c j,i
(k+1)−i ,k+3 +
k+2,k+3 +
(k+1)−i ,k −
(k+1)−i ,k+2 + c j,i
k+1,k+3
− c j,i
(k+1)−i ,k+3 +
k−i ,k+1 −
k−i ,k+3 −
k−i ,(k+1)−i ,

(3.11)
whose RHS consists of 13 terms.

On the other hand, 
i′
k,k+1 can be rewritten as follows:


i′
k,k+1 = (� j − wi

k−1s j� j ,�i + wi
k−1s j si�i )

= (� j − wi
k−1(� j − α j ),�i + wi

k−1(�i − αi + c j,i α j ))

= (� j , w
i
k−1(�i ))− (� j , w

i
k−1(αi ))+ c j,i (� j , w

i
k−1(α j ))

− (wi
k−1(� j ),�i )+ (wi

k−1(α j ),�i ).

Let us analyze the 13 terms in (3.11):

(1) 
k,k+1 = −
k+1,k
Lemma 3.2= −(� j − wi

k−1si s j� j ,�i + wi
k−1si�i ),

(2) 
(k+1)−i ,k = (� j − wi
k−1� j ,�i + wi

k−1si�i ),

(3) c j,i
(k+1)−i ,k+1 = c j,i (� j − wi
k−1� j ,� j + wi

k−1si s j� j ),

(4) −c j,i
(k+1)−i ,k+3 = −c j,i (� j − wi
k−1� j ,� j + wi

k−1si s j si s j� j ),

(5) 
k+1,k+2 = (� j − wi
k−1si s j� j ,�i + wi

k−1si s j si�i ),

(6) −
(k+1)−i ,k+2 = −(� j − wi
k−1� j ,�i + wi

k−1si s j si�i ),

(7) −
k,k+3 = −(�i − wi
k−1si�i ,� j + wi

k−1si s j si s j� j ),

(8) 
k+2,k+3 = (�i − wi
k−1si s j si�i ,� j + wi

k−1si s j si s j� j ),
(9) c j,i
k+1,k+3 = c j,i (� j − wi

k−1si s j� j ,� j + wi
k−1si s j si s j� j ),

(10) −c j,i
(k+1)−i ,k+3 = −c j,i (� j − wi
k−1� j ,� j + wi

k−1si s j si s j� j ),

(11) 
k−i ,k+1 = (�i − wi
k−1�i ,� j + wi

k−1si s j� j ),

(12) −
k−i ,k+3 = −(�i − wi
k−1�i ,� j + wi

k−1si s j si s j� j ),

(13) −
k−i ,(k+1)−i
Lemma 3.2= −(�i − wi

k−1�i ,� j + wi
k−1� j ),

Using the techniques applied to the previous cases, we have

(1)+ (2) = −(wi
k−1si (α j ),�i ),

(3)+ (4) = c j,i (� j , w
i
k−1(α j ))− (αi , α j ),

(5)+ (6) = (α j , αi )+ (wi
k−1si (α j ),�i ),

(7)+ (8) = (wi
k−1(α j ),� j )− c j,i (w

i
k−1α j ,� j )+ (αi , α j ),

(9)+ (10) = c j,i (w
i
k−1α j ,� j )− 2(wi

k−1(αi ),� j )− ci, j (αi ,�i ),

(11)+ (12)+ (13) = −(�i , w
i
k−1(� j ))+ (�i , w

i
k−1(α j ))+ (wi

k−1�i ,� j ).
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Hence the summation of the 13 terms becomes

13∑

s=1
(s) = −(�i , w

i
k−1(� j ))+ (�i , w

i
k−1(α j ))+ (wi

k−1�i ,� j )

− (wi
k−1(α j ),� j )+ c j,i (� j , w

i
k−1(α j )) = 
i′

k,k+1,

which completes the proof of assertion (ix). ��
As a consequence of the previous two lemmas, we have the following proposition:

Proposition 3.8 We have an isomorphism of A-algebras

η∗k (= μ∗kμ∗k+1μ∗kσ ∗k σ ∗k+2) : Ai′
∼−→Ai

given by
Zu �→ μ∗kμ∗k+1μ∗k(Zσk+2σk (u)) for all u ∈ N,

which induces a bijection between the sets of quantum cluster monomials.

Lemma 3.9 If z ∈ Ai′ is a quantum cluster monomial with deg(z) = g′ = (g′u)u∈N ,
then the quantum cluster monomial η∗k z ∈ Ai has deg(η∗kz) = g = (gu)u∈N as
follows:

gu =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g′k+2 − c j,i [g′k+1]+ + [A]+ if u = k + 3,

g′k+3 − [−g′k+1]+ + [B]+ if u = k + 2,

−A + c j,i [−B]+ if u = k + 1,

−B if u = k,

g′
(k+1)−

i′
+ [g′k+1]+ − [−B]+ if u = k−i ,

g′
k−
i′
+ [A]+ − c j,i [B]+ if u = (k + 1)−i ,

g′u otherwise,

(3.12)

where

A = g′k + c j,i [−g′k+1]+ and B = −g′k+1 + ci, j [−A]+. (3.13)

Proof By applying (2.4) repeatedly, we obtain the assertion. ��
Lemma 3.10 The map g′ �→ g given by (3.12) sends the cone Ci′ ⊂ Z

⊕N into the
cone Ci ⊂ Z

⊕N .

Proof To simplify the notation, for g = (gu)u∈N and g′ = (g′u)u∈N , we set

�u :=
∑

v�u,iv=iu

gv, �′u :=
∑

v�u,i ′v=i ′u

g′v (3.14)

for each u ∈ N. Throughout this proof, we shall use the notations A and B in (3.13).
We have to show that �′u � 0 (∀u ∈ N) implies �u � 0 (∀u ∈ N).
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(a) If u > k + 3, we have �u = �′u � 0.
(b) If u = k + 3, we have �k+3 = �′k+2 − c j,i [g′k+1]+ + [A]+ � 0.
(c) If u = k+ 2, the assertion holds when g′k+1 � 0 obviously. Let us assume further

g′k+1 < 0. Then we have

�k+2 = �′k+3 + g′k+1 + [B]+ = �′k+1 + [B]+,

which implies the assertion for u = k + 2.
(d) If u = k + 1, we have

�k+1 = �′k+2 − c j,i [g′k+1]+ + [A]+ − A + c j,i [−B]+
= �′k+2 − c j,i [g′k+1]+ + [−A]+ + c j,i [−B]+. (3.15)

Thus the assertion holds when B � 0. Assume that B < 0. Then we have

�k+1 = �′k+2 − c j,i ([g′k+1]+ − g′k+1)+ [−A]+ − 2[−A]+
= �′k+2 − c j,i [−g′k+1]+ − [−A]+.

Thus the assertion holds when B < 0 and A > 0. Let us consider the case when
B < 0 and A < 0. Then we have

�k+1 = �′k+2 − c j,i [g′k+1]+ − A − c j,i B

= �′k+2 − c j,i [g′k+1]+ − A + c j,i g
′
k+1 + 2A

= �′k+2 − c j,i [g′k+1]+ + c j,i g
′
k+1 + g′k + c j,i [−g′k+1]+ = �′k,

which completes the assertion.
(e) If u = k, we have

�k = �′k+1 − [g′k+1]+ + [−B]+ (3.16)

= δ(g′k+1 � 0)�′k+3 + δ(g′k+1 < 0)�′k+1 + [−B]+ � 0,

which implies the assertion.
(f) If u < k, we have

gk+3 + gk+1 + g(k+1)−i = g′k+2 − c j,i [g′k+1]+ + 2[A]+ − A + g′
k−
i′
− c j,i B

= g′k+2 + g′k + g′
k−
i′

and

gk+2 + gk + gk−i
= g′k+3 + g′k+1 + g′

(k+1)−
i′
,

and thus �u = �′u , which implies the assertion. ��
By (f) in the proof of Lemma 3.10, we have the following corollary:
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Corollary 3.11 Assume that k− ∈ N. Then we have

pi′(g
′; i) = pi(g; i) for all i ∈ I ,

where g′ �→ g under the map given by (3.12).

Lemma 3.12 The elements g, g′ ∈ Z
⊕N related by (3.12) satisfy the followings:

(1) When i = ik+1 and (k + 1)−i = 0, we have

pi(g; i) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

pi′(g
′; i)− [g′k]+ if g′k+1 � 0,

pi′(g
′; i)− g′k if g′k+1 < 0, g′k � 0 and A � 0,

pi′(g
′; i)− 2g′k + c j,i g′k+1 if g′k+1 < 0, g′k � 0, A < 0 and B � 0,

pi′(g
′; i) otherwise.

(2) When i = ik and k−i = 0, we have

pi(g; i) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

pi′(g
′; i)− g′k+1 if g′k+1 � 0, B � 0,

pi′(g
′; i)− ci, j [−g′k]+ if g′k+1 � 0, B < 0,

pi′(g
′; i) if g′k+1 < 0, B � 0,

pi′(g
′; i)− g′k+1 + ci, j [−g′k]+ if g′k+1 < 0, B < 0.

(3) Except above two cases, we have

pi(g; i) = pi′(g
′; i).

Here
A = g′k + c j,i [−g′k+1]+ and B = −g′k+1 + ci, j [−A]+.

Proof Since the proofs for γk and βk are given in [11, Lemma 2.18], let us focus on
the case ηk .
(1) Let us first consider when i = ik+1 and (k + 1)−i = 0. In (3.15), we see that

�k+1 = �′k+2 − c j,i [g′k+1]+ + [−A]+ + c j,i [−B]+.

(i) If g′k+1 � 0, then A = g′k ,[−B]+ = g′k+1 − ci, j [−g′k]+ and

�k+1 = �′k+2 − c j,i g
′
k+1 + [−g′k]+ + c j,i (g

′
k+1 − ci, j [−g′k]+)

= �′k+2 − [−g′k]+ = �′k − [g′k]+.

(ii) If g′k+1 < 0, then A = g′k − c j,i g′k+1 and B = −g′k+1 + ci, j [−A]+.
(ii-a) Let us assume that g′k < 0 and A � 0. Then B = g′k+1 − ci, j g′k < 0 and

�k+1 = �′k+2 − c j,i [g′k+1]+ + [−A]+ + c j,i [−B]+ = �′k+2 + g′k = �′k
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(ii-b) Let us assume that g′k � 0 and A � 0. Then B = −g′k+1 and

�k+1 = �′k+2 = �′k − g′k .

(ii-c) Finally, assume that g′k � 0 and A < 0. Then B = g′k+1 − ci, j g′k .

�k+1 = �′k+2 − g′k + c j,i g
′
k+1 + c j,i [−B]+ =

{
�′k − 2g′k + c j,i g′k+1 if B � 0,

�′k if B < 0.

(2) Let us consider when i = ik . In (3.16), we see that

�k = �′k+1 − [g′k+1]+ + [−B]+.

Then we have

�k =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

�′k+1 − g′k+1 if g′k+1 � 0, B � 0,

�′k+1 − ci, j [−g′k]+ if g′k+1 � 0, B < 0,

�′k+1 if g′k+1 < 0, B � 0,

�′k+1 − g′k+1 + ci, j [−g′k]+ if g′k+1 < 0, B < 0,

which implies our assertion. ��

3.6 6-moves

For sequences i = (iu)u∈N and i′ = (i ′u)u∈N ∈ I (∞), we say that i′ can be obtained
from i via a 6-move, if there exists a unique k ∈ N such that

ik = ik+2 = ik+4 = i ′k+1 = i ′k+3 = i ′k+5,
ik+1 = ik+3 = ik+5 = i ′k = i ′k+2 = i ′k+4,
iu = i ′u (u /∈ [k, k + 5])

and
cik+1,ik cik ,ik+1 = 3.

In this case, we write i′ = ζk i. Throughout this subsection, we assume that i, i′ ∈ I (∞)
are related by i′ = ζk i for some k ∈ N and we sometimes write i := ik and j := ik+1.

Lemma 3.13 We have

B̃i′ = σk+4σk+2σkμkμk+3μk+2μkμk+1μk+3μkμk+2μk+1μk B̃i. (3.17)

Proof As in the 4-move case, it is enough to show that

μkμk+3μk+2μkμk+1μk+3μkμk+2μk+1μk�̃
i|K = σk+4σk+2σk�̃

i′ |K
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where K = [k, k + 5] � {k−i , (k + 1)−i }.
We shall only consider the case when both k−i and (k + 1)−i are nonzero since the

proofs for the other cases are similar. In that case, the valued quiver �̃i|K is depicted
as:

�̃i|K =
k + 4

�b,−a�
k + 2

�b,−a�
k

�b,−a�
k−i

k + 5

�a,−b�

k + 3

�a,−b�

k + 1

�a,−b�

(k + 1)−i

�a,−b� (3.18)

where a = −cik+1,ik and b = −cik ,ik+1 . Here

• the dotted arrow between k−i and (k + 1)−i exists if and only if k−i < (k + 1)−i ,• the dotted arrow between k+5 and k+4 exists if and only if (k+4)+i < (k+5)+i .
Let us consider the case when ik = 1, ik+1 = 2, g = G2 and dotted arrows exist.

Then (3.18) can be drawn as follows with Convention 1:

�̃i|K =
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1

�3

(k + 1)−i

�3

From now on, we shall depict the sequence of mutations on �̃i|K in turn:

μk→
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1
2

(k + 1)−i

3�

μk+1→
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1

�3

2
(k + 1)−i

μk+2→
k + 4 k + 2 k k−i

k + 5

�3

k + 3 k + 1

�3

2
(k + 1)−i

μk→
k + 4 k + 2 k k−i

k + 5

�3

k + 3 k + 1

3�

(k + 1)−i

3�

μk+3→
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1 (k + 1)−i

3�

μk+1→
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1

�3

(k + 1)−i
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μk→
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1
2

(k + 1)−i

μk+2→
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1
2

(k + 1)−i

μk+3→
k + 4 k + 2 k k−i

k + 5

�3

k + 3 k + 1
2

�3

(k + 1)−i

μk→
k + 4 k + 2 k k−i

k + 5

�3

k + 3

�3

k + 1

�3

(k + 1)−i

.

On the other hand, the valued quiver �̃i′ is depicted as:

�̃i′ |K =
k + 5 k + 3 k + 1 (k + 1)−i

k + 4

�3

k + 2

�3�3

k

�3

k−i

Thus our assertion follows. The remaining cases can be proved in a similar way. ��
Lemma 3.14 We have


i′ = σk+4σk+2σkμkμk+3μk+2μkμk+1μk+3μkμk+2μk+1μk

i. (3.19)

Proof To simplify notation, let us denote 
i as 
. Unless k ≤ u ≤ k + 5 or k ≤
v ≤ k + 5, the expressions 
u,v = 
i′

u,v hold true, and the values of 
u,v remain
unchanged under the operationsμk ,μk+1,μk+2,μk+3, σk , σk+2, and σk+4. Therefore,
for simplicity, we will only consider 
u,v when k ≤ u ≤ k + 5 or k ≤ v ≤ k + 5,
which we will assume from now on. Furthermore, due to the skew-symmetry of 

and 
i′ , we can assume further u < v.

Recall the definition
t


u,v = (�iu − wu�iu ,�iv + wv�iv ) for u < v.

Since the number of elements in the setW is 12 and the sequence i contains only 1 and
2, we will demonstrate that there exist only a limited number of finite subsequences
of i that need to be examined to directly verify the assertion.

Consider a fixed set W consisting of reduced sequences of elements in W. Let us
examine how
u,v is determined. To avoid minor exceptions, assume k � 4. If u < k
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and k � v � k + 5, then 
u,v is determined by the subsequence

w1 aw2 ik ik+1 · · · ik+5,

where w1, w2 ∈ W, iu = a, and iv = i� for some � = k, k+ 1, . . . , k+ 5. Note that it
is sufficient to consider w1, w2 ∈ W, as 
u,v does not change with other expressions
of the Weyl group elements represented by w1 and w2.

If k � u, v � k + 5 then 
u,v is determined by

ik ik+1 · · · ik+5.

If k � u � k + 5 and v > k + 5 then 
u,v is determined by the subsequence

ik ik+1 · · · ik+5w3d,

where w3 ∈ W, iv = d, iu = i� for some � = k, k + 1, . . . , k + 5.
All three cases mentioned above are encompassed in the sequences given by

w1 aw2 ik ik+1 · · · ik+5w3 d, (3.20)

where w1, w2, w3 ∈ W, a, d ∈ {1, 2} and

(ik, ik+1, . . . , ik+5) ∈ {(1, 2, 1, 2, 1, 2), (2, 1, 2, 1, 2, 1)}.

