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Introduction

Rank 2 symmetric Kac-Moody algebras H(a) are the Lie algebras with a Cartan
matrix of the form (2, 5*), a > 1. When a = 1, the Lie algebra #(1) is nothing but
5[3(C); when a = 2, we obtain the affine Lie algebra 5/[\2(((:) = sl,(C) ® Clt,t~ ] @ Ce
which is a central extension of the loop algebra sly(C) ® C[t,t7!]. These Lie algebras
are fundamental objects and their structures and representations are quite well-known.
Surprisingly enough, when a > 3, we still do not know much about the Lie algebra H(a).
What makes one intrigued is that there seem to be hidden connections of these algebras
H(a) to automorphic forms.

Lepowsky and Moody [20] showed that there are remarkable connections between
root systems of rank 2 (not necessarily symmetric) hyperbolic Kac-Moody algebras and
quasi-regular cusps on Hilbert modular surfaces attached to certain quadratic fields.
A. Feingold studied the algebra #(3) and described the root system of H(3) in terms
of Fibonacci numbers [5]. Kang and Melville extended this result to H(a), a > 3, us-
ing generalized Fibonacci numbers [14]. Furthermore, in the same paper, they studied
root multiplicities of H(a), making use of Kang’s formula for root multiplicities of Kac—
Moody algebras [13]. In 2004, Feingold and Nicolai showed that the algebras H(a) can be
embedded into the rank 3 hyperbolic Kac-Moody algebra F associated with the Cartan
matrix (—§2 :2? —(;1).

The Lie algebra F was shown in Feingold-Frenkel [6] to have connections with the
theory of genus 2 Siegel modular forms. Then Gritsenko-Nikulin [8] showed that F is
contained in a generalized Kac-Moody algebra G whose denominator function is a par-
ticular Siegel modular form, and they called G an automorphic correction of F. The
notion of automorphic correction was originated from Borcherds’ work [1] on Monster
Lie algebras. See Section 3 for the precise definition of automorphic correction due to
Gritsenko and Nikulin [10].

The purpose of this paper is to investigate connections of the hyperbolic Kac-Moody
algebras H(a), a > 3, to Hilbert modular forms from the point of view of automorphic
correction. For each odd prime p, let F' = Q(,/p), and to each positive solution of the
Pell equation a? — ps? = 4, we associate a family of H(a)’s. In Section 5.1, we show that
there exists a chain of embeddings in each family (Theorem 5.5).

In particular, we consider three infinite families of H(a)’s attached to the quadratic
fields Q(\/p), p € {5,13,17}, respectively. These three primes are the only primes for
which there exists the unique weakly holomorphic modular form f,, € A (p, x,) (see

—1,—m

Section 4.1 for the definition of the space Ad (p, x,)) with the principal part s(m)~!q
1, if ptm,
2, if p|m.

Consider the first H(a) in each family, namely, H(3), H(11), H(66). In Section 5.2,
we show that there exists a generalized Kac—-Moody superalgebra H for each of these

for each m > 1, where s(m) = {

H(a)’s, which contains the #H(a) as a subalgebra, and whose denominator function is
a Hilbert modular form &;(z) for Q(y/p) (Theorem 5.16). Here the fact that @,(z) is
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an infinite product, so-called Borcherds product, is crucial. Borcherds [2] studied certain
lifts of weight 0 weakly holomorphic modular forms to modular forms on orthogonal
groups O(2,2). Bruinier and Bundschuh [4] made explicit the correspondence between
modular forms on O(2,2) and Hilbert modular forms for Q(,/p), p = 1 (mod 4). We use
their explicit correspondence in showing that @1 (z) is indeed the automorphic correction
of the denominator function of H(a). For p = 13,17, we also use the explicit calculation
of Mayer [21].

Let frn(z) = s(m)™'q™™ + Yo" am(n)g™. It is known [4] that a,,(n) are rational
numbers with bounded denominators. When p = 5, 13, more is true. Indeed we verify that
s(n)am(n) are integers for all n (Lemma 4.2). If p = 17, it is likely that they are integers,
but we were not able to verify it. We assume that they are integers. It is necessary since
they are root multiplicities of the generalized Kac-Moody superalgebra H.