However, to apply μk, μk+1, μk+2, μk+3, it is crucial to keep track of the corre-
sponding mutations of B̃i. As demonstrated in the proof of Lemma 3.13, we only need
to consider k−i and (k + 1)−i in addition to k, k + 1, . . . , k + 5 when dealing with
mutations (note that (k + 4)+i and (k + 5)+i are not relevant). In the matrices obtained
from the mutations of B̃i associated with the mutations of 
i in the statement of this
lemma, we observe that

the (k, j)- and (k + 1, j)-entries are zero for j < k unless j = k−i or j = (k + 1)i−.
(3.21)

Therefore, these entries do not contribute to the mutations of 
u,v by definition.
Now consider a sequence

j1aj2 ik ik+1 · · · ik+5 j3d,

where j1 = i1 i2 · · · iu−1, iu = a, iv = d and j2 and j3 are finite sequences. Let
{b, c} = {ik−i

, i(k+1)−i }. Without loss of generality, we may consider the following
three cases:

(i) j1a · · · bc · · · c ik ik+1 · · · ik+5 j3d,

(ii) j1ac · · · c ik ik+1 · · · ik+5 j3d with a = b,

(iii) · · · ba · · · a ik ik+1 · · · ik+5 j3d with a = c .
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Applying the observations (3.20) and (3.21) in determining
u,v and their mutations,
we only need to consider

(i) � w1aw2bc ik ik+1 · · · ik+5w3d, (3.22)

(ii) � w1ac ik ik+1 · · · ik+5w3d or w1acc ik ik+1 · · · ik+5w3d, (3.23)

(iii) � w1a ik ik+1 · · · ik+5w3d , (3.24)

where w1, w2, w3 ∈ W, a, d ∈ {1, 2}, (b, c) ∈ {(1, 2), (2, 1)} and

(ik, ik+1, . . . , ik+5) ∈ {(1, 2, 1, 2, 1, 2), (2, 1, 2, 1, 2, 1)}.

We consider the submatrices of 
i given by the finite sequences in (3.22)-(3.24).
These sequences are not mutually exclusive, and we deliberately maintain this redun-
dancy for convenience, as it is unnecessary to remove it when directly checking using
a computer. The total number of sequences in (3.22)-(3.24) is 62,208. If k � 3, it is
easy to list all possible sequences. We have used a computer to verify the assertion
of the lemma for all these finite subsequences, which took less than 12 minutes on a
regular laptop (single CPU). ��
Remark 3.15 The above lemma assumes a general situation. For our purpose in later
sections, we need only special i and i′ in this remark (see Remark 5.22 below also),
and hence we do not need to use a computer. Consider i = (1, 2, 1, 2, 1, 2, 1, 2, . . .)
and i′ = (1, 2, 2, 1, 2, 1, 2, 1, . . .) with k = 3. Then we obtain


i,8 =

⎛

⎜⎜⎜⎜⎜⎜⎝

0 −3 −1 −3 0 0 2 3
3 0 0 −3 0 0 3 6
1 0 0 −3 0 0 3 6
3 3 3 0 0 0 3 9
0 0 0 0 0 0 2 6
0 0 0 0 0 0 0 6

−2 −3 −3 −3 −2 0 0 3
−3 −6 −6 −9 −6 −6 −3 0

⎞

⎟⎟⎟⎟⎟⎟⎠

μ3−→

⎛

⎜⎜⎜⎜⎜⎜⎝

0 −3 −2 −3 0 0 2 3
3 0 0 −3 0 0 3 6
2 0 0 0 0 0 2 6
3 3 0 0 0 0 3 9
0 0 0 0 0 0 2 6
0 0 0 0 0 0 0 6

−2 −3 −2 −3 −2 0 0 3
−3 −6 −6 −9 −6 −6 −3 0

⎞

⎟⎟⎟⎟⎟⎟⎠

μ3μ5μ4−−−−→

⎛

⎜⎜⎜⎜⎜⎜⎝

0 −3 −1 −3 0 0 2 3
3 0 3 3 3 0 3 6
1 −3 0 0 1 0 1 3
3 −3 0 0 3 0 3 9
0 −3 −1 −3 0 0 0 3
0 0 0 0 0 0 0 6

−2 −3 −1 −3 0 0 0 3
−3 −6 −3 −9 −3 −6 −3 0

⎞

⎟⎟⎟⎟⎟⎟⎠

μ3μ4μ6−−−−→

⎛

⎜⎜⎜⎜⎜⎜⎝

0 −3 1 0 0 0 2 3
3 0 6 6 3 9 3 6

−1 −6 0 0 −1 −3 −1 0
0 −6 0 0 0 0 0 0
0 −3 1 0 0 0 0 3
0 −9 3 0 0 0 0 3

−2 −3 1 0 0 0 0 3
−3 −6 0 0 −3 −3 −3 0

⎞

⎟⎟⎟⎟⎟⎟⎠

μ3μ6μ5−−−−→

⎛

⎜⎜⎜⎜⎜⎜⎝

0 −3 2 0 3 3 2 3
3 0 6 6 6 9 3 6

−2 −6 0 0 0 0 0 0
0 −6 0 0 0 0 0 0

−3 −6 0 0 0 3 −1 0
−3 −9 0 0 −3 0 −3 −3
−2 −3 0 0 1 3 0 3
−3 −6 0 0 0 3 −3 0

⎞

⎟⎟⎟⎟⎟⎟⎠

σ7σ5σ3−−−−→

⎛

⎜⎜⎜⎜⎜⎜⎝

0 −3 0 2 3 3 3 2
3 0 6 6 9 6 6 3
0 −6 0 0 0 0 0 0

−2 −6 0 0 0 0 0 0
−3 −9 0 0 0 −3 −3 −3
−3 −6 0 0 3 0 0 −1
−3 −6 0 0 3 0 0 −3
−2 −3 0 0 3 1 3 0

⎞

⎟⎟⎟⎟⎟⎟⎠
= 
i′,8.

As a consequence of the previous two lemmas, we have the following proposition:
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Proposition 3.16 We have an isomorphism of A-algebras

ζ ∗k (= μ∗kμ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗kσ ∗k σ ∗k+2σ ∗k+4) : Ai′
∼−→Ai (3.25)

given by

Zu �→ μ∗kμ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k(Zσk+4σk+2σk (u)) for all u ∈ N,

which induces a bijection between the sets of quantum cluster monomials.

Remark 3.17 There are another 31 sequences of mutations of length 10, which give
rise to mutation equivalence from Ai′ → Ai. For instance, we have

μ∗k+3μ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+3σ ∗k σ ∗k+2σ ∗k+4 : Ai′
∼−→Ai.

In Appendix B, we record all the 32 sequences of mutations of length 10 that produce
the equivalence with index permutation σ ∗k σ ∗k+2σ ∗k+4. Recall that deg does not depend
on the choice of sequences of mutations [17, 50] .

Lemma 3.18 If z ∈ Ai′ is a quantum cluster monomial with deg(z) = g′ = (g′u)u∈N ,
then the quantum cluster monomial ζ ∗k z ∈ Ai has deg(ζ ∗k z) = g = (gu)u∈N as
follows:

g j =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g′
(k+1)−

i′
+ [g′k+1]+ + [B]+ − [−G]+ − [−I ]+ if j = k−i ,

g′
k−
i′
+ [D]+ − c j,i [F]+ + 2[H ]+ − c j,i [I ]+ if j = (k + 1)−i ,

−I if j = k,

−H + c j,i [−I ]+ if j = k + 1,

−G + [I ]+ if j = k + 2,

−E + c j,i [−G]+ + [H ]+ if j = k + 3,

g′k+5 − [−B]+ + [G]+ if j = k + 4,

g′k+4 − [−A]+ − c j,i [B]+ + [E]+ if j = k + 5,

g′j otherwise,

(3.26)

where

A := g′k+2 − c j,i [g′k+1]+, B := g′k+3 − [−g′k+1]+, C := −g′k+1 − ci, j [A]+ − [−B]+,
D := g′k + c j,i [−g′k+1]+ − 2[−A]+ + c j ,i [−C]+, E := −A − c j,i [C]+ + [D]+,
F := −C + ci, j [−D]+, G := −B − [−C]+ + ci, j [−E]+ + [F]+,
H := −D + [E]+ + c j ,i [−F]+, I := −F + [G]+ + ci, j [−H ]+.

(3.27)

Proof By applying (2.4) repeatedly, we can obtain the assertion. ��
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Lemma 3.19 The map g′ �→ g given by (3.26) sends the cone Ci′ ⊂ Z
⊕N into the

cone Ci ⊂ Z
⊕N .

Proof Let us use similar arguments to those in Lemma 3.10 and notations in (3.27).
As in the 4–move case, we check positivity by verifying that all partial sums �u =∑
v�u gv remain nonnegative. Because the 6–move only modifies entries between k

and k + 5, we only need to check those indices.

(a) If u > k + 5, we have �u = �′u � 0.

(b) If u = k + 5, we have

�k+5 = �′k+4 − [−A]+ − c j,i [B]+ + [E]+.

In the above equation, the only term that can contribute a negative amount is−[−A]+.
Therefore, to check the non-negativity of �k+5 it is enough to distinguish whether A
is nonnegative or negative.

Note that if A < 0, then E > 0 and A + E � 0 since

A + E = A + (−A − c j,i [C]+ + [D]+) = −c j,i [C]+ + [D]+ � 0.

Thus �k+5 � 0. Assume that A � 0. In this case, we have

�k+5 = �′k+4 − c j,i [B]+ + [E]+,

which proves the assertion for k + 5.

(c) If u = k + 4, we have

�k+4 = �′k+5 − [−B]+ + [G]+.

As in the case (b), it suffices to consider when B < 0. If g′k+1 < 0, then �′k+5 + B =
�′k+1 � 0, and if g′k+1 � 0, then �′k+5 + B = �′k+3 � 0. Thus the assertion follows.

(d) If u = k + 3, we have

�k+3 =�′k+4 − [−A]+ − c j,i [B]+ + [E]+ − E + c j,i [−G]+ + [H ]+. (3.28)

Applying [E]+ − E = [−E]+, (3.28) becomes

�k+3 =�′k+4 − [−A]+ − c j,i [B]+ + [−E]+ + c j,i [−G]+ + [H ]+. (3.29)

Now we divide into cases according to the signs of A and E .

(A < 0, E > 0): In this case, we have

[−E]+ = 0, −[−A]+ = A = g′k+2 − c j,i [g′k+1]+
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and hence (3.29) becomes

�′k+4 + g′k+2 − c j,i [g′k+1]+ − c j,i [B]+ + c j,i [−G]+ + [H ]+
= �′k+2 − c j,i [g′k+1]+ − c j,i [B]+ + c j,i [−G]+ + [H ]+.

Since the only term that can contribute a negative amount is [−G]+, it is enough to
consider when

0 > G = −B − [−C]+ + ci, j [−E]+ + [F]+.
Note that it suffices to show that

�′k+2 − c j,i [g′k+1]+ − c j,i [B]+ + c j,i [−G]+ � 0. (3.30)

Replacing G with the above formula, (3.29) turns into

�′k+2 − c j,i [g′k+1]+ − c j,i [B]+ − c j,i (−B − [−C]+ + ci, j [−E]+ + [F]+)
= �′k+2 − c j,i [g′k+1]+ − c j,i ([B]+ − B)+ c j,i [−C]+ − 3[−E]+ − c j,i [F]+
∗= �′k+2 − c j,i [g′k+1]+ − c j,i [−B]+ + c j,i [−C]+ − c j,i [F]+.

Here
∗= follows from

(1) E � 0 by the assumption and (2) [B]+ − B = [−B]+.

Finally assume
0 > C = −g′k+1 − [−B]+.

Then we have

�′k+2 − c j,i [g′k+1]+ − c j,i [−B]+ − c j,i [F]+ + c j,i g
′
k+1 + c j,i [−B]+

†= �′k+2 − c j,i [−g′k+1]+ − c j,i [F]+.

Here
†= follows from (3) [g′k+1]+ − g′k+1 = [−g′k+1]+ and (4) [−B]+ − [−B]+ = 0.

Then our assertion for this case follows.

(A � 0, E < 0): In this case, we have

[−E]+ = −E, −[−A]+ = 0

and hence (3.29) becomes

�′k+4 − c j,i [B]+ − E + c j,i [−G]+ + [H ]+
Since −E > 0, it suffices to consider when

0 > G = −B − [−C]+ − ci, j E + [F]+,
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as in the previous case. Replacing G with the above formula, (3.29) turns into

�′k+4 − c j,i [B]+ − E + [H ]+ + c j,i B + c j,i [−C]+ + 3E − c j,i [F]+
‡= �′k+4 − c j,i [−B]+ + 2E + [H ]+ − c j,i [F]+ + c j,i [−C]+.

Here
‡= follows from (1) [B]+ − B = [−B]+. Finally assume

0 > C = −g′k+1 − ci, j A − [−B]+.

Then we have

�′k+4 − c j,i [−B]+ + 2E + [H ]+ − c j,i [F]+ + c j,i g
′
k+1 + 3A + c j,i [−B]+

�= �′k+4 − 2A + 2[D]+ + [H ]+ − c j,i [F]+ + c j,i g
′
k+1 + 3A

�= �′k+4 + g′k+2 − c j,i [g′k+1]+ + 2[D]+ + [H ]+ − c j,i [F]+ + c j,i g
′
k+1

�= �′k+2 − c j,i [−g′k+1]+ + 2[D]+ + [H ]+ − c j,i [F]+.

Here

(2)
�= follows from the replacement of E with −A + [D]+,

(3)
�= follows from the replacement of A with g′k+2 − c j,i [g′k+1]+,

(4)
�= follows from �′k+4 + g′k+2 = �′k+2 and [g′k+1]+ − g′k+1 = [−g′k+1]+.

(A � 0, E � 0): In this case, we have

[−E]+ = 0, −[−A]+ = 0

and hence (3.29) becomes

�′k+4 − c j,i [B]+ + c j,i [−G]+ + [H ]+.

Similarly, it suffices to consider when

0 > G = −B − [−C]+ + [F]+.

Replacing G with the above formula, (3.29) turns into

�′k+4 − c j,i [B]+ + [H ]+ + c j,i B + c j,i [−C]+ − c j,i [F]+
= �′k+4 − c j,i [−B]+ + [H ]+ + c j,i [−C]+ − c j,i [F]+.

Finally assume
0 > C = −g′k+1 − ci, j A − [−B]+.
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Then we have

�′k+4 − c j,i [−B]+ + [H ]+ − c j,i [F]+ + c j,i g
′
k+1 + 3A + c j,i [−B]+

∧= �′k+4 + [H ]+ − c j,i [F]+ + c j,i g
′
k+1 + 2A + g′k+2 − c j,i [g′k+1]+

⊕= �′k+2 + [H ]+ − c j,i [F]+ − c j,i [−g′k+1]+ + 2A � 0,

which completes a proof of the assertion for k + 3. Here

(i)
∧= follows from [−B]+ − [−B]+ = 0 and A = g′k+2 − c j,i [g′k+1]+,

(ii)
⊕= follows from �′k+2 = �′k+4 + g′k+2 and [g′k+1]+ − g′k+1 = [−g′k+1]+.

(e) If u = k + 2, we have

�k+2 = �′k+5 − [−B]+ + [G]+ − G + [I ]+
= �′k+5 − [−B]+ + [−G]+ + [I ]+.

Thus the assertion for k + 2 is a direct consequence of the assertion for k + 4.

(f) If u = k + 1, we have

�k+1 = �′k+4 − [−A]+ − c j,i [B]+ + [−E]+
+ c j,i [−G]+ + [H ]+ − H + c j,i [−I ]+

= �′k+4 − [−A]+ − c j,i [B]+ + [−E]+
+ c j,i [−G]+ + [−H ]+ + c j,i [−I ]+.

(3.31)

If I � 0, the assertion for k + 1 follows from the one for k + 3. Thus it suffices to
assume that I < 0. As in the case (c), we divide into cases according to the signs of
A and E .

(A < 0, E � 0, I < 0): By replacing I with−F+[G]++ci, j [−H ]+, (3.31) becomes

�′k+4 + A − c j,i [B]+ + c j,i [−G]+ + [−H ]+ + c j,i F − c j,i [G]+ − 3[−H ]+
�= �′k+4 + g′k+2 − c j,i [g′k+1]+ − c j,i [B]+ + c j,i (F − G)− 2[−H ]+
= �′k+2 − c j,i [g′k+1]+ − c j,i [B]+ + c j,i (F − G)− 2[−H ]+.