In Section 6, we apply the method of Hardy—Ramanujan-Rademacher [19] to calculate
the asymptotics of the Fourier coefficients a,,(n) (Theorem 6.1). In that way, we obtain
information on the root multiplicities of AH.

It is expected that our method can be applied to more general rank 2 hyperbolic
Kac—Moody algebras. We will consider these general cases in a subsequent paper [17].

1. Rank 2 symmetric hyperbolic Kac-Moody algebras

In this section we fix our notations for hyperbolic Kac-Moody algebras. A general
theory of Kac-Moody algebras can be found in [12], and the rank 2 hyperbolic case was
studied by Lepowsky and Moody [20], Feingold [5], and Kang and Melville [14].

Let A = (2 3") be a generalized Cartan matrix with @ > 3, and H(a) be the
hyperbolic Kac-Moody algebra associated with the matrix A. In this section, we write
g = H(a) if there is no need to specify a. Let {h1, ha} be the set of simple coroots in the
Cartan subalgebra h = Ch; +Chsy C g. Let {aq, @s} C b* be the set of simple roots, and
QQ = Zay +Zas be the root lattice, and define h(a = Qo1 +Qop and b = Rag +Roay. The
set of roots of g will be denoted by A, and the set of positive (resp. negative) roots by A™
(resp. by A7), and the set of real (resp. imaginary) roots by A (resp. by Ajy,). We will
use the notation A to denote the set of positive real roots. Similarly, we use A | A
and A; .

We assume that a? —4 = ps? for some s € N and an odd prime p, and let F = Q(vp)-
We denote by T the conjugate of z € F' and write NV and tr for the norm and trace of F'.

We denote the ring of integers of F' by O. By considering the Pell equation
a® — ps* =4, (1.1)
we obtain infinitely many pairs (a, s) for each p. We set

a++va*—-4 a+sp
2 2
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Then we have 7 = n~! and 1 +7? = an. If p = 1 (mod 4), we fix a fundamental
unit g9 of F so that n = £2* for some k € N. In this case N(gg) = —1 and N(n) = 1.
If p = 3 (mod 4), we fix a fundamental unit ey of F so that n = &f for some k € N.
In this case N(eg) = 1. For example, if p = 5 then the smallest positive solution of
the Pell equation is (a,s) = (3,1), if p = 13 then (a,s) = (11, 3), and if p = 17 then
(a, s) = (66,16), and we choose a fundamental unit £y of O as follows:

1+5
2

€0 = for p =5; €0 for p = 13; eo=4++V17 for p=17.

_3+V13
2

The simple reflection corresponding to «; in the root system of g is denoted by r;
(i =1,2), and the Weyl group by W. The eigenvalues of r172 as a linear transformation
on h* are n? and n~2. Let v+ be an eigenvector for n? and we set v~ = royT. Then «~
is an eigenvector for 2. Specifically, we choose

fy+ = —al + 770[2 and ’y_ = Ll * %2 .

S S

We define a symmetric bilinear form (-,-) on h* to be given by the Cartan matrix A with
respect to {ay, as}. Then we have (y",7") = (y7,77) =0and (v",7") = —p.
We will use the column vector notation for the elements in h* with respect to the

basis {y",77}, i.e. we write (;) for zvT + yy~. Then we have

e () e (5)

It is now easy to see that b = {(2) | # € F}. A symmetric bilinear form (-,-) on F is
defined by (z,y) = —ptr(zy). We define a map ¢ : by — F' by (2) > . Then the map ¢
is an isometry from (hg, (+,)) to (F, (-,)). In particular, the root lattice Q = Zay + Zas
is mapped onto a sublattice of O/ /p. When p = 1 (mod 4), the inverse different ot
is equal to O/,/p, and we have so~! C (Q) C 0!, and the dual lattice (0~')" of 27!

o 1
is 0.
P
Let w; (i = 1,2) be the fundamental weights of g. Then we have w; = = (2a; +aas)
and wy = ﬁ(aal + 2as). In the column vector notation,
-1/1 —1
w1:—< ) and w2:—<n>.
sp \ 1 sp \ 7
We define