Here
�= follows from −[−G]+ + [G]+ = G. Note that the assumption I < 0 is

equivalent to

[G]+ + ci, j [−H ]+ < F . (3.32)

Using (3.32), we have

c j,i (F − G)− 2[−H ]+ > c j,i ([G]+ + ci, j [−H ]+ − G)− 2[−H ]+
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= c j,i [−G]+ + [−H ]+ = c j,i [−G]+ + [−H ]+.

Then

�k+1 >
{
�′k+2 − c j,i [g′k+1]+ − c j,i [B]+ + c j,i [−G]+

}+ [−H ]+. (3.33)

Then (3.30) implies that the {}-part in (3.33) is non-negative and hence our assertion
for this case follows.

(A � 0, E < 0, I < 0): By replacing I with−F+[G]++ci, j [−H ]+, (3.31) becomes

�′k+4 − c j,i [B]+ − E + c j,i [−G]+ + [−H ]+ + c j,i F − c j,i [G]+ − 3[−H ]+
= �′k+4 − c j,i [B]+ − E + c j,i (F − G)− 2[−H ]+ (3.34)

as in the former case. Here we remark that −E > 0.
Using (3.32) again and (3.34), we have an inequality

�′k+4 − c j,i [B]+ + c j,i (F − G)− 2[−H ]+ − E

> �′k+4 − c j,i [B]+ − E + c j,i ([G]+ + ci, j [−H ]+ − G)− 2[−H ]+
= �′k+4 − c j,i [B]+ + c j,i [−G]+ + [−H ]+ − E . (3.35)

Now let us assume that

0 > G = −B − [−C]+ + ci, j [−E]+ + [F]+.

Then (3.35) becomes

�′k+4 − c j,i [B]+ + [−H ]+ − E + c j ,i B + c j ,i [−C]+ + 3E − c j,i [F]+
�= �′k+4 − c j,i [−B]+ + [−H ]+ + 2E + c j ,i [−C]+ − c j,i [F]+
◦= �′k+4 − c j,i [−B]+ + [−H ]+ − 2A − 2c j ,i [C]+ + [D]+ + c j,i [−C]+ − c j,i [F]+
•= �′k+4 − c j,i [−B]+ + [−H ]+ − 2A − c j ,i [C]+ + [D]+ − c j,i C − c j,i [F]+
∗= �′k+4 − c j,i [−B]+ + [−H ]+ − 2A − c j ,i [C]+
− c j,i [F]+ + [D]+ + c j ,i g′k+1 + 3A + c j ,i [−B]+

∇= �′k+4 + [−H ]+ − c j ,i [C]+ − c j ,i [F]+ + [D]+ + A + c j,i g′k+1
�= �′k+4 + [−H ]+ − c j ,i [C]+ − c j ,i [F]+ + [D]+ + g′k+2 − c j,i [g′k+1]+ + c j,i g′k+1
∨= �′k+2 + [−H ]+ − c j ,i [C]+ − c j ,i [F]+ + [D]+ − c j,i [−g′k+1]+.

Here

(i)
�= follows from [B]+ − B = [−B]+,

(ii)
◦= follows from E = −A − c j,i [C]+ + [D]+,

(iii)
•= follows from [C]+ − [−C]+ = C ,

(iv)
∗= follows from C = −g′k+1 − ci, j [A]+ − [−B]+,
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(v)
∇= follows from [−B]+ − [−B]+ = 0,

(vi)
�= follows from A = g′k+2 − c j,i [g′k+1]+,

(vii)
∨= follows from �′k+2 = �′k+4 + g′k+2 and [g′k+1]+ − g′k+1 = [−g′k+1]+.

(A � 0, E � 0, I < 0): By replacing I with−F+[G]++ci, j [−H ]+, (3.31) becomes

�′k+4 − c j,i [B]+ + c j,i [−G]+ + [−H ]+
+ c j,i F − c j,i [G]+ − 3[−H ]+
= �′k+4 − c j,i [B]+ − 2[−H ]+ + c j,i (F − G) (3.36)

as in the previous cases. Using (3.32) and (3.36), we have

�′k+4 − c j,i [B]+ − 2[−H ]+ + c j,i (F − G)

> �′k+4 − c j,i [B]+ + c j,i [−G]+ + [−H ]+. (3.37)

Now let us assume that

0 > G = −B − [−C]+ + [F]+.

Then (3.37) becomes

�′k+4 − c j,i [B]+ + [−H ]+ + c j,i B + c j,i [−C]+ − c j,i [F]+
= �′k+4 − c j,i [−B]+ + [−H ]+ + c j,i [−C]+ − c j,i [F]+

Finally, it suffices to assume that

0 > C = −g′k+1 − ci, j A − [−B]+.

Then we have

�′k+4 − c j,i [−B]+ + [−H ]+ − c j,i [F]+ + c j,i g
′
k+1 + 3A + c j,i [−B]+

= �′k+4 + [−H ]+ − c j,i [F]+ + 2A + c j,i g
′
k+1 + g′k+2 − c j,i [g′k+1]+

= �′k+2 + [−H ]+ − c j,i [F]+ + 2A − c j,i [−g′k+1]+.

Since A � 0, it proves the assertion for k + 1.

(g) If u = k, we have

�k = �′k+5 − [−B]+ + [G]+ − G + [I ]+ − I

= �′k+5 − [−B]+ + [−G]+ + [−I ]+. (3.38)

Thus the assertion for k is also a direct consequence of the assertion for k + 4.

(h) For u < k, the assertion follows from Lemma 3.20 below. ��
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Lemma 3.20 Assume that k− ∈ N. Then we have

pi′(g
′; i) = pi(g; i) for all i ∈ I ,

where g′ �→ g under the map given by (3.26).

Proof It suffices to show that

(i) gk+5 + gk+3 + gk+1 + g(k+1)−i = g′k+4 + g′k+2 + g′k + g′
k−
i′
,

(ii) gk+4 + gk+2 + gk + gk−i
= g′k+5 + g′k+3 + g′k+1 + g′

(k+1)−i
.

(i): By (3.31) and applying the techniques we have used,

�(k+1)−i = (3.31)+ g(k+1)−i
= �′k+4 − [−A]+ − c j,i [B]+ + [−E]+ + c j,i [−G]+
+ [−H ]+ + c j,i [−I ]+ + (g′k−

i′
+ [D]+

−c j,i [F]+ + 2[H ]+ − c j,i [I ]+
)
(∵ (3.26))

= �′k+4 + g′
k−
i′
− [−A]+ − c j,i [B]+ + [−E]+ + c j,i [−G]+ + [−H ]+

+ [D]+ − c j,i [F]+ + 2[H ]+ − c j,i I (∵ [I ]+ − [−I ]t = I )

= �′k+4 + g′
k−
i′
− [−A]+ − c j,i [B]+ + [−E]+ + c j,i [−G]+

+ [−H ]+ + [D]+ − c j,i [F]+
+ 2[H ]+ + c j,i F − c j,i [G]+ − 3[−H ]+ (∵ I = −F + [G]+

+ ci, j [−H ]+)
= �′k+4 + g′

k−
i′
− [−A]+ − c j,i [B]+ + [−E]+ + [D]+ − c j,i [F]+

+ 2H + c j,i F − c j,i G

(∵ [x]+ − [−x]+ = x)

= �′k+4 + g′
k−
i′
− [−A]+ − c j,i [B]+ + [−E]+ + [D]+ − c j,i [F]+ − 2D

+ 2[E]+ + 2c j,i [−F]+ − c j,i C + 3[−D]+ + c j,i B + c j,i [−C]+
− 3[−E]+ − c j,i [F]+
(∵ (3.27) for H , F and G)

= �′k+4 + g′
k−
i′
− [−A]+ − c j,i [B]+ + [D]+ + 3[−D]+ + c j,i [−C]+

− 2D + 2E − 2c j,i F − c j,i C + c j,i B (∵ [x]+ − [−x]+ = x)

= �′k+4 + g′
k−
i′
− [−A]+ − c j,i [B]+ + [D]+ + 3[−D]+ + c j,i [−C]+ − 2g′k

− 2c j,i [−g′k+1]+ + 4[−A]+ − 2c j,i [−C]+ − 2A − 2c j,i [C]+
+ 2[D]+ + 2c j,i C − 6[−D]+ + c j,i g′k+1 + 3[A]+
+ c j,i [−B]+ + c j,i g′k+3 − c j,i [−g′k+1]+
(∵ (3.27) for B,C, D, E and F)

= �′k+4 + g′
k−
i′
− 2g′k − 3c j,i [−g′k+1]+ + 3[−A]+ − 3c j,i [−C]+ + c j,i g′k+1

+ 3[A]+ + c j,i g′k+3 − 2A − c j,i B + 3D (∵ [x]+ − [−x]+ = x)

= �′k+4 + g′
k−
i′
− 2g′k − 3c j,i [−g′k+1]+ + 3[−A]+ − 3c j,i [−C]+
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+ c j,i g′k+1 + 3[A]+
+ c j,i g′k+3 − 2A − c j,i B + 3g′k + 3c j,i [−g′k+1]+ − 6[−A]+ + 3c j,i [−C]+
(∵ (3.27) for D)

= �′k+4 + g′
k−
i′
+ g′k + A + c j,i g′k+1 + c j,i g′k+3 − c j,i B

(∵ [x]+ − [−x]+ = x)

= �′k+4 + g′
k−
i′
+ g′k + g′k+2 − c j,i [g′k+1]+ + c j,i g′k+1

+ c j,i g′k+3 − c j,i g′k+3 + c j,i [−g′k+1]+ (∵ (3.27) for A and B)

= �′k+4 + g′
k−
i′
+ g′k + g′k+2(∵ [x]+ − [−x]+ = x)

= �′
k−
i′

In the above computation, we repeatedly substitute the relations in (3.27) and use
[x]+ − [−x]+ = x to cancel all auxiliary terms.

(ii): By (3.38), we have

�k−i
= (3.38)+ gk−i
= �′k+5 − [−B]+ + [−G]+ + [−I ]+ + (g′(k+1)−

i′
+ [g′k+1]+

+ [B]+ − [−G]+ − [−I ]+)
= �′k+5 + B + g′

(k+1)−
i′
+ [g′k+1]+ (∵ [x]+ − [−x]+ = x)

= �′k+5 + g′k+3 − [−g′k+1]+ + [g′k+1]+ + g′
(k+1)−

i′
(∵ (3.27) for B)

= �′k+5 + g′k+3 + g′k+1 + g′
(k+1)−

i′
(∵ [x]+ − [−x]+ = x)

= �′
(k+1)−

i′
.

��

The following lemma can be obtained as in other moves and we omit the proof.

Lemma 3.21 Let g, g′ ∈ Z
⊕N be elements related by (3.12). If g′s = 0 for s ∈

[k, k + 3], we have
pi(g; i) = pi′(g

′; i) for any i ∈ I .

Example 3.22 Take i′ = (2, 1, 2, 1, 2, 1, . . .) and i = (1, 2, 1, 2, 1, 2, . . .). Using the
above formulae, the map θ

(1)∗
1 : g′ �→ g in (3.26) that is induced by the isomorphism

ζ
(1)∗
1 : Ai′

∼−→Ai can be descried for special g’s as follows:

θ
(1)∗
1 (e1) = e6 − e4, θ

(1)∗
1 (e2) = (e6 − e4)+ 3e1,

θ
(1)∗
1 (e3 − e1) = 2(e6 − e4)+ 3e1, θ

(1)∗
1 (e4 − e2) = (e6 − e4)+ 2e1,

θ
(1)∗
1 (e5 − e3) = (e6 − e4)+ 3e1, θ

(1)∗
1 (e6 − e4) = e1.

(3.39)
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Similarly, themapθ
(2)∗
1 induced by the isomorphism ζ (2)∗1 : Ai

∼−→Ai′ can be descried

as follows:

θ
(2)∗
1 (e1) = (e6 − e4), θ

(2)∗
1 (e2) = 3(e6 − e4)+ e1,

θ
(2)∗
1 (e3 − e1) = 2(e6 − e4)+ e1, θ

(2)∗
1 (e4 − e2) = 3(e6 − e4)+ 2e1,

θ
(2)∗
1 (e5 − e3) = (e6 − e4)+ e1, θ

(2)∗
1 (e6 − e4) = e1.

(3.40)

3.7 Forward shifts

In this subsection, we consider a forward shift of i ∈ IN introduced in [11] when g
is of simply-laced type. However, in this subsection, we do not impose any restriction
on the type of g.

We say that i′ = (i ′k)k∈N is obtained from i = (ik)k∈N via a forward shift if

i ′k = ik+1 for all k ∈ N.

In this case, wewrite i′ = ∂+i. Throughout this subsection, we assume that i, i′ ∈ I (∞)
are related by i′ = ∂+i and i1 := i . Define

(a) a sequence (xu)u∈N such that x1 = 1 and xu = (xu−1)+i for u � 2,

(b) a permutation σ+ ∈ SN by σ+(k) =
{

k+i − 1 if ik = i,

k − 1 if ik �= i .

Remark 3.23 Even though [11] considered only simply-laced types, the statements
and proofs in [11, §2.3] can be extended to non simply-laced types. Thus we only give
the statements and leave their proofs to the reader.

Proposition 3.24 (a) The limit limn→∞ μxn · · ·μx2μx1 B̃i yields a well-defined matrix
μ+ B̃i and we have σ+μ+ B̃i = B̃i′ .

(b) The limit limn→∞ μxn · · ·μx2μx1

i yields a well-defined matrix μ+
i and we

have σ+μ+
i = 
i′ .
(c) We have a homomorphism of A-algebras

∂∗+(= μ∗+σ ∗+) : Ai′ → Ai given by Zu �→ μ+(Zσ−1+ (u)) for all u ∈ N,

which sends each cluster monomial in Ai′ to a cluster monomial in Ai.
(d) If z ∈ Ai′ is a quantum cluster monomial with deg(z) = g′ = (g′u)u∈N , then the

quantum cluster monomial ∂∗+z ∈ Ai has deg(∂∗+z) = g = (gu)u∈N as follows:

gu =
{
−∑

v∈N;i ′v=i1 g′v if u = 1,

g′u−1 if u > 1.
(3.41)

In other words, the assignment g′ �→ g is given by the N0-linear map Ci′ → Ci
which sends eu − eu−

i′
∈ Ci′ to eu+1 − e(u+1)−i ∈ Ci for all u ∈ N.
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4 Bases and braidmoves

In this section, we first recall the quantum unipotent coordinate algebraAq(n) of g and
its bases. Thenwe apply the result in the previous section to investigate the relationship
among braid moves and the bases.

4.1 Quantum unipotent coordinate algebra

Let Uq(g) be the quantum group of g over Q(q1/2). It is generated by ei , fi (i ∈ I )
and qh , where h belongs to the dual weight lattice P∨ = HomZ(P,Z). We denote by
U+q (g) the subalgebra of Uq(g) generated by ei (i ∈ I ) and U+

A
(g) the A-subalgebra

of U+q (g) generated by ei/[n]i !, where

qi := qdi , [k]i := qk
i − q−k

i

qi − q−1i

, and [k]i ! :=
k∏

s=1
[si ] for k ∈ N.

Set

Aq(n) = ⊕
β∈Q−

Aq(n)β where Aq(n)β := HomQ(q1/2)(U+q (g)−β,Q(q1/2)),

and U+q (g)−β denotes the (−β)-root space of U+q (g). For an element a ∈ Aq(n)β ,
we set wt(a) := β. It is known that Aq(n) has an algebra structure and is called the
quantum unipotent coordinate algebra of g. We denote by AA(n) the A-submodule
ofAq(n) generated by ψ ∈ Aq(n) such that ψ(U+A (g)) ⊂ A. ThenAA(n) also has an
A-algebra structure.

For each λ ∈ P+ :=∑
i∈I N�i andWeyl group elementsw,w′ ∈ W, we can define

a specific homogeneous element D(wλ,w′λ) of AA(n), called a quantum unipotent
minor (see for example [29, Section 9]). Note that D(wλ,w′λ) vanishes ifwλ−w′λ /∈
Q−. We set

D̃(wλ,w′λ) := q−(w′λ−wλ,w′λ−wλ)/4−(w′λ−wλ,ρ)/2D(wλ,w′λ)

where ρ :=∑
i∈I �i ∈ P+, and call it a normalized quantum unipotent minor.