1 /147
= —(w fFwe) = — _ |-
P (r +e2) Sp(1+77>
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The simple reflections have the matrix representations

r = 0 and 1o = 01
AR o 27 \1 o)
The Weyl group W also acts on F' by

7‘1$=772.’E and rxr =2 forxekF,

so that the isometry 1 is W-equivariant. Since W = {(r172)%, ro(r172)" | i € Z}, we can
calculate the set of positive real roots and obtain

si={5 (1) 0. = () uzo)

The set of imaginary roots is described in [5,14]. We present it using our notations: First,
we define the set

4k k am — +/(a? —4)m? — 4k
QkZ{(mm)EZmXZ;oi Vg SmSsy—5 = ( 5 ) }

for k > 1. Note that we have only to present ¥(A;" ). The set is given by

b(AF) = {iwmn ), o —m), i (0 — mil), =i (1 nm}, (1.2)

VP VP VP VP

where j > 0 and (m,n) € 2 for k > 1.
2. Modular forms on O(2, 2) as Hilbert modular forms

In this section, we review the result of [3] on the correspondence between Hilbert
modular forms and modular forms on O(2,2) in a special case after we consider the
general case of modular forms on O(n, 2).

2.1. Modular forms on O(n,2)

Let (V,Q) be a non-degenerate quadratic space over Q of type (n,2). Let V(R) =
R®gV and V(C) = C®q V, and P(V(C)) = (V(C) — {0})/C* be the corresponding
projective space. We denote by Oy (R) the orthogonal group of the space V(R). Let K
be a connected component of

K={[Z e P(V(C): (£,2)=0, (Z,Z) <0}, (2.1)

and let O (R) be the subgroup of elements in Oy (R) which preserve the components
of IC.
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For Z € V(C), write Z = X +4Y with X, Y € V(R). Given an even lattice L C V, we
denote by Oy, the orthogonal group of L and let O} := Oy N O‘t(R). Assume I' C Ozr
is a subgroup of finite index. Then I" acts on K discontinuously. Let

Kt={Zev(C)-{0}: [Z]e KT}

Let k € %Z, and y be a multiplier system of I'. Then a meromorphic function
&: Kt — C is called a meromorphic modular form of weight k& and multiplier system
for the group I, if

(1) @ is homogeneous of degree —k, i.e., #(cZ) = ¢ *®(Z) for all c € C — {0},
(2) @ is invariant under I, i.e., ®(vZ) = x(7)P(Z) for all y € I".

This definition agrees with the one given in [10].
2.2. Hilbert modular forms on quadratic number fields

For a prime p = 1 (mod 4), let ' = Q[,/p], and let O and d be the ring of integers
and the different of F, respectively. We denote by x the conjugation of z in F. We
set I'm = SLy(Op). Assume that I' C I'r is a subgroup of finite index. Let H be the
upper-half plane and x be a multiplier system of I". A meromorphic function f : H? — C
is called a Hilbert modular form of weight k for I" if

f(vz) = x(7)N(cz + d)* (=),

fory=(2%) € I', and N(cz +d) = (cz1 + d)(¢zo + d) for z = (21, 20) € H>.
Consider the Q-vector space V = Q@ Q & F, and define a quadratic form @ on V by

Q(aaba V) = 7p(1/]; + ab)
and a bilinear form B so that B((a,b,v),(a,b,v)) = 2Q(a,b,v). Then (V,Q) is

a quadratic space of type (2,2). We will consider the lattice L=Z®Z & b;l in V.
Let

V = {X € My(F): XtX}{(a Z) a,beQ, ueF}.

|

Then V is a rational quadratic space with the quadratic form Q( ) = pdet(X). The
corresponding bilinear form is B(X7, X5) = ptr(X;X3), where X* = ( d _b) for X =
(2%). Here SLy(F) acts on VbyX—gX=gXg forXeVandge SLQ( ). Then V

and V are isometric with the isometry given by

a v

V-V, (V b)»—)(—a,b,y). (2.2)
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Under the isomorphism, we have

L:Z@Z@Dﬁz{(j Z)ef/: a7beZ7ueDF1}. (2.3)

Note that the dual lattice L’ is given by

1 1 1
L'="7¢-7Z¢-0.
D D p

The two real embeddings F' — R2, 2 — (z,Z), induce an embedding V — Ma(R).
Thus we have V(C) = M3(C), and let

K = {[Z] € P(M,(C)): det(Z) =0, tr(ZZ*) < 0}.

We write M(z) = (°172 ) € M(C) for z = (21, 22) € C2. Note that [M(z)] € K if and
only if Tm(z;)Im(z2) > 0. Let KT be a connected component of K. Then H? — Kt
z = (21, 22) = [M(z)], is a biholomorphic map. For v = (¢ %) € SLy(F), we have

YM(z) = N(cz + d)M(vz).

One can easily see that I'm C OF . Therefore, modular forms of weight k on O(2,2) can
be considered as Hilbert modular forms of weight k.

3. Automorphic correction

In this section, we recall the theory of automorphic correction established by Gritsenko
and Nikulin [8-10]. The original idea of automorphic correction can be traced back to
Borcherds’ work [1].

We assume that the following data (1)—(4) are given.

(1) We are given a lattice M with a non-degenerate integral symmetric bilinear form
(+,-) of signature (n,1) for some n € N.

(2) A nontrivial reflection group W C Oy is given. The group W is generated by
reflections in some roots of the lattice M. A vector o € M is called a root if (e, &) > 0
and (a, «) divides 2(«, 8) for all 8 € M.

(3) Consider the cone

V(M)={BeM®R|(B,8) <0},

which is a union of two half cones. One of these half cones is denoted by VT (M).

Choose a minimal set II of roots which determines a fundamental chamber M C
V(M) of W so that
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M={BeVHM) | (B,0) <0 for all o € IT}.

Moreover, we have a Weyl vector p € M ® Q satisfying (p,a) = —(«a, «)/2 for each
a eIl

(4) Define the complexified cone 2(V*(M)) = M @ R + iV (M). For each m € N,
we define a rank 2 lattice P(m) = Zey @ Zes with the symmetric integral bilinear
form such that (e1,e1) = (e2,e2) = 0 and (e1,e2) = —m. Let L = P(m) & M be an
extended lattice for some m € N. We consider the quadratic space V = L ® Q and
obtain KT as in (2.1). Define a map 2(V*(M)) — K by z + [(Z 2 e, +ey+2]. Then
the space KT is canonically identified with 2(V*+(M)). We are given a holomorphic
automorphic form @(z) on 2(V*(M)) with respect to a subgroup I' C O} of finite
index. The automorphic form @ has a Fourier expansion of the form

= 3 det(w) (e(~(w(p )~ X mlae(-(ulp+a).2)) )

weW aeEMNM

where e(z) = €2 and m(a) € Z for all a € M N M.

The matrix

= <2(a, o/))
(o, @) calell
defines a Kac-Moody algebra g. Moreover, the data (1)—(4) define a generalized Kac—
Moody superalgebra G as in [10]. In particular, the function ¢(z) determines the set of
imaginary simple roots of G in the following way: First, assume that a € M N M and
(a,a) < 0. If m(a) > 0 then a is an even imaginary simple root with multiplicity m(a),
and if m(a) < 0 then a is an odd imaginary simple root with multiplicity —m(a). Next,
assume that ag € M N M is primitive (i.e. ay cannot be written as an integral multiple
of another by € M N M) and (ag,ap) = 0. Then we define p(nag) € Z, n € N, by

oo

1-— Z m(kag)t ﬁ H(MO),

where t is a formal variable. If u(nag) > 0 then nag is an even imaginary simple root
with multiplicity p(nag); if p(nag) < 0 then nag is an odd imaginary simple root with
multiplicity —p(naop).