Let us fix a reduced sequence i of w◦. For 1 � k � �, we set

F̃i(k) := D̃(wi
k�ik , w

i
k−�ik ).

Note thatwt(F̃i(k)) = −β ik ∈ �− as an element inAA(n). For c = (c1, . . . , c�) ∈ N
�
0,

we set

ν(c) = −1

2

∑

1�k,l��
ckcl(β

i
k, β

i
l)+

�∑

s=1
c2s ∈ Z
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and define

F̃i(c) := qν(c)/2
→∏

1�k��
F̃i(k)

ck .

Proposition 4.1 (see, for instance, [46, Chapters 40,41]) The set {F̃i(c) | c ∈ N
�
0}

forms an A-basis of AA(n).

There exist an anti-involution (·) on AA(n) defined by

q±1/2 �−→ q∓1/2 and F̃i(k) �−→ F̃i(k)

for all 1 � k � �, which is called the twisted bar-involution.

4.2 Comparison with braidmoves

Lusztig [44, 45] and Kashiwara [30] have constructed a distinguished A-basis Bup,
which is called the dual-canonical/upper-global basis. In this paper, we consider
the normalized one B̃

up
of Bup (see [43] for more details). Note that the normalized

quantum unipotent minor D̃(wλ,w′λ) belongs to B̃up
whenever it is non-zero.

Theorem 4.2 ([43, Theorem 4.29]) For a reduced sequence i of w◦, we have

B̃
up = {G̃ i(c) | c ∈ N

�
0}

where G̃ i(c) is the unique element of AA(n) satisfying the following properties for
each c ∈ N

�+
0 :

(a) G̃ i(c) = G̃ i(c),
(b) G̃ i(c)− F̃i(c) ∈∑

c′<i c qZ[q]F̃i(c′),

where<i is a certain bi-lexicographical order determined by i. In particular, G̃ i(ek) =
D̃(wi

k�ik , w
i
k−�ik ).

Proposition 4.3 ([46, Chapter 42], [1, Theorem 3.1]) Let i and i′ be two reduced
sequences for w◦, and c = (c1, . . . , c�), c′ = (c′1, . . . , c′�) ∈ N

�
0.

(1) Assume i′ = γk i for some 1 � k � �− 1. Then we have

G̃ i(c) = G̃ i′(c) if and only if

{
(ck, ck+1) = (c′k+1, c′k),
cu = c′u if u /∈ {k, k + 1}.

(2) Assume i′ = βk i for some 1 � k � �− 2. Then we have

G̃ i(c) = G̃ i′(c) if and only if

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c′k = ck+1 + ck+2 −min(ck, ck+2),
c′k+1 = min(ck, ck+2),
c′k+2 = ck+1 + ck −min(ck, ck+2),
cu = c′u if u /∈ {k, k + 1, k + 2}.
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(3) Assume i′ = ηk i for some 1 � k � � − 3. Note that (ik, ik+1, ik+2, ik+3) and
(i ′k, i ′k+1, i ′k+2, i ′k+3) can be regarded as reduced sequences of w◦ of type B2,
and hence we have parametrizations of these sequences in terms of �+B2

(see
Example 3.1). Then we have (see also [53, Lemma 2.15])

G̃ i(c) = G̃ i′(c
′) ⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

c′α2 = cα1+α2 + 2cα1+2α2 + cα2 − π2,
c′α1+2α2 = π2 − π1,
c′α1+α2 = 2π1 − π2,
c′α1 = cα1 + cα1+α2 + cα1+2α2 − π1,
c′u = cu if u /∈ {k, k + 1, k + 2, k + 3},

where

π1 = min{cα1 + cα1+α2 , cα1 + cα2 , cα1+2α2 + cα2},
π2 = min{2cα1 + cα1+α2 , 2cα1 + cα2 , 2cα1+2α2 + cα2}.

(4) For i′ = (2, 1, 2, 1, 2, 1) and i = (1, 2, 1, 2, 1, 2) of G2-type, we have

G̃ i′(e1) = G̃ i(e6), G̃ i′(e2) = G̃ i(e1 + e6),

G̃ i′(e3) = G̃ i(3e1 + 2e6), G̃ i′(e4) = G̃ i(2e1 + 3e6),

G̃ i′(e5) = G̃ i(3e1 + e6), G̃ i′(e6) = G̃ i(e1),

(4.1)

and
G̃ i(e1) = G̃ i′(e6), G̃ i(e2) = G̃ i′(e1 + 3e6),

G̃ i(e3) = G̃ i′(e1 + 2e6), G̃ i(e4) = G̃ i′(2e1 + 3e6),

G̃ i(e5) = G̃ i′(e6 + e1), G̃ i(e6) = G̃ i′(e1).

(4.2)

Theorem 4.4 ([13, 15, 16, 29, 31, 36, 51]) For each reduced sequence i = (i1, . . . , i�)
of w◦, there is an isomorphism of A-algebras

ϕi : Ai
∼−→AA(n)

which satisfies the following properties:

(1) For any 1 � v < u � � with iu = iv , there exists a cluster variable which
corresponds to D̃(wi

u�iu , w
i
v�iv ) under ϕi.

(2) The initial seed of AA(n) corresponding to that of Ai is given by

({D̃(wi
k�ik ,�ik )}1�k��,
i, B̃i). (4.3)

(3) Every cluster monomial of Ai corresponds to an element of the basis B̃
up

under
ϕi.
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(4) For each c = (cu) ∈ N
�
0, the element ϕ−1i G̃ i(c) is pointed and we have

deg
(
ϕ−1i G̃ i(c)

) =
∑

1�u��
cu(eu − eu−) ∈ Z

�, (4.4)

where we understand e0 = 0. In particular, the map deg ◦ ϕ−1i : B̃up → Z
� is

injective.

The following proposition is proved for 2-moves and 3-moves in [11, Proposition
3.3], and we extend it to 4-moves and 6-moves:

Proposition 4.5 Let i, i′ be two reduced sequences forw◦. Assume that we have i′ = τ i
for some τ ∈ {γ1, . . . , γ�−1} � {β1, . . . , β�−2} � {η1, . . . , η�−3} ∪ {ζ1}. Then the
following diagram commutes:

Ai′

ϕi′

τ∗
Ai

ϕi

AA(n)

Proof Since AA(n) is generated by {G̃ i′(eu) | 1 � u � �}, it is enough to show that

ϕiτ
∗ϕ−1i′ G̃ i′(eu) = G̃ i′(eu) (4.5)

for all u ∈ [1, �]. By Theorem 4.4 and the fact that τ ∗ preserves cluster monomials,
we have

ϕiτ
∗ϕ−1i′ G̃ i′(eu) ∈ B̃

up
and deg

(
ϕ−1i′ G̃ i′(eu)

) = (eu − eu−
i′
).

(η): Let us consider τ = ηk for some 1 � u � �− 2. Recall A and B in (3.13).

(i) u = k + 3. In this case

deg
(
ϕ−1i′ G̃ i′(ek+3)

) = (ek+3 − ek+1), A = c j,i < 0 and B = −1.

Then we have gk = −1+c j,ici, j = 1, gk−i
= −1, gk+3 = gk+2 = gk+1 = g(k+1)−i =

0 by (3.12). Hence

deg
(
η∗kϕ

−1
i′ G̃ i′(ek+3)

) = ek − ek−i
= deg

(
ϕ−1i G̃ i(ek)

)
.

(ii) u = k + 2. In this case

deg
(
ϕ−1i′ G̃ i′(ek+2)

) = ek+2 − ek, A = −1 and B = ci, j < 0.
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Then we have gk = −gk−i
= −ci, j , gk+3 = −gk+1 = 1, gk+2 = g(k+1)−i = 0. Hence

deg
(
η∗kϕ

−1
i′ G̃ i′(ek+2)

) = (ek+3 − ek+1)− ci, j (ek − ek−i
)

= deg
(
ϕ−1i G̃ i(−ci, j ek + ek+3)

)
.

(iii) u = k + 1. In this case

deg
(
ϕ−1i′ G̃ i′(ek+1)

) = (ek+1 − e(k+1)−
i′
) = (ek+1 − ek−i

), A = 0 and B = −1.

Then we have gk = −gk−i
= 1, gk+3 = −gk+1 = −c j,i , gk+2 = g(k+1)−i = 0. Hence

deg
(
η∗kϕ

−1
i′ G̃ i′(ek+1)

) = (ek − ek−i
)− c j,i (ek+3 − ek+1)

= deg
(
ϕ−1i G̃ i(ek − c j,i ek+3)

)
.

(iv) u = k. In this case

deg
(
ϕ−1i′ G̃ i′(ek)

) = (ek − ek−
i′
) = (ek − e(k+1)−i ),

Then we have gk+3 = 1, gk+1 = −1, gk+2 = gk = gk−
i′
= g(k+1)−i = gk−i

= 0,

by (3.12) and (3.13). Hence

deg
(
η∗kϕ

−1
i′ G̃ i′(ek)

) = (ek+3 − ek+1) =
(
ϕ−1i G̃ i(ek+3)

)
.

(v) u /∈ {k, k + 1, k + 2, k + 3}. In this case, one can easily see that

deg
(
η∗kϕ

−1
i′ G̃ i′(eu)

) = (eu − eu−i
) = degϕ−1i G̃ i(eu).

In conclusion, we have

deg
(
η∗kϕ

−1
i′ G̃ i′(eu)

) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ek − ek−i
if u = k + 3,

(ek+3 − ek+1)− ci, j (ek − ek−i
) if u = k + 2,

(ek − ek−i
)− c j,i (ek+3 − ek+1) if u = k + 1,

ek+3 − ek+1 if u = k,

eu − eu−i
otherwise,

and get ϕiη∗kϕ
−1
i′ G̃ i′(eu) = G̃ i(cu), where

cu =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ek if u = k + 3,

ek+3 − ci, j ek if u = k + 2,

ek − c j,i ek+3 if u = k + 1,

ek+3 if u = k,

eu otherwise.
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Then our assertion for ηk follows from Proposition 4.3 (3).
(ζ ): The assertion for ζ -case follows from (3.39), (3.40), (4.1), (4.2) and Proposi-
tion 4.3 (4). ��

Note that any two reduced sequences of w◦ are connected by braid moves; i.e.,
there exists a finite sequence τ = (τ1, . . . , τl) in {γ1, . . . , γ�−1} � {β1, . . . , β�−2} �
{η1, . . . , η�−3} ∪ {ζ1} such that i′ = τ1 · · · τl i. Then we have the isomorphism

τ ∗ = τ ∗l ◦ · · · ◦ τ ∗1 : Ai′ � Ai.

Corollary 4.6 With the above notation, the following diagram commutes:

Ai′

ϕi′

τ∗
Ai

ϕi

AA(n)

Moreover, the isomorphism τ ∗ = ϕ−1i′ ◦ ϕi depends only on the pair (i, i′), and not on
the sequence τ satisfying i′ = τ1 · · · τl i.

5 Homomorphisms and substitution formulas

In this section, we first review the quantum (virtual) Grothendieck ring Kq(g) asso-
ciated with g, its bases and subrings. For g of simply-laced type, the ring Kq(g) is
introduced in [18, 48, 55] while it is introduced in [25, 26, 39] for g of non-simply-
laced type. Then we study homomorphisms on subrings of Kq(g) and the skew field
of fraction F(Xq), which are closely related to braid moves and the theory of quantum
cluster algebras.

5.1 Quantum torusXq(g) and the ringKq(g)

Let t be an indeterminate. For i, j ∈ I , we set

ci, j (t) := δi, j (t + t−1)+ δ(i �= j)ci, j

and call the matrix C(t) := (ci, j (t)) the t-quantized Cartan matrix. Then

B(t) := C(t)D−1 is a symmetric matrix in GLn(Z[t±1]).

Regarding B(t) as a Q(t)-valued matrix, it is invertible and we denote the inverse
of B(t) by B̃(t) = (B̃i, j (t))i, j∈I . Write

B̃i, j (t) =
∑

u∈Z
b̃i, j (u)t

u ∈ Z((t))
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for the Laurent expansion of B̃i, j (t) at t = 0. It is proved in [22, 39] that, for any
i, j ∈ I and u ∈ Z, we have

b̃i, j (u) = 0 if (i) u � d(i, j) or (ii) d(i, j) ≡ u (mod 2). (5.1)

We fix a parity function ε : I → {0, 1} such that εi �= ε j for i ∼ j , based on (5.1),
and define

�̂0 := {(i, p) ∈ I × Z | p ≡ εi (mod 2)} � I × Z. (5.2)

Definition 5.1 ([18, 39, 48, 56]) We define a quantum torus (Xq(g), ∗) to be the
A-algebra generated by {X̃±i,p | (i, p) ∈ �̂0} subject to the following relations:

X̃i,p ∗ X̃−1i,p = X̃−1i,p ∗ X̃i,p = 1 and X̃i,p ∗ X̃ j,s = qN (i,p; j,s) X̃ j,s ∗ X̃i,p,

where

N (i, p; j, s) = b̃i, j (p − s − 1)− b̃i, j (s − p − 1)− b̃i, j (p − s + 1)

+ b̃i, j (s − p + 1).

Note that there exists a Z-algebra anti-involution on Xq(g) given by

q1/2 �−→ q−1/2 and X̃i,p �−→ qdi X̃i,p.

We will write Xq instead of Xq(g) if there is no danger of confusion. We denote by
X the commutative Laurent polynomial ring obtained from Xq by specializing q at 1.

We write the map evq=1 : Xq → X and set Xi,p := evq=1(qa/2 X̃i,p) for any a ∈ Z.
We call a product m̃ of X̃±1i,p and q±1/2 in Xq a monomial; i.e., it is of the form

m̃ = qa/2 →∗
(i,p)∈�̂0

X̃
ui,p(m̃)
i,p for a, ui,p(m̃) ∈ Z.

We also call a monomial m̃ ∈ Xq commutative if m̃ = m̃, and dominant (resp.anti-
dominant) if it is a product of X̃i,p (resp. X̃−1i,p) and q±1/2.

For a monomial m ∈ X , we can associate the commutative monomial m ∈ Xq such
that evq=1(m) = m. Thus we write m for commutative monomials in Xq . Let M be
the set of all monomials in X , and M+ be the set of all dominant monomials in X .

For monomials m̃, m̃′ in Xq , define

N (m̃, m̃′) :=
∑

(i,p),( j,s)∈�̂0

ui,p(m̃)u j,s(m̃
′)N (i, p; j, s).

For each (i, p) ∈ I ×Z such that (i, p± 1) ∈ �̂0, define the commutative monomial

B̃i,p :=Bi,p,
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where Bi,p = Xi,p−1Xi,p+1
∏

j∼i X
c j,i
j,p ∈ X .

Definition 5.2 ([18, 26, 39])

(a) For each i ∈ I , denote by Ki,q(g) the A-subalgebra of Xq generated by

X̃i,p ∗ (1+ q−di B̃−1
i,p+1) and X̃±1j,s for j ∈ I \ {i} and (i, p), ( j, s) ∈ �̂0.

(b) Define
Kq(g) :=

⋂

i∈I

Ki,q(g)

and call it the quantum virtual Grothendieck ring associated with C(t). If there is
no confusion, we write Kq instead of Kq(g).

5.2 Bases

For m,m′ ∈M, there exists a partial order �
N
, called Nakajima order, defined by

m �
N

m′ if and only if m−1m′ is a product of elements in {Bi,p | (i, p ± 1) ∈ �̂0}.

For monomials m̃, m̃′ ∈ Xq , we write m̃ �
N

m̃′ if evq=1(m̃) �
N
evq=1(m̃′).

Theorem 5.3 ([18, 26], cf. [8]) For each dominant monomial m ∈M+, there exists
a unique element Fq(m) of Kq such that

m is the unique dominant monomial appearing in Fq(m) and Fq(m) = Fq(m).

Furthermore,

(a) a monomial appearing in Fq(m)− m is strictly less than m with respect to �
N
,

(b) Fq := {Fq(m) | m ∈M+} forms an A-basis of Kq ,
(c) Kq is generated by the set {Fq(Xi,p) | (i, p) ∈ �̂0} as an A-algebra.