We call G (or &(z)) an automorphic correction of g. The automorphic form &(z) deter-
mines the set of simple imaginary roots of G, and can be written, using the denominator
identity for the generalized Kac—-Moody superalgebra G, as the product

o) = e(~(p2) [[ (1-e(~(an2)™" %),

aeA(G)t+
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where A(G)™T is the set of positive roots of G and mult(G, «) is the root multiplicity
of o in G. In Section 5.2, we will construct automorphic corrections of the hyperbolic
Kac—Moody algebras H(3), H(11), H(66) which are associated with the quadratic fields

Q(vp), p = 5,13,17, respectively.
4. Hilbert modular forms as Borcherds products

In this section we summarize the results of [4] (cf. [21]).
4.1. Weakly holomorphic modular forms of weight 0

Let p be an odd prime and Ax (p, xp) (resp. A (p,Xxp)) be the space of weakly holo-
morphic modular forms f of weight & for the group I'y(p) with character x, such that
a(n) = 0 if xp(n) = —1 (resp. xp(n) = 1), where f = >- o “a(n)q" for some ng € Z
and xp(n) = (%). Such an f is called a cusp form if it vanishes at all cusps: Since oo, 0
are cusps in our case (see Section 6), a(n) = 0 for n < 0 and f(-1) = D>t b(n)gr.
We denote by S,‘: (p, Xp) (resp. Sy (p, Xxp)) the subspace of cusp forms. For an integer n,
define s(n) = {2 it pln,

1 otherwise.

Theorem 4.1. (See [4, Theorem 6].) There exists a weakly holomorphic modular form
f € Af (p,xp) with prescribed principal part Y, _a(n)q" if and only if >, o s(n) x

a(n)b(—n) = 0 for every cusp form g =73 _,b(m)q™ € Sg(p, Xp), where § = xp(—1).

In the rest of this section, we assume that p € {5,13,17}. Then we have S5 (p, x,) = 0.
For a given positive integer m with x,(m) # —1, we let

Jfm = Z am(n)qn = S(m)_lq_m + Zam(n)qna
n=0

n=—m

-1, —m

be the unique element of A (p, x,), whose principal part is s(m)~'q
When p =5,
fi=q ' +5+11g — 54¢* + 55¢° + 44¢° — 395¢° + 340¢™° + - - -,
fi=q 4415 — 216q + 4959¢* + 22 040¢° — 90984¢5 + - - -,
fo=q~® + 35 — 3555 + 922 374¢* + 7512885¢° — 53113 164¢° + - - -

When p = 13,

f1:q_l+1+q+3q372q4—q9—4q10+10q12+..,’
fi=q* +3—8¢+16¢° + 29¢* — 70¢° — 2410 — 324" + - .-,
fo=q"+13—9qg +36¢° — 198¢* + - - -.
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When p = 17,

1
=g 't gt 20" —® =2+ ¢ — g5+ 24 .-,

2

7
f4:q_4+5+8q—2q2—‘r11q4—5q8+16q9_56q13+...7

7
jb:¢@+5—1@—2m?+%f+2@f+4mﬂ—wwm+~u
If p = 5,13, we can prove that f; has integer coefficients. This follows from the fact
that

B (2)

fl(z) = HQ(Z) ’

where Eép ) is the normalized Eisenstein series of weight 2 for I'h(p) with the trivial
character and H, is the Eisenstein series with the character x, corresponding to the
cusp 0 (there is a typo in [21, p. 114]):

B (2) = 14 =20 3 (on) — po(n/p)a",
Hy(z) = (Z dxp(n/d))Q” — g+ 0()
n=1 “d|n

Here we put the convention that if p{n, o(n/p) = 0. Note that if p = 5, Ha(z) =

H@(z) = "(52 . When p = 13, Hg( ) may have a zero in the upper half plane, and yet

)(
it is remarkable that the quotient () does not have a pole in the upper half plane.
H2 (Z)

In general, it is known that a,,(n) are rational numbers and have a bounded de-
nominator. See Proposition 8 in [4]. But we can see that more is true in the case of
p=5,13.

Lemma 4.2. Let p = 5,13. Then s(n)am(n) are integers for alln > 0.

Proof. Let H(z) = "(Z)kk, where k = ——=24 Tt belongs to Ag(p,1). In [21, p. 112
n(pz) ged(24,p—1)

we can see that f,,(z), m < p, are generated by I;T(z) and f1(z) over Z. Hence they
have integer coefficients. On the other hand, f, is obtained from %EO by subtracting

suitable integer multiples of f,,, m < p. Hence it is enough to observe that if Ey(z) =
G P+ 3L, b(n)g", b(n) is an even integer for ptn. Recall that

Bole) = B () R 02), BEG) =1 fes 3 S i) + /D)

]-Xp n=1 d|n
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Here L(—1,x5) = —%, and L(—1,x13) = —2, and if p{n, then ptd for any d|n. So the

possible values of x,(d)+x,(n/d) are 0, £2. Therefore, we can write E; (2) = 142X +Y,
with X = ZZO:LPMA(")QTL and Y = 3°°° | B(n)g”". On the other hand, £455 (pz) =
¢ P(1+Z), with Z =32, C(n)¢’", where A(n), B(n), C(n) are integers. Hence our

assertion is clear.

If m > p, fm(2) can be obtained from j(pz)fm—p(2) by subtracting suitable integer
multiples of f,,/, m’ < m. Hence by induction, we can see that for each m, s(n)a,,(n)
are integers. O

When p = 17, it is likely that s(n)a(n) are integers for f; = ¢~ + > nsoa(n)g”. But
we were not able to verify it. In Section 5.2, we will assume that s(n)a(n) are integers
forallm > 1.

4.2. Borcherds lifts

Let p € {5,13,17} and F' = Q[,/p]. Denote the ring of integers of F' by O = Z[#]
and the different of F' by 0 = (\/p). We keep the fundamental units g = 1+T\/5 for
p=2>5,¢e = % for p = 13, g = 4 + /17 for p = 17 as in Section 1. Let (21, 22)
be a standard variable on H? and write (yi,y2) for its imaginary part. The Hilbert
modular group I'r = SLy(O) acts on H? in the usual way. For a positive integer m with

xp(m) # —1, let

S(m) = U {(21,22) € H* Ay1 + Ayo = 0}.
Aeot
NN=—m

Let f =, cza(n)g" € Af(p, xp) and assume that s(n)a(n) € Z for all n < 0. Let
W C H? be a Weyl chamber attached to f, i.e., a connected component of

H? — U S(—n).
n<0
a(n)#0

For A € 071, we write (A, W) > 0 if Ay; + A\yo > 0 for all (z1,2) € W. Put N =
min{n: a(n) # 0}. Then we have:

Theorem 4.3. (See [2,4].) The Borcherds lift of f is given by

U(z1,29) = e(pwz1 + Pw22) H (1 —e(vz + 1722))5(171111)(1(171/11).
veo !
(v, W)>0
Here W(z1,22) is a Hilbert modular form of weight a(0), and the product converges abso-
lutely for all (z1, z2) with Y1y > % outside the set of poles. (See below for the definition

of pw-)
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The Weyl vector pyy and its conjugate pyy are contained in (tr(go)) 07!, where
go > 0 is the fundamental unit of F'. More precisely, the vectors pyy and pyy are given
as follows: For a negative integer n with a(n) # 0, define

RW,n) = {/\ €yl A>0, N = E, A\y1 + Aya < 0, g2\ —1—5_(2)/_\y2 >0,
p
for all (21, 29) € W}

Then

Z (80/\y1 + 50/_\y2). (44)
AER(W,n)

pwyr + pwya = Y s(n)a(n)

n<0 tI‘(Eo)

Let ¥, be the Borcherds lift of f,, = s(m)"1q™™+> 72 a(n)q™. Write m = g g
into the prime factorization with distinct primes ¢;. First, assume that (%) = —1 with
an odd k; for some i. Then m cannot be the norm of an ideal in O, and S(m) is empty,
and H? is the only Weyl chamber for f,,. In this case, pyy = 0 and Theorem 4.3 yields

Uy (21,22) = H (1—e(va + ng))s(pwj)a(pw). (4.5)
—1
"o

Now we assume that (%) # 1 for all 4 and consider ¥,,2 for m € N. For example, if
p = 17, we consider ¥; and W¥y; however we do not consider ¥, or ¥4 since (1—27) =1.
Then S(m?) is not empty. More importantly, since no g; splits in F, the condition
N(v) = —m?/p implies that v = %E(Q)j for some j € Z. Let W be the Weyl chamber
attached to f,,2 that contains the point (v/—1,2y/=1). Then R(W, —m?) = {%} and

no other elements are included due to the condition on m. Hence, we obtain from (4.4)

meo

~ tr(c0)y/p

By [21, p. 82] (v, W) > 0 is equivalent to (v,7) > 0 for a point 7 € W. So in our case,
it is equivalent to v + 2 > 0. If v > 0 (and v + 20 > 0) for v € 97! then N(v) > 0. If
v % 0and v+ 20 > 0, then N(v) < 0 and a(pviv) # 0 only for v with N(v) = —m?/p,
in which case s(pvv)a(pvv) = 1. Therefore,