For m ∈M+, we set

Eq(m) := qb

(
→∗

p∈Z

(
∗

i;∈I ,(i,p)∈�̂0

Fq(Xi,p)
ui,p(m)

))
,

where b is an element in 1
2Z such that m appears in Eq(m) with coefficient 1. Then

the set Eq := {Eq(m) | m ∈M+} also forms an A-basis of Kq(g), called the standard
basis, and satisfies

Eq(m) = Fq(m)+
∑

m′≺
N

m

Cm,m′Fq(m
′) for some Cm,m′ ∈ A. (5.3)
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Theorem 5.4 ([18, 26, 48]) For each m ∈M+, there exists a unique element Lq(m)
in Kq(g) such that

(i) Lq(m) = Lq(m) and

(ii) Lq(m) = Eq(m)+
∑

m′≺
N

m

Qm,m′(q)Eq(m
′) for some Qm,m′(q) ∈ qZ[q]. (5.4)

Furthermore,

(a) a monomial appearing in Lq(m)− m is strictly less than m with respect to �
N
,

(b) Lq := {Lq(m) | m ∈ M+} forms an A-basis of Kq called the canonical basis of
Kq(g),

(c) Lq(Xi,p) = Fq(Xi,p) for all (i, p) ∈ �̂0.

LetD±1q be the A-algebra automorphism ofXq given by X̃i,p �→ X̃i∗,p±h, where h
is the Coxeter number of g. It is well-known that it induces a Z-algebra automorphism
D on X satisfying evq=1 ◦D±1q = D±1 ◦ evq=1 and preserves the subalgebra Kq of
Xq . Moreover, we have

D±1q (Fq(m)) = Fq(D
±1m) and D±1q (Lq(m)) = Lq(D

±1m) for any m ∈M+.
(5.5)

Remark 5.5 Note that, for r ∈ 2Z, there exists an automorphism Tr of Xq sending
X̃i,p to X̃i,p+r satisfying the following properties:

(a) The restriction to Kq gives an automorphism of Kq .
(b) For each m ∈M+, we have Tr (Fq(m)) = Fq(Tr (m)), Tr (Eq(m)) = Eq(Tr (m))

and Tr (Lq(m)) = Lq(Tr (m)). Here Tr denotes the induced automorphism on X .

5.3 Kirillov–Reshetikhin and fundamental polynomials

For a pair (i, p), (i, s) ∈ �̂0 with p � s, we set

m(i)[p, s] :=
∏

(i,u)∈�̂0, p�u�s

Xi,s ∈M+. (5.6)

We call m(i)[p, s] the Kirillov–Reshetikhin(KR) monomial and Fq(m(i)[p, s]) ∈
Kq(g) the KR-polynomial for the pair (i, p) and (i, s), respectively. In particular,
we call Fq(Xi,p) = Fq(m(i)[p, p]) the fundamental polynomial for each (i, p) ∈ �̂0.

Theorem 5.6 ([10, 20, 47]) For each KR-monomial m(i)[p, s], the KR-polynomial
Fq(m(i)[p, s]) satisfies the following properties:

(a) Fq(m(i)[p, s]) contains the unique dominant monomial m(i)[p, s].
(b) Fq(m(i)[p, s]) contains the unique anti-dominant monomial m(i

∗)[p + h, s + h].
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(c) Each Xq-monomial of Fq(m(i)[p, s]) − m(i)[p, s] − m(i
∗)[p + h, s + h] is a

product of X̃±1j,u with p � u � s + h, having at least one of its factors from

p < u < s + h. In particular, each monomial of Fq(X̃i,p)− X̃i,p − X̃i∗,p+h is a

product of X̃±1j,u with p < u < p + h.

5.4 Height functions and their negative subrings

A height function ξ on � is a function ξ : I → Z given by i �→ ξi satisfying

ξi ≡ εi (mod 2) and |ξi − ξ j | = 1 if i ∼ j .

For a height function ξ on �, we set
ξ�̂0 := {(i, p) ∈ �̂0 | p � ξi }.

We call a bijective function ρ̃ : N → ξ�̂0 a compatible reading of ξ�̂0 if k > l
when ρ̃(k) = (i, p), ρ̃(l) = ( j, p + 1) ∈ ξ�̂0 and i ∼ j . For a compatible reading ρ̃

of ξ�̂0, we set ρ : N → I (∞) where ρ(k) = ik for ρ̃(k) = (ik, pk) ∈ ξ�̂0. We abuse
ρ to be the image (i1, i2, . . .) ∈ IN of N under ρ and call it an I -compatible reading
of ξ�̂0.

For each (i, p) ∈ ξ�̃0, set the KR-monomial

Z ξi,p := m(i)[p, ξi ] ∈ Xq .

When there is no danger of confusion, we write Zi,p instead of Z ξi,p for notational

simplicity. Denote byXq,�ξ the quantum subtorus ofXq generated by {X̃i,p}(i,p)∈ξ�̂0
.

Proposition 5.7 ([39, Theorem 7.1], see also [3, Proposition 5.1.1]) Let ρ =
(i1, i2, . . .) and ρ′ = ( j1, j2, . . .) be I -compatible readings of ξ�̂0.

(i) For u � v, we have

N (Z ξiu ,pu
, Z ξiv,pv ) = (�iu − wρ

u�iu ,�iv + wρ
u�iv ),

where ρ̃(u) = (iu, pu) and ρ̃(v) = (iv, pv). Hence we have an A-algebra
isomorphism

κ̃ρ : T (
ρ) ∼−→Xq,�ξ given by Zu �−→ Z ξiu ,pu
= m(iu)[pu, ξiu ]. (5.7)

(ii) We have ρ
c∼ ρ′ and there exists π ∈ SN such that

(
ρ, B̃ρ) = π(
ρ′ , B̃ρ′).
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For an element x̃ ∈ Xq , we denote by x̃�ξ the element of Xq,�ξ obtained from x̃
by discarding all the monomials containing factors X̃±1i,p with (i, p) ∈ �̂0 \ ξ�̂0. We
write the A-linear map

(·)�ξ : Xq −→ Xq,�ξ , x̃ �−→ x̃�ξ .

Definition 5.8 Let Kq,ξ be the subring of Kq generated by {Fq(Xi,p) | (i, p) ∈ ξ�̂0}
and call it the ξ -negative subring of Kq .

We set
(
ξ , B̃ξ ) :=

(

[ρ], B̃[ρ]

)
.

Remark 5.9 In [25], the subring Kq,ξ was written as Kq,�ξ . We hope there is no
confusion by these notations.

Proposition 5.10 ([21, Proposition 6.1], [26, Proposition 6.3]) For a height function
ξ on �, the A-linear map (·)�ξ induces the injective A-algebra homomorphism

(·)�ξ : Kq,ξ ↪→ Xq,�ξ . (5.8)

We call (·)�ξ in (5.8) the truncation homomorphism. Note that, for a monomial
m(i)[p, ξi ] with p � ξi and p ≡2 ξi , we have

(Fq(m
(i)[p, ξi ]))�ξ = m(i)[p, ξi ] (5.9)

by Theorem 5.6 (c).

Proposition 5.11 (cf. [23, 39] see also [11, Proposition 5.14]) For a Dynkin quiver
Q = (�, ξ), eu (u ∈ N) and an I -compatible reading ρ of ξ�̂0, let us set

bρ
u = B̃[ρ]eu =

∑

k∈N
bk,uek .

Then we have

κ̃ρ(Z
bρ

u ) = B̃−1
i,p−1 (5.10)

where ρ̃(u) = (i, p).

Proof We claim that
κ̃ρ(Z

bρ
u ) ∼= B̃−1

i,p−1.

Note that bu+,u = −1, bu−,u = 1, ρ̃(u+) = (i, p− 2) and ρ̃(u−) = (i, p+ 2) by the
assumption on ρ. Then we have

κ̃ρ(Z
−eu++eu− ) ∼= X̃−1i,p X̃−1i,p−2.
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For j ∼ i , we see u±( j) satisfy u < u+( j) < u+ < u+( j)+, u−( j) < u <

u−( j)+ = u+( j) < u+, ρ̃(u+( j)) = ( j, p − 1) and ρ̃(u−( j)) = ( j, p + 1). Since
bu+( j),u = −c j,i and bu−( j),u = c j,i , we have

κ̃ρ(Z
−c j,i eu+( j)+c j,i eu−( j) ) ∼= X̃

−c j,i
j,p−1.

Hence the claim follows. Since κ̃ρ is compatible with the bar involutions on T (
ρ)

and Xq,�ξ , we obtain (5.10). ��
Theorem 5.12 ([11, Theorem 5.15], [26, Theorem 8.8])

(i) For an I -compatible reading ρ of ξ�̂0, there exists a unique A-algebra isomor-
phism κρ which makes the following diagram commutative:

Aρ

κρ
Kq,ξ

(·)�ξ

T (
ρ)
κ̃ρ Xq,�ξ

(ii) For k ∈ N, we have κρ(Zk) = Fq(m(i)[p, ξi ]) where ρ̃(k) = (i, p). Moreover
every KR-polynomial Fq(m) in Kq,ξ appears as a cluster variable.

(iii) Fq,ξ := Fq ∩ Kq,ξ , Eq,ξ := Eq ∩ Kq,ξ and Lq,ξ := Lq ∩ Kq,ξ are bases of Kq,ξ .

Remark 5.13

(a) The entire ring Kq(g) has also a quantum cluster algebra structure (see [11, The-
orem 6.17], [26, Theorem 9.6]), but we will not use the structure in this paper.

(b) The image (Kq,ξ )�ξ ofKq,ξ under (·)�ξ has a cluster algebra structure with initial
cluster variables {m(i)[p, ξi ] | i ∈ I , p � ξi } by (5.9) and Theorem 5.12 (ii).

Theorem 5.14 ([3, 23, 26]) For each KR-monomial m(i)[p, s] and any height function
ξ on � such that ξi � s, there exists a quantum cluster algebra algorithm for cal-
culating (Fq(m(i)[p, s]))�ξ , which can be obtained from the initial cluster variable
m(i)[p + 2k, ξi ] of (Kq,ξ )�ξ with ξi = s + 2k (k ∈ N0) via a certain sequence of
mutations.

Remark 5.15 By Theorem 5.6 (c), (Fq(m(i)[p, s]))�ξ = Fq(m(i)[p, s]) if k in Theo-
rem 5.14 is big enough.

Conjecture 1 ([26])

(i) For each KR-monomial m(i)[p, s], the element Fq(m(i)[p, s]) is quantum posi-
tive; i.e., each coefficient of Fq(m(i)[p, s]) is contained in N0[q±1/2].

(ii) For each KR-monomial m(i)[p, s], we have Lq(m(i)[p, s]) = Fq(m(i)[p, s]).
The conjecture in the above is proved by Nakajima in [48] for symmetric cases (see

also [11]). By Theorem 5.14, Conjecture 1 is closely related to the quantum Laurent
positivity conjecture suggested by Berenstein–Fomin–Zelevinsky.
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5.5 Dynkin quivers and their heart subrings

A Dynkin quiver Q is a pair (�, ξ) consisting of (i) a Dynkin diagram � of g and (ii)
a height function ξ on �.

For a Dynkin quiver Q = (�, ξ), we call i ∈ I a source (resp. sink) of Q, if
ξi > ξ j (resp. ξi < ξ j ) for all j ∈ I with i ∼ j . For a Dynkin quiver Q = (�, ξ)
and its source i , we denote by si Q the Dynkin quiver (�, siξ), where siξ is the height
function defined by

(siξ) j := ξ j − 2× δi, j .
We call the operation from Q to si Q the reflection of Q at the source i of Q. For any
Dynkin quivers Q and Q′ with the same Dynkin diagram �, there exists a sequence
of reflections, including s−1i , from Q to Q′.

For a sequence of indices i = (i1, i2, . . . , il) ∈ I l (l ∈ N � {∞}) and a Dynkin
quiver Q = (�, ξ), we call i Q-adapted if

ik is a source of sik−1sik−2 · · · si1 Q for all 1 � k � l.

The followings are known (see [22, 37, 39]):

(A) Any I -compatible reading of ξ�̂0 is Q-adapted.
(B) For each Dynkin quiver Q, there exists a unique Coxeter element τQ ∈ W, all of

whose reduced sequences are adapted to Q. Conversely, for any Coxeter element
τ , there exists a unique Dynkin quiver Q such that τ = τQ .

(C) For each Dynkin quiver Q, there exists a reduced sequence i of w◦ adapted to Q
and the set of all reduced sequence ofw◦ adapted to Q forms a single commutation
class of w◦, denoted by [Q].

(D) For a reduced sequence i = (i1, . . . , i�) of w◦ adapted to Q, define î =
(ı1, ı2, . . .) ∈ I (∞) by

ık = ik for 1 � k � � and ık = ı∗k−� for all k > �. (5.11)

Then î is an I -compatible reading of ξ�̂0 and we have a compatible reading ĩ

of ξ�̂0 corresponding to î . Furthermore, we have î
c∼ ρ for any I -compatible

reading ρ of ξ�̂0.
(E) For each Dynkin quiver Q = (�, ξ), there exists a bijection φQ : �̂0 → �+×Z

defined recursively as follows: Set γQ
i := (1− τQ)�i and

(i) φQ(i, ξi ) := (γQ
i , 0) for each i ∈ I ,

(ii) if φi (i, p) = (α, k), we have

φQ(i, p ± 2) :=
{
(τ∓1Q α, k) if τ∓1Q ∈ �+,
(−τ∓1Q α, k ± 1) if τ∓1Q ∈ �−. (5.12)

For a Dynkin quiver Q = (�, ξ), we denote by D±1Q the Dynkin quiver
(�,D±1ξ), where D±1ξ is the height function defined as follows:

(D±1ξ) j := ξ j∗ ± h for j ∈ I .
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Proposition 5.16 ([12, 22, 39])Let Q be a Dynkin quiver and set�Q
0 :=φ−1Q (�

+×{0}).
Then �0 is a subset of �̂0 characterized by

�
Q
0 = {(i, p) ∈ �̂0 | ξi∗ − h < p � ξi }.

Furthermore, for any ( j, s) ∈ �̂0, there exists unique k ∈ Z and (i, p) ∈ �Q
0 such

that
Dk(Xi,p) = X j,s .

We define Xq,Q the quantum subtorus of Xq generated by {X̃i,p | (i, p) ∈ �Q
0 },

and set
MQ :=M ∩ Xq,Q and MQ

+ :=M+ ∩ Xq,Q .

Wedenote byKq,Q the subring ofKq,ξ which is generated by {Fq(Xi,p) | (i, p) ∈ �Q
0 }.

We call it the heart subring associated with the Dynkin quiver Q = (�, ξ).
Theorem 5.17 ([10, 11, 22, 24–26]) Let i be a reduced sequence of w◦ adapted to
Q = (�, ξ).
(i) We have A-algebra isomorphisms κ̃i : T (
i) → Xq,Q and κi : Ai → Kq,Q,

and an A-algebra monomorphism (·)�ξ |Kq,Q which make the following diagram
commutative:

Ai
κi

Kq,Q

(·)�ξ |Kq,QA î
κ î

Kq,ξ

(·)�ξT (
i)
κ̃i

Xq,Q

T ( î
)
κ̃ î

Xq,�ξ

(ii) The set Fq,Q := Fq ∩Kq,Q, Eq,Q := Eq ∩Kq,Q and Lq,Q := Lq ∩Kq,Q are bases
of Kq,Q.

The following theorem is proved in [25, Corollary 5.4] which gives a partial answer
for Conjecture 1 (ii).

Theorem 5.18 ([25, Corollary 5.4]) For a KR-monomial m contained inMQ
+ for some

Dynkin quiver Q = (�, ξ), we have

Lq(m) = Fq(m).

Recall that, for a reduced sequence i of w◦ adapted to a Dynkin quiver Q, we have
an A-algebra isomorphism

ϕi : Ai
∼−→AA(n).
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Hence we have an A-algebra isomorphism

�i := κi ◦ ϕ−1i : AA(n)
∼−→Kq,Q . (5.13)

Moreover, for another reduced sequence i′ of w◦ adapted to Q, we have �i = �i′
(see [10, 25] for more details about the independence of the choice of i ∈ [Q] for the
isomorphism �i). Thus the notation �Q make sense.

Theorem 5.19 ([22], [10, §10.3], [25, §7])

(a) For each Dynkin quiver Q, the isomorphism �Q sends B̃
up

to Lq,Q.
(b) For a reduced sequence i of w◦ adapted to Q and a KR-monomial m(i)[p, s] in

MQ
+ , there exists a pair of integers (t, u) such that 0 � t < u � �,

(i) it = iu if t > 0 and (ii) �Q(D̃(w
i
u�iu , w

i
t�iu )) = Fq(m

(i)[p, s]).

Here we understand wi
0 = id ∈ W.

(c) Let Q = (�, ξ) and Q′ = (�, ξ ′) be Dynkin quivers defined on the same�. Then
we have a unique A-algebra automorphism

�Q,Q′ : Kq −→ Kq (5.14)

satisfying the following properties:

(i) The automorphisms�Q,Q′ restricted to Kq,Q′ and Kq,ξ respectively induce
A-algebra isomorphisms

�Q,Q′ : Kq,Q′ ∼−→Kq,Q and �ξ,ξ ′ : Kq,ξ ′ ∼−→Kq,ξ (5.15)

such that �Q,Q′ = �Q ◦�−1Q′ .

(ii) We have �Q,Q′ ◦D±1q = D±1q ◦�Q,Q′ .
(iii) �Q,Q′ sends Lq to Lq bijectively.

Theorem 5.20 ([25, 34]) Let Q be a Dynkin quiver with a source i ∈ I and write
Ti for the automorphism �siQ,Q of Kq . Then the collection of automorphism {Ti }i∈I

satisfies the braid relations of g.

For Dynkin quivers Q = (�, ξ) and Q′ = (�, ξ ′) on the same �, let i =
(i1, . . . , i�) and i′ = (i ′1, . . . , i ′�) be reduced sequences of w◦ adapted to Q and Q′,
respectively. Then we have a sequence

τ = (τ1, . . . , τr ) in {γ1, . . . , γ�−1} � {β1, . . . , β�−2} � {η1, . . . , η�−3} ∪ {ζ1}

such that
i′ = τ1 · · · τr i.
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Recall we have î = (i1, i2, . . .), î ′ = (i ′1, i ′2, . . .) ∈ I (∞) corresponding to i and i′
respectively, which are constructed in (5.11). We extend the isomorphism τ ∗ : Ai′ →
Ai to the one from A î ′ to A î as follows: For each n ∈ N, consider the A-algebra
isomorphism

τ̂ (n)∗ := τ̂ (n)∗r ◦ · · · ◦ τ̂ (n)∗1 : An�
î ′ → An�

î
,

where � = �(w◦) and

γ̂
(n)∗
k := γ ∗k γ ∗k+� · · · γ ∗k+(n−1)�, β̂

(n)∗
k := β∗kβ∗k+� · · · β∗k+(n−1)�,

η̂
(n)∗
k := η∗kη∗k+� · · · η∗k+(n−1)�, ζ̂

(n)∗
1 := ζ ∗1 ζ ∗1+� · · · ζ ∗1+(n−1)�.

Recalling τk ◦ τl = τl ◦ τk when |k − l| � �, we define
τ̂ ∗ := lim

n→∞ τ̂ (n)∗ : A î ′ → A î .

The following theorem tells us that the isomorphism τ̂ ∗ is compatible with the
isomorphisms �ξ,ξ ′ , κ î ′ and κ î . The argument of a proof can be almost the same
as the one in [11, Theorem 6.3], which investigates simply-laced types only. For the
reader’s convenience, we give a proof of the theorem.

Theorem 5.21 We have the following commutative diagram:

A î ′
κ î ′

τ̂∗

Kq,ξ ′

�ξ,ξ ′

A î
κ î

Kq,ξ

Proof Setting Ψ := κ î ◦ τ̂ ∗ ◦ κ−1
î
, it is enough to prove that

Ψ = �ξ,ξ ′ .
By Theorem 5.19, we have to show the following:

(1) Ψ|Kq,Q = �Q,Q′ ,
(2) Ψ ◦D−1q = D−1q ◦ Ψ.

Noting that A�
î ′
� Ai′ , A�î � Ai, τ̂ ∗|Ai′ = τ ∗, κ î ′ |Ai′ = κi′ , κ î |Ai = κi and

�ξ,ξ ′ |Kq,Q′ = �Q,Q′ , we have

Ai′
κi′

τ∗

ϕi′
Kq,Q′

�Q,Q′

A

B AA(n)

�Q′

�Q

C

A

Ai κi

ϕi

Kq,Q

(5.16)
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Here the commutativity for A -triangles follows from (5.13), the commutativity for
B -triangle from Lemma 4.6 and the commutativity for C -triangle from the definition
in (5.15). Thus we have shown (1).

Now let us consider (2). Setting î
∗ := (i∗k )k∈N , we have î = ∂�+ î

∗
, B̃i = B̃i∗ and


i = 
i∗ . Thus we have an isomorphism ν : A î ∗ � A î sending Zk to itself. By
Proposition 3.24 and Theorem 5.12, the cluster variables

κ−1
î
D−1q Fq(Xi,p) and ν(∂∗+)�κ−1î Fq(Xi,p)

have the samedegrees for all (i, p) ∈ ξ�̂0, andhence they are the samebyTheorem2.7.
Since the set {Fq(Xi,p)}(i,p)∈ξ�̂0

generates Kq,ξ , we conclude that

ν ◦ (∂∗+)� ◦ κ−1î = κ−1
î
◦D−1q . (5.17)

Note that the same assertion for î
′
holds by the same argument. Furthermore, for a

cluster monomial x ∈ A î ′ whose degree belongs to C î ′ , one can see that the degrees
of the cluster variables

τ̂ ∗ν(∂∗+)�x and ν(∂∗+)�τ̂ ∗x are the same (5.18)

by Proposition 3.24 and by the result in Section 3 that τ̂ ∗ sends C î ′ to C î . Now we
have

ΨD−1q Fq(Xi,p) = κ î τ̂ ∗κ−1î ′ D
−1
q Fq(Xi,p)

= κ î τ̂ ∗ν(∂∗+)�κ−1î ′ Fq(Xi,p) by (5.17) for î
′

= κ î ν(∂∗+)�τ̂ ∗κ−1î ′ Fq(Xi,p) by (5.18)

= D−1q κ î τ̂
∗κ−1

î ′
Fq(Xi,p) by (5.17) for î

= D−1q ΨFq(Xi,p)

for any (i, p) ∈ ξ ′�̂0. Since the set {Fq(Xi,p)}(i,p)∈ξ ′�̂0
generates Kq,ξ ′ , the asser-

tion (2) follows. ��

Remark 5.22 In the above theorem, we have applied a special sequence (i1, i2, . . .) ∈
I (∞) such that (ik, . . . , ik+�−1) is a reduced sequence of w◦ for all k ∈ N.

Corollary 5.23 Let Q and Q′ be Dynkin quivers on the same Dynkin diagram �.
For reduced sequences i and i′ adapted to Q and Q′ respectively, the A-algebra
isomorphism κ−1

î
◦�Q,Q′ ◦κ î ′ induces a bijection between the set of quantum cluster

monomials of A î ′ and that of A î .
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5.6 Substitution formulas

One of the celebrated results of Berenstein–Fomin–Zelevinsky is to show that quantum
cluster algebra is still contained in Z[q±1/2][Z±1k ]k∈K even though mutations involves
non-trivial fractions. In this subsection, we shall show that the automorphism �Q,Q′
can be interpreted as an restriction of birational auto-transformation of F(Xq), which
is referred to as substitution formula in [11, Section 7]. Since�Q,Q′ can be understood
as a composition of {T±1i }i∈I , it gives an interesting relation among elements in Lq .
The result in this section for simply-laced type is given in [11, Section 7] and we
apply the same framework and arguments of proofs in this paper for non simply-laced
type, based on the results that have been obtained for Kq , 4-moves and 6-moves. Thus
we just give statements, several notations and maps, so that readers may recover the
substitution formula on F(Xq) and Kq by themselves.

Throughout this subsection,we (i) fixDynkin quivers Q = (�, ξ) and Q′ = (�, ξ ′)
defined on the same Dynkin diagram � of non simply-laced type, (ii) denote by
i = (i1, . . . , i�) and j = ( j1, . . . , j�) reduced sequences of w◦ adapted to Q and Q′
respectively. To distinguish generators of quantum tori T (
 î ) and T (
 ĵ ), we use
Zk for initial cluster variables T (
 î ) while Z ′k for ones of T (
 ĵ ).

For k ∈ Z, we set ξ [k] := Dkξ and Q[k] := Dk Q for notational simplicity. We
recall the following:

(a) We have injective homomorphisms

Kq,ξ [−1] ↪→ (Kq,ξ )�ξ ↪→ Xq,�ξ

induced from (·)�ξ , whose composition is an identity indeed, by Theorem 5.6 and
the fact that Kq,ξ is generated by {Fq(Xi,p) | (i, p) ∈ ξ�̂0}.

(b) We have a commutative diagram

Kq,ξ
�

(·)�ξ Xq,�ξ

Kq,ξ [−1] (Kq,ξ )�ξ

Then, for I -compatible readings î (resp. î
′
) of ξ�̂0 (resp. ξ

′�̂0), we have unique
morphisms κ̃ î ,F, κ̃ î ′,F, τ̂

∗
F
and �̃ξ,ξ which make the diagram below commutative:
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F(Xq,ξ ′)

�̃ξ,ξ ′

F(T (
 ĵ )) ∼
τ̂∗
F

κ̃ ĵ ,F

∼ F(T (
 î ))
κ̃ î ,F

∼ F(Xq,ξ )

Xq,�ξ ′ T (
 ĵ )∼
κ̃ ĵ T (
 î ) ∼

κ̃ î Xq,ξ

(Kq,ξ ′)�ξ ′ Kq,ξ ′
�ξ,ξ ′
∼

∼
(·)�ξ ′

A ĵ
∼
κ ĵ ∼

τ̂∗ A î
∼
κ î

Kq,ξ
∼

(·)�ξ

(Kq,ξ )�ξ

Kq,ξ ′[−1]
�ξ ′[−1],ξ [−1]

∼ Kq,ξ [−1]

(5.19)

Let us set

�̃ := κ̃−1
î ,F
◦D−1q ◦ κ̃ î ,F : F(T (
 î ))→ F(T (
 î )),

�̃′ := κ̃−1
ĵ ,F
◦D−1q ◦ κ̃ ĵ ,F : F(T (
 ĵ ))→ F(T (
 ĵ )),

which are automorphisms of skew field of fractions. We also define Z-module homo-
morphisms Σ, Σ̃ : Z⊕N → Z

⊕N given by

Σ(eu) = eu+� Σ̃(eu) = eu+� − e(�+1)−
î
(i∗u ) for all u ∈ N.

Note that

Σ̃(a) = Σ(a)−
∑

i∈I

p î (a; i)e(�+1)−
î
(i∗) for a ∈ Z

N . (5.20)

The proof of the following lemma utilizes Proposition 5.11.

Lemma 5.24 For a ∈ Z
⊕N , we have

�̃(Z a) = Z Σ̃(a) and �̃′(Z ′a) = Z ′Σ̃(a).

In particular,

Σ̃(b î
u ) = b î

u+� and Σ̃(b ĵ
u ) = b ĵ

u+�. (5.21)

For u ∈ N and an initial cluster variable Z ′u ofA ĵ , we set Zu := τ̂ ∗(Z ′u), which is
a cluster variable of A î . Then there exists gu ∈ Z

⊕N and cu,n satisfying

Zu = Z gu

⎛

⎜⎝1+
∑

n∈N⊕N0 \{0}
cu,nZ

∑
k∈N nk b î

k

⎞

⎟⎠

by Theorem 2.7.
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For k ∈ N0, we set

�
Q[−k]
0,fr := {(i, ξ [−k − 1]i + 2) | i ∈ I }, �

Q[−k]
0,ex = �Q[−k]

0 \ �Q[−k]
0,fr .

Note that, for each u ∈ N, there exists a unique k ∈ N0 such that Zu can be obtained
from the initial cluster {Zu | u ∈ N} by applying the mutations only at the vertices
labeled by �Q[−k]

0,ex . By �-periodicity of î , ĵ and τ̂ ∗, for u ∈ N, we have

gu+�

⎧
⎨

⎩
= Σ(gu) if u > � or u = (�+ 1)−

ĵ
(i) for i ∈ I ,

∈ Σ(gu)+
∑

i∈I Ze(�+1)−
î
(i) otherwise,

(5.22)

and

cu+�,n =
{

cu,Σ−1(n) if n ∈ Σ(N⊕N0 ),

0 otherwise.
(5.23)

Remark 5.25 Any braid move between î and ĵ does not occur at (� + 1)−
î
(i) + k�

for any k ∈ N0 and i ∈ I . Hence Z(�+1)−
î
(i)+k� = Z(�+1)−

î
(i)+k� = Z ′

(�+1)−
î
(i)+k�

in

A î and they q-commute with all Za (a ∈ N).

When g is of non-simply-laced type, we need to employ Lemma 3.12, Lemma 3.20
and Lemma 3.21 to prove the following lemma.

Lemma 5.26 For u ∈ N, we have

�̃(Zu) = Z Σ̃(gu)

⎛

⎜⎝1+
∑

n∈N⊕N0 \{0}
cu+�,nZ

∑
k∈N nk b î

k

⎞

⎟⎠ � Z Σ̃(gu)−gu+�Zu+�. (5.24)

Remark 5.27 The following proposition is a non-symmetric analogue of [11, Lemma
7.4 (1)], and it is not at all a consequence of Theorem 5.21 as emphasized in the
introduction of [11, Section 7].

Proposition 5.28 We have

D−1q |F(Xq,�ξ ) ◦ �̃ξ,ξ ′ = �̃ξ,ξ ′ ◦D−1q |F(Xq,�ξ ′ ).

Corollary 5.29 For k ∈ N0 and (i, p) ∈ �Q′[−k]
0 , we have

�̃ξ,ξ ′(X̃i,p) ∈ F(Xq,Q[−k]).

Proof Since �̃ξ,ξ ′(F(Xq,Q′)) ⊂ Xq,Q , it follows from Proposition 5.28. ��
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Theorem 5.30 There exists an automorphism of the skew field F(Xq)

�̃Q,Q′ : F(Xq)
∼−→F(Xq)

satisfying the following properties:

(a) Dq ◦ �̃Q,Q′ = �̃Q,Q′ ◦Dq .

(b) �̃ξ,ξ ′(X̃i,p) ∈ F(Xq,Q[k]) for any k ∈ Z and (i, p) ∈ �Q′[k]
0 .

(c) We have the following commutative diagram:

F(Xq)
�̃Q,Q′
∼ F(Xq)

Kq
�Q,Q′
∼ Kq

Proof We first define �̃Q,Q′ from �̃ξ,ξ ′ by usingDq as follows: For each y ∈ F(Xq),
there exists k ∈ N0 such that D−k

q (y) ∈ F(Xq,�ξ ). Then we define

�̃Q,Q′(y) = Dk
q(�̃ξ,ξ ′(D

−k
q (y))).

Now, as in [11, Theorem 7.1], one can prove that it is a well-defined automorphism
of F(Xq) satisfying the properties in the statement. ��

In Appendix A, we provide examples of substitution formulas.

6 Categorification via quiver Hecke algebras and Laurent family

In this section, we first review the results on the categorification theory via the quiver
Hecke algebra R related to our purpose. Then we recall the definitions and the results
about theLaurent family of simple R-modules,whichwere introduced and investigated
in [36] very recently.

6.1 Quiver Hecke algebra

Let k be a base field. For i, j ∈ I , we choose polynomials Qi, j (u, v) ∈ k[u, v] such
that

(a) Qi, j (u, v) = Q j,i (v, u),

(b) Qi, j (u, v) = δ(i �= j)
∑

2di p+2d j q=−2(αi ,α j )

ti, j;p,qu pvq where ti, j;−ai, j ,0 ∈ k×.

For β ∈ Q+ with |β| = n, we set

I β := {ν = (ν1, . . . , νn) ∈ I n |
n∑

k=1
ανk = β}.
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For g and β ∈ Q+ with |β| = r , the quiver Hecke algebra R(β) associated with
(Qi, j )i, j∈I is the Z-graded algebra over k generated by

xk (1 � k � r), e(ν) (ν ∈ I β), τs (1 � s < r),

subject to certain defining relations (see [29] for the relations). Note that theZ-grading
of R(β) is determined by the degrees of following elements:

deg(e(ν)) = 0, deg(xke(ν)) = 2dνk (1 � k � n), and deg(τme(ν))

= −(ανm , ανm+1) (1 � m < n).

Wedenote by R(β)-gmod the category of finite-dimensional graded R(β)-modules
with homogeneous homomorphisms. For M ∈ R(β)-gmod, we set wt(M) = −β ∈
Q−. Denote by q the degree shift functor acting on R(β)-gmod as follows:

q(M)n = Mn−1 for M = ⊕
k∈Z

Mk ∈ R(β)-gmod.

For an R(β)-module M and an R(γ )-module N , we obtain an R(β + γ )-module
by

M ◦ N := R(β + γ )e(β, γ )⊗R(β)⊗R(γ ) (M ◦ N ),

where e(β, γ ) :=∑
ν∈I β ,ν′∈I γ e(ν ∗ ν′) ∈ R(β + γ ). Here ν ∗ μ denotes the con-

catenation of ν and μ, and ◦ is called the convolution product. We say that two simple
R-modules M and N strongly commute if M ◦ N is simple. If a simple module M
strongly commutes with itself, then M is called real.

Set R-gmod :=⊕β∈Q+ R(β)-gmod. Then R-gmod has the monoidal category struc-
ture with the unit object 1 = k ∈ R(0)-gmod and the tensor product ◦. Thus the
Grothendieck group K (R-gmod) has the Z[q±1]-algebra structure derived from ◦
and the degree shift functors q±1. We set

KA(R-gmod) := A⊗Z[q±1] K (R-gmod).

Theorem 6.1 ([41, 42, 52])There exists an A-algebra isomorphism

Ω : KA(R-gmod) ∼−→AA(n).

Proposition 6.2 ([32]) For λ ∈ P+ andμ, ζ ∈ Wλ withμ � ζ , there exists a self-dual
real simple R(ζ − μ)-module L(μ, ζ ) such that

Ω([L(μ, ζ )]) = D(μ, ζ ).

Here [L(μ, ζ )] denotes the isomorphism class of L(μ, ζ ).

We call L(μ, ζ ) the determinantal module associated with D(μ, ζ ).
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6.2 R-matrices and theirZ-invariants

For β ∈ Q+ and i ∈ I , let

pi,β =
∑

ν ∈I β

⎛

⎝
∏

a∈[1,|β|]; νa=i

xa

⎞

⎠ e(ν) ∈ X(R(β)),

where X(R(β)) denotes the center of R(β).

Definition 6.3 ([40, Definition 2.2]) For an R(β)-module L , we say that L admits an
affinization if there exists an R(β)-module L̂ satisfying the condition: there exists an
endomorphism zL̂ of degree t ∈ Z>0 such that L̂/zL̂ L̂ � L and

(i) L̂ is a finitely generated free modules over the polynomial ring k[zL̂ ],
(ii) pi,β L̂ �= 0 for all i ∈ I .

We say that a simple R(β)-module L is affreal if L is real and admits an affinization.

It is known that any L ∈ R(β)-gmod admits an affinization if R(β) is symmetric.
However, when R(β) is not symmetric, it is widely open whether an R(β)-module L
admits an affinization or not.

Theorem 6.4 ([35, Theorem 3.26]) For � ∈ P+ and μ, ζ ∈ W� such that μ � ζ ,
the determinantal module L(μ, ζ ) is affreal.

Let i be a reduced sequence of w◦. For β ∈ �+ such that β = β ik in (3.1), we write
Si

k for the determinantal R(β)-module such that

Ω([Si
k]) = D(wi

k�ik , w
i
k−�ik ).

We sometimes write Si(β) for Si
k to emphasize β. Note that

wt(Si
k) = wt(D(wi

k�ik , w
i
k−�ik )) = −β.

The module Si
k is also called the cuspidal module associated with i and β. For another

reduced sequence i′ ofw◦ such that i
c∼ i′, we have Si(β) � Si′(β). Thus the notation

S[i](β) make sense.

Proposition 6.5 ([29, 35]) Let M and N be simple modules such that one of them is
affreal. Then there exists a unique R-module homomorphism rM,N ∈ HomR(M, N )
satisfying

HomR(M ◦ N , N ◦M) = k rM,N .

We call the homomorphism rM,N the R-matrix.
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Definition 6.6 For simple R-modules M and N such that one of them is affreal, we
define


(M, N ) := deg(rM,N ),


̃(M, N ) := 1

2

(

(M, N )+ (

wt(M),wt(N )
))
,

d(M, N ) := 1

2

(

(M, N )+
(N ,M)

)
.

It is proved in [29, 35] that the invariants 
̃(M, N ) and d(M, N ) in Definition 6.6
belong to Z�0.

For simple modules M and N , let M ∇ N and M  N denote the head and the socle
of M ◦ N , respectively.

Proposition 6.7 ([28, Lemma 3.1.4], [29, Lemma 4.1.2]) Let M and N be self-dual
simple R-modules such that one of them is affreal.

(a) M ∇ N and M  N are simple modules and they appear exactly once in the
composition series of M ◦ N.

(b) q
̃(M,N )M ∇ N is a self-dual simple module.
(c) If M ◦ N � N ◦M up to a grading shift, then M ◦ N is simple, which is equivalent

to d(M, N ) = 0 and M ∇ N � M  N up to a grading shift.

For a reduced sequence i of w◦, we say an interval [a, b] ⊂ [1, �] is an i -box if
ia = ib. For each i-box [a, b] and i, we define a self-dual simple modules L i[a, b] as
follows: L i[a, a] := Si

a and

L i[a, b] := q
̃
(

Sib,L
i[a,b−]

)
Si

b ∇ L i[a, b−].

Proposition 6.8 ([32, Proposition 4.6]) For a reduced sequence i = (i1, . . . , i�) ofw◦
and an i-box [a, b] ⊂ [1, �], we have

Ω
([

L i[a, b]]
)
= D(wi

b�ib , w
i
a−�ia ).

Hence L i[a, b] is an affreal simple module.

6.3 Laurent family

Let J be an index set andC be a full monoidal subcategory of R-gmod stable by taking
subquotients, extensions and grading shifts. We say that a family of affreal modules
L = {L j } in C is a commuting family in C if

Li ◦ L j � L j ◦ Li up to a grading shift for any i, j ∈ J .
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Then there exists a family {L(a) | a ∈ N
⊕J
0 } of simple modules in C such that

L(0) = 1, L(e j ) = L j for any j ∈ J ,

L(a) ◦L(b) � q−
̃(L(a),L(b))L(a + b) for any a, b ∈ N
⊕J
0 .

We say a commuting family L = {L j } j∈J is independent if, when a, b ∈ N
⊕J
0

satisfies L(a) � qsL(b) for some s ∈ Z, we have a = b.

Definition 6.9 A commuting family L = {L j | j ∈ J } of affreal simple objects of C
is said to be a quasi-Laurent family in C if L satisfies the following conditions:

(a) L is independent, and
(b) if a simple module X commutes with all L j ( j ∈ J ), then there exist a, b ∈ Z

J
�0

such that
X ◦L(a) � L(b) up to a grading shift.

IfM satisfies (a) and (c) below, then we say that L is a Laurent family:

(c) if a simple module X commutes with all L j ( j ∈ J ), then there exists b ∈ Z
J
�0

such that X � L(b) up to a grading shift.

For an index set J = Jex� Jfr, assume thatKA(C ):=A⊗Z[q±1]K (C ) is isomorphic
to a quantum cluster algebraA such that Ω(KA(C )) � A . We say that a commuting
familyL = {Li }i∈J inC is amonoidal cluster inC if there exists a seed ({Zi }i∈J ,
 =
(
i, j )i, j∈J , B̃ = (bi, j )i∈J , j∈Jex) of A such that

Zi ∼= Ω([Li ]) in A and 
i, j = −
(Li , L j ).

Theorem 6.10 ([36, Proposition 3.6]) Assume that KA(C ) has a quantum cluster
algebra structure, and let L = {L j | j ∈ J } be a monoidal cluster in C . Then the
commuting family L is a quasi-Laurent family. In particular, the isomorphism class
[X ] of a module X inKA(C ) can be expressed as an element in the Laurent polynomial
Z[q±1][ [L j ] | j ∈ J ] with positive coefficients. Moreover, if every [Lk] is prime in
KA(C )|q=1, then L is a Laurent family.

Remark 6.11 Note that if K (C )|q=1 is factorial, then every [Lk] is prime in K (C )|q=1
(see [14]).

For a reduced sequence i of w◦ and 1 � k � �, we set

L i
k := L(wi

k�ik ,�ik ) � L i[kmin, k].

Proposition 6.12 ([32, Theorem 4.12]) Let i be a reduced sequence of w◦. For 1 �
s < t � �, we have

−
(L i
s, L i

t ) = (�is − wi
s�is ,�it + wi

t�it ).

Hence Li := {L i
k} forms a commuting family.
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7 Quantum positivity

In this section, we give a partial proof of the quantum positivity conjecture (Conjec-
ture 1 (i)) for non-simply-laced type. Thus throughout this section, we assume that g
is of non-simply-laced type.

Recall the following:

(a) For any reduced sequence i of w◦, there exists an A-algebra isomorphism

ϕi : Ai −→ AA(n)

sending Zk to D̃(wi
k�ik ,�ik ). Moreover, this isomorphism sends the seed

({Zk}1�k��,
i, B̃i) ofAi to the seed ({D̃(wi
k�ik ,�ik )}1�k��,
i, B̃i) ofAA(n).

(b) There exists an A-algebra monomorphism (·)�ξ : Kq,Q → Xq,�ξ for each
Dynkin quiver Q = (�, ξ). Thus the image (Kq,Q)�ξ is isomorphic to Kq,Q

as A-algebras. Moreover (Fq(m(i)[p, ξi ])�ξ = m(i)[p, ξi ] for (i, p) ∈ �Q
0 .

(c) For a reduced sequence i of w◦ adapted to a Dynkin quiver Q = (�, ξ), there
exists an A-algebra isomorphism

κi : Ai −→ Kq,Q

sending the seed ({Zk}1�k��,
i, B̃i)ofAi to the one ({Fq([pk, ξik ]}1�k��,
i, B̃i)

of Kq,Q , where ĩ (k) = (ik, pk).
(d) For a reduced sequence i of w◦ adapted to a Dynkin quiver Q = (�, ξ), Proposi-

tion 6.8 tells us that

Ω(L i
k)
∼= D̃(wi

k�ik ,�ik ) for all 1 � k � �. (7.1)

Thus, for a reduced sequence i of w◦ adapted to a Dynkin quiver Q = (�, ξ), we
have the following commutative diagram of isomorphisms

KA(R-gmod)
!Q,�ξ

!Q

Ω AA(n)
�Q

(Kq,Q)�ξ Kq,Q
(·)�ξ

Ai iκi

ϕi
(7.2)

such that

!Q :=�Q ◦Ω : KA(R-gmod) ∼−→Kq,Q and

!Q,�ξ := (·)�ξ ◦!Q : KA(R-gmod) ∼−→(Kq,Q)�ξ .

Moreover, the isomorphism !Q,�ξ sends L(wi
k�k,�k) for 1 � k � � to

qa/2m(i)[p, ξi ] for some a ∈ Z, where ĩ (k) = (i, p) ∈ �Q
0 .
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Theorem 7.1 Let Q = (�, ξ) be a Dynkin quiver. For an element X�ξ ∈ (Kq,Q)�ξ ,
assume that there exists a module X ∈ R-gmod and !Q,�ξ ([X ]) ∼= X�ξ . Write

X�ξ =
∑

m′∈MQ

a[m;m′]m′ for a[m : m′] ∈ Z[q±1/2].

Then X�ξ is quantum positive; that is

a[m;m′] ∈ N0[q±1/2].

Proof By Proposition 6.12 and (7.1),

the commuting family Li is a monoidal cluster of R-gmod.

Hence Theorem 6.10 tells us that

[X ] =
∑

a∈Z�
α(X; a)

→∏

r∈[1,�]
[L i

r ]ar for some α(X; a) ∈ N0[q±1].

Now let us take a reduced sequence i of w◦ adapted to the Dynkin quiver Q. Then,
for 1 � k � � with ĩ (k) = (ik, pk), we have !Q,�ξ (L i

k)
∼= m(i)[pk, ξik ] ∈ MQ

+ .
Hence

X�ξ ∼= !Q,�ξ ([X ]) =
∑

a∈Z�
α′(X; a)

→∏

r∈[1,�]
m(i)[pr , ξir ]

ar where α′(X; a) ∼= α′(X; a).

Since
→∏

r∈[1,�]
m(i)[pr , ξir ]ar ∈MQ for any a ∈ Z

�, our assertion follows. ��

The following corollary provides a partial proof of Conjecture 1 (i).

Corollary 7.2 Let m be a KR-monomial contained in MQ
+ for some Dynkin quiver

Q = (�, ξ). Then (Fq(m))�ξ is quantum positive. In particular, Fq(Xi,p) is quantum
positive for every (i, p) ∈ �̂0, and hence, so are the elements in the standard basis
Eq .

Proof The first assertion is a direct consequence of Theorem 5.19 (b), Proposi-
tion 6.2, (7.1) and Theorem 7.1. Let us focus on the second assertion which gives
a complete proof of Conjecture 1 (i) for m = Xi,p. Recall that i∗ = i for all i ∈ I
because g is of non-simply-laced type. Hence

�
Q
0 = {(i, p) ∈ �̂0 | ξi − h < p � ξi }.
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By the first assertion, (Fq(Xi,ξi−h+2))�ξ is quantum positive as an element in
N0[q±1/2][X̃±1i,p](i,p)∈�Q

0
. On the other hand, Theorem 5.6 (c) implies that

(Fq(Xi,ξi−h+2))�ξ = Fq(Xi,ξi−h+2)− X−1i,ξi+2.

Hence our assertion follows from the automorphism Tr in Remark 5.5. ��
Example 7.3 (a) Let g be of type B4. Then we have

F B4
q (X1,0) = q X̃1,0 + q X̃2,1 ∗ X̃−11,2 + q X̃3,2 ∗ X̃−12,3 + q2 X̃2

4,3 ∗ X̃−13,4

+ (q−1 + q)X̃4,3 ∗ X̃−14,5 + q2 X̃3,4 ∗ X̃−24,5

+ q X̃2,5 ∗ X̃−13,6 + q X̃1,6 ∗ X̃−12,7 + q−1 X̃−11,8,

where q X̃1,0 = X1,0 and q−1 X̃−11,8 = X−11,8.

(b) Let g be of type B3. Take Q = (�B3 , ξ) with ξ1 = ξ3 = 0 and ξ2 = −1,
and a simple module X = L(2) ∇ L(1) in RB3 -gmod, where L(1) and L(2)
are 1-dimensional cuspidal module with their weights α1 and α2, respectively.
Note that the image X of X under !Q is neither a fundamental polynomial nor a
KR-polynomial, while !Q(L(1) ∇ L(2)) � F B3

q (X1,−4). Then one can compute
that

!Q,�ξ ([X ]) = X�ξ = q X̃2,−5 ∗ X̃1,0 + q4 X̃1,−4 ∗ X̃2
3,−4 ∗ X̃−12,−3 ∗ X̃1,0

+ q4 X̃2
3,−4 ∗ X̃−11,−2 ∗ X̃1,0

+ (q + q3)X̃1,−4 ∗ X̃3,−4 ∗ X̃−13,−2 ∗ X̃1,0

+ q4 X̃1,−4 ∗ X̃2,−3 ∗ X̃−23,−2 ∗ X̃1,0

+ (q3 + q5)X̃3,−4 ∗ X̃2,−3 ∗ X̃−11,−2 ∗ X̃−13,−2 ∗ X̃1,0

+ q8 X̃2
2,−3 ∗ X̃−11,−2 ∗ X̃−23,−2 ∗ X̃1,0

+ q3 X̃1,−4 ∗ X̃1,−2 ∗ X̃−12,−1 ∗ X̃1,0

+ (q2 + q4)X̃3,−4 ∗ X̃3,−2 ∗ X̃−12,−1 ∗ X̃1,0

+ (q + q5)X̃2,−3 ∗ X̃−12,−1 ∗ X̃1,0

+ q8 X̃1,−2 ∗ X̃2
3,−2 ∗ X̃−22,−1 ∗ X̃1,0

+ (q + q3)X̃3,−4 ∗ X̃1,0 ∗ X̃−13,0

+ (q2 + q4)X̃2,−3 ∗ X̃−13,−2 ∗ X̃1,0 ∗ X̃−13,0

+ (q3 + q5)X̃1,−2 ∗ X̃3,−2 ∗ X̃−12,−1 ∗ X̃1,0 ∗ X̃−13,0

+ q4 X̃1,−2 ∗ X̃1,0 ∗ X̃−23,0,

all of whose coefficients are contained in Z�0[q±1/2] and q X̃2,−5 ∗ X̃1,0 =
X2,−5X1,1.
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8 Appendix A. Examples of substitution formula

In this appendix, we provide several examples of substitution formulas for B2. We
consider the situation when q = 1 for simplicity. Its quantum analogue �̃Q,Q′ can be
calculated in a similar manner.

Consider the height functions given by

ξ ′ : {1, 2} → Z, 1 �→ 0, 2 �→ −1,
ξ : {1, 2} → Z, 1 �→ 0, 2 �→ 1.

Then the following infinite sequences i′ = (i ′u)u∈N, i = (iu)u∈N are of the form in
(5.11):

i′ = (1, 2, 1, 2,︸ ︷︷ ︸
reduced word for w◦

1, 2, 1, 2︸ ︷︷ ︸, 1, 2, 1, 2︸ ︷︷ ︸, . . . ),

i = (2, 1, 2, 1,︸ ︷︷ ︸
reduced word for w◦

2, 1, 2, 1︸ ︷︷ ︸, 2, 1, 2, 1,︸ ︷︷ ︸, . . . ).

Then �̃i is the following quiver:

(ı \ p) · · · −12 −11 −10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0 1

1 · · · 14

�2
12

�2
10

�2
8

�2
6

�2
4

�2
2

�2
2 · · · 13 11 9 7 5 3 1

Note that i can be obtained from i′, and vise versa, by applying the braid moves in the
red parts of i and i′ above. Hence, by applying the mutations at the following vertices

(2, 1), (1, 0), (2, 1), (2,−3), (1,−4), (2,−3), (2,−7), (1,−8), (2,−7), . . . (A.1)

from left to right to �̃i, we obtain the quiver �̃i′ .

(ı \ p) · · · −12 −11 −10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0

1 · · · 14

�2
12

�2
10

�2
8

�2
6

�2
4

�2
2

2 · · · 11 9 7 5 3 1

Here the correspondence of labelling of vertices is given by

(1,−4m) �→ (1,−4m), (1,−2− 4m) �→ (1,−2− 4m),

(2, 1− 4m) �→ (2,−1− 4m), (2,−1− 4m) �→ (2,−3− 4m).
(A.2)

Let us write the initial cluster variable for i as {Zi,p := Z ξi,p} and the one for i′ as
{Z ′i,p :=Z ξ

′
i,p}. Similarly, wewrite the generators ofXq,�ξ as {Xi,p} and the generators

of Xq,�ξ ′ as {X ′i,p}.
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UsingKeller’smutation applet, the isomorphism τ̂ ∗(Z ′(i,p)) is computed as follows:

Z ′1,−4m �→
(

Z2
2,−4m+3Z2

1,−4m + 2Z2,−4m+3Z1,−4m+2Z1,−4m Z2,−4m−1

+Z2
1,−4m+2Z2

2,−4m−1 + Z1,−4m+2Z2
2,−4m+1Z1,−4m−2

)
/(Z2

2,−4m+1Z1,−4m ),

Z ′2,−4m−1 �→
Z2,−4m+3Z1,−4m Z2,−4m−1 + Z1,−4m+2Z2

2,−4m−1 + Z2
2,−4m+1Z1,−4m−2

Z2,−4m+1Z1,−4m
,

Z ′1,−4m−2 �→ Z1,−4m−2, Z ′2,−4m−3 �→ Z2,−4m−1.

Hence

�̃ξ ′,ξ (m(i)[p, ξ ′i ])

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

m(1)[−4m − 2, 0] if (i, p) = (1,−4m − 2),

m(2)[−4m − 1, 1] if (i, p) = (2,−4m − 3),(
X−22,−4m+1X1,−4m + 2X2,−4m−1X−12,−4m+1

+X−11,−4m X2
2,−4m−1 + X1,−4m−2

)
m(1)[−4m + 2, 0] if (i, p) = (1,−4m),

(X−12,−4m+1 + X−11,−4m X2,−4m−1 + X1,−4m−2X−12,−4m−1)m(2)[−4m − 1, 1] if (i, p) = (2,−4m − 1).

This calculation implies that, for (i, p) ∈ ξ ′[−2]�̂0,

�̃ξ ′,ξ (X ′i,p) = �̃ξ ′,ξ (m(i)[p, ξ ′i ])�̃ξ ′,ξ (m(i)[p + 2, ξ ′i ])−1

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
X−11,−4m−2X−22,−4m+1 + 2X2,−4m−1X−12,−4m+1X−11,−4m X−11,−4m−2

+X−21,−4m X−11,−4m−2X2
2,−4m−1 + X−11,−4m

)−1
if (i, p) = (1,−4m − 2),(

X1,−4m X−22,−4m+1 + 2X2,−4m−1X−12,−4m+1 + X−11,−4m X2
2,−4m−1 + X1,−4m−2

)
if (i, p) = (1,−4m),

(X−12,−4m+1 + X−11,−4m X2,−4m−1 + X1,−4m−2X−12,−4m−1)−1 if (i, p) = (2,−4m − 3),

(X2,−4m−1 + X−11,−4m X2
2,−4m−1X2,−4m+1 + X1,−4m−2X2,−4m+1) if (i, p) = (2,−4m − 1),

which shows the substitution formula representing T2 on K(B2). Then we can observe
the following:

�̃Q,Q|q=1(X1,−4m−2)�̃Q,Q|q=1(X1,−4m) = X1,−4m X1,−4m−2,
�̃Q,Q|q=1(X2,−4m−3)�̃Q,Q|q=1(X2,−4m−1) = X2,−4m+1X2,−4m−1.

(I) Note that we have

Lq=1(X2,−7) = X2,−7 + X1,−6X−12,−5 + X2,−5X−11,−4 + X−12,−3 (A.3)

(see [26] for more details). Here, we set Lq=1(m) := evq=1(Lq(m)). We set

(1) 1 = X−12,−3 + X−11,−4X2,−5 + X1,−6X−12,−5 ↔ (X−12,−7)′,
(2) 2 = X2,−5 + X−11,−4X2,−3X2

2,−5 + X1,−6X2,−3 ↔ (X2,−5)′,
(3) 3 = X−11,−6X−22,−3 + 2X−11,−4X−11,−6X−12,−3X2,−5 + X−21,−4X−11,−6X2

2,−5 + X−11,−4 ↔
(X−11,−6)′,

(4) 4 = X1,−4X−22,−3 + 2X−12,−3X2,−5 + X−11,−4X2
2,−5 + X1,−6 ↔ (X1,−4)′,

(5) 5 = X−12,1 + X−11,0X2,−1 + X1,−2X−12,−1 ↔ (X−12,−3)′.
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Note that
1 × X2,−3X2,−5 = 2 and 3 × X1,−4X1,−6 = 4 .

Then the first three terms of (A.3) become

3 × X2,−3X2,−5 + 1+ 2 2 × X−11,−4X−11,−6
2 × 3

. (A.4)

Let us compute each term in numerator:

(i) 3 × X2,−3X2,−5 = (X−11,−6X−22,−3 + 2X−11,−4X−11,−6X−12,−3X2,−5
+ X−21,−4X−11,−6X2

2,−5 + X−11,−4)× X2,−3X2,−5
= X−11,−6X−12,−3X2,−5 + 2X−11,−4X−11,−6X2

2,−5 + X−21,−4X−11,−6X2,−3X3
2,−5

+ X−11,−4X2,−3X2,−5,
(ii) 1,

(iii) 2 2 × X−11,−4X−11,−6 = (X2,−5 + X−11,−4X2,−3X2
2,−5 + X1,−6X2,−3)2 × X−11,−4X−11,−6

=
(

X2
2,−5 + X−21,−4X2

2,−3X4
2,−5 + X2

1,−6X2
2,−3 + 2X−11,−4X2,−3X3

2,−5
+2X1,−6X2,−3X2,−5 + 2X−11,−4X1,−6X2

2,−3X2
2,−5

)
× X−11,−4X−11,−6

= X−11,−4X−11,−6X2
2,−5 + X−31,−4X−11,−6X2

2,−3X4
2,−5 + X−11,−4X1

1,−6X2
2,−3

+ 2X−21,−4X−11,−6X2,−3X3
2,−5 + 2X−11,−4X2,−3X2,−5 + 2X−21,−4X2

2,−3X2
2,−5.

On the other hand, the denominator is

2 × 3 = (X2,−5 + X−11,−4X2,−3X2
2,−5 + X1,−6X2,−3)

× (X−11,−6X−22,−3 + 2X−11,−4X−11,−6X−12,−3X2,−5 + X−21,−4X−11,−6X2
2,−5 + X−11,−4)

= X−11,−6X−22,−3X2,−5 + 2X−11,−4X−11,−6X−12,−3X2
2,−5 + X−21,−4X−11,−6X3

2,−5
+ X−11,−4X2,−5 + X−11,−4X−11,−6X−12,−3X2

2,−5 + 2X−21,−4X−11,−6X3
2,−5

+ X−31,−4X−11,−6X2,−3X4
2,−5 + X−21,−4X2,−3X2

2,−5 + X−12,−3 + 2X−11,−4X2,−5
+ X−21,−4X2,−3X2

2,−5 + X−11,−4X1,−6X2,−3.

Thus (A.4) becomes

3 × X2,−3X2,−5 + 1+ 2 2 × X−11,−4X−11,−6
2 × 3

= X2,−3.

Consequently, (A.3) is the same as

X−12,1 + X−11,0X2,−1 + X1,−2X−12,−1 + X2,−3 = Lq=1(X2,−3) = Dq |q=1(Lq=1(X2,−7)). (A.5)
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(II) Now let us observe

Lq=1(X1,−4) = X1,−4 + X2
2,−3X−11,−2 + 2X2,−3X−12,−1 + X1,−2X−22,−1 + X−11,0.

(A.6)

We set

(1) 1 = X2,−1 + X−11,0X2,1X2
2,−1 + X1,−2X2,1 ↔ (X2,−1)′,

(2) 2 = X1,−4X−22,−3 + 2X−12,−3X2,−5 + X−11,−4X2
2,−5 + X1,−6 ↔ (X1,−4)′,

(3) 3 = X−11,−2X−22,1+2X−11,0X−11,−2X−12,1X2,−1+ X−21,0X−11,−2X2
2,−1+ X−11,0 ↔ (X−11,−2)′,

(4) 4 = X−12,1 + X−11,0X2,−1 + X1,−2X−12,−1 ↔ (X−12,−3)′,
(5) 5 = X1,0X−22,1 + 2X−12,1X2,−1 + X−11,0X2

2,−1 + X1,−2 ↔ (X1,0)
′.

Note that

3 × X1,−2X1,0 = 5 and 4 × X2,−1X2,1 = 1 .

Thus (A.6) becomes

2 + 3 × X2
2,−1X2

2,1

1 2
+ 2× X2,−1X2,1

1 2
+ X1,−2X1,0

1 2 × 5
+ 1

5

= 2 + 3 × X2
2,−1X2

2,1 × 5 + 2× 5 × X2,−1X2,1 + X1,−2X1,0 + 1 2

1 2 × 5
. (A.7)

After a miraculous reduction of the fraction, the second term in (A.7) become X−11,−2
as follows: Here are the four terms in the numerator

(i) 2× 5 × X2,−1X2,1 = 2X1,0X2,−1X−12,1 + 4X2
2,−1

+ 2X−11,0X3
2,−1X2,1 + 2X1,−2X2,−1X2,1,

(ii) 1 2 = X2
2,−1 + X−21,0X2

2,1X4
2,−1 + X2

1,−2X2
2,1

+ 2X−11,0X2,1X3
2,−1 + 2X1,−2X2,−1X2,1 + 2X−11,0X1,−2X2

2,1X2
2,−1,

(iii) 3 × X2
2,−1X2

2,1 × 5 = (X−11,−2X2
2,−1 + 2X−11,0X−11,−2X3

2,1X2,−1
+ X−21,0X−11,−2X2

2,1X4
2,−1 + X−11,0X2

2,−1X2
2,1)

× (X1,0X−22,1 + 2X−12,1X2,−1 + X−11,0X2
2,−1 + X1,−2)

= X−11,−2X1,0X−22,1X2
2,−1 + 2X−11,−2X2,1X2,−1 + X−11,0X−11,−2X4

2,−1 + X2
2,−1

+ 2X−12,1X−11,−2X3
2,−1 + 4X−11,0X−11,−2X2

2,1X2
2,−1 + 2X−21,0X−11,−2X2,1X5

2,−1
+ 2X−11,0X3

2,−1X2,1 + X−11,−2X−11,0X4
2,−1 + 2X−21,0X3

2,−1X−11,−2X3
2,1

+ X−31,0X6
2,−1X−11,−2X2

2,1 + X−21,0X4
2,−1X2

2,1

+ X2
2,−1 + 2X−11,0X3

2,1X2,−1 + X−21,0X2
2,1X4

2,−1 + X−11,0X1,−2X2
2,−1X2

2,1,

(iv) X1,−2X1,0,
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while the denominator is

1 2 × 5 =
X1,0X−22,1X2

2,−1 + X−11,0X4
2,−1 + X2

1,−2X1,0 + 2X−12,1X3
2,−1

+ 2X1,−2X1,0X−12,1X2,−1 + 2X1,−2X2
2,−1

+ 2X−12,1X3
2,−1 + 2X−21,0X3

2,1X3
2,−1 + 2X2,−1X2

1,−2X2,1

+ 4X−11,0X2
2,1X2

2,−1 + 4X1,−2X2
2,−1

+ 4X−11,0X1,−2X2,1X3
2,−1 + X−11,0X4

2,−1 + X−31,0X2
2,1X6

2,−1
+ X2

1,−2X−11,0X2
2,−1X2

2,1 + 2X−21,0X2,1X5
2,−1

+ 2X1,−2X−11,0X3
2,−1X2,1 + 2X−21,0X1,−2X2

2,1X4
2,−1 + X1,−2X2

2,−1
+ X1,−2X−21,0X2

2,1X4
2,−1 + X3

1,−2X2
2,1 + 2X1,−2X−11,0X2,1X3

2,−1
+ 2X2

1,−2X2,−1X2,1 + 2X2
1,−2X−11,0X2

2,1X2
2,−1.

Thus (A.6) is transformed into

X1,−4X−22,−3 + 2X−12,−3X2,−5 + X−11,−4X2
2,−5 + X1,−6 + X−11,−2 = Lq=1(X1,−6).

Appendix B. G2-equivalence

The sequences of mutations that give the equivalence in (3.25) are listed below:

μ∗kμ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k , μ∗kμ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+1μ∗kμ∗k+3μ∗k+2μ∗k ,
μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k , μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+1μ∗kμ∗k+3μ∗k+2μ∗k ,
μ∗kμ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k , μ∗kμ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+1μ∗kμ∗k+3μ∗k+2μ∗k ,
μ∗kμ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k , μ∗kμ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+1μ∗kμ∗k+3μ∗k+2μ∗k ,
μ∗k+1μ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+1, μ∗k+1μ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+1,
μ∗k+1μ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+1, μ∗k+1μ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+1,
μ∗k+1μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+1, μ∗k+1μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+1,
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μ∗k+1μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+1, μ∗k+1μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+1,
μ∗k+2μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+2, μ∗k+2μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+2,
μ∗k+2μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+2, μ∗k+2μ∗kμ∗k+1μ∗k+2μ∗k+3μ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+2,
μ∗k+2μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+2 μ∗k+2μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+2,
μ∗k+2μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+2, μ∗k+2μ∗k+1μ∗kμ∗k+2μ∗k+3μ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+2,
μ∗k+3μ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+2μ∗k+3μ∗kμ∗k+1μ∗k+3, μ∗k+3μ∗k+1μ∗k+2μ∗kμ∗k+3μ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+3,
μ∗k+3μ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+2μ∗k+3μ∗kμ∗k+1μ∗k+3, μ∗k+3μ∗k+1μ∗k+2μ∗k+3μ∗kμ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+3,
μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+2μ∗k+3μ∗kμ∗k+1μ∗k+3, μ∗k+3μ∗k+2μ∗k+1μ∗kμ∗k+3μ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+3,
μ∗k+3μ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+2μ∗k+3μ∗kμ∗k+1μ∗k+3, μ∗k+3μ∗k+2μ∗k+1μ∗k+3μ∗kμ∗k+2μ∗k+3μ∗k+1μ∗kμ∗k+3 .
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