MEeY21 mepza _ s(pvi)a(pvi)
l*pm ) - - 1 —
2(21 22) e(tr(&‘o)\/_ tr(&‘o)\/_) I | ( e(uzl + VZQ))

PW for m € N.

veo !
v+20>0

mepz1 méepzo _ s(pvv)a(prvv)
=e - | I 1—e(vzy +vz
<tr(som3 tl"(5())\/1_?> (= elvm +72)

veo !
>0

X H (1—e(vz + v22)). (4.6)
ved !t v+20>0
N(w)=—m?/p
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5. Embedding of hyperbolic Kac-Moody algebras

In this section we associate a family of 7 (a)’s to each odd prime p and prove that there
exists a chain of embeddings among the algebras in each family. When p = 5,13 or 17, we
construct an automorphic correction of the first #(a) in each family, i.e. H(3), H(11),
H(66) for p = 5,3,17, respectively. The automorphic correction will be given by the
Hilbert modular form ¥; considered in the previous section. We also consider other ¥,
(m # 1) and see where the obstructions are for this to be an automorphic correction.

5.1. Embedding of H(a)

We fix an odd prime p. We consider the Pell equation (1.1) again. Recall that we fixed
a fundamental unit &y of F. We enumerate the solutions (ag,si) (k = 1,2,...) of the
equation so that if p =1 (mod 4),

e+ SkVD ok

77k: 2 0 » )
and if p = 3 (mod 4),
_l’_
k:w: 78’ k=1,2,

Note that we have
77% =n; fork,jeN.

In Section 1, we established an isometry of hg, to F' for each H(ax) and obtained the
set of positive real roots of H(ay). Since the isometry depends on k, we denote it by .
Then we have

1 1
i (A ={—77Jj>07——77]j>0}- 5.1
(A%) = {5 6> 0~ (120 (5.1
We call an element of ¥ (AL) a positive real root by abusing the terminology. The set

Yr (A ) is given in (1.2). We will apply the following proposition to establish embeddings
of H(ag).

Proposition 5.2. (See [7].) Let A be the set of roots of a Kac—Moody algebra g, with Cartan
subalgebra b, and let A, be the set of positive real roots of g. Let B1,...,[0n € AL be
chosen such that for all1 < i # j < n, we have B; —B; ¢ A. For1 < i< n, let E; and F;
be nonzero root vectors in the root spaces corresponding to B; and —f3;, respectively, and
let H; = [E;, F;] € b. Then the Lie subalgebra of g generated by {E;, F;, H; | 1 <1i < n}

is a Kac—Moody algebra with Cartan matriz (2((;’5’))
I

)1<i,j<n'
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We fix k for the time being. Consider two positive real roots of H(ax):

1 . 1
Bi=—ni and fr=-—

7 for § > 0. 5.3
7 \/ﬁnk J (5.3)

Since 8 — B2 = ﬁ(ni + ﬁfc) = %(nkj + Mj) = ﬁakj, it is clear that 81 — B2 is not
a root. We also see that (8;,8;) =2 (i =1,2) and

;1

1 , 1 .1 . S
(B1, B2) = —p(ﬁnkﬁni + %77%%77%) = —(77? + 772]) = —Q2k;j-

Similarly, if we take

1 . 1 _._
p1=-—n, and fo=———1,

VP VP

b for j >0, (5.4)

then 1 — By = ﬁ(ni +aqh = ﬁﬁi_l(l +77"). Comparing it with elements in

Pr(AL) and ¥y (A, we see that B — Ba is not a root. We also have that (3;, 3;) = 2
(1=1,2) and

- .
M

Y O S o

Hence we obtain the following theorem.

—J 25—1 —2j—1
ni> == +07) =~k

L
NG

Theorem 5.5. Let k and | be positive integers, and assume that k|l. Then there exists
an embedding of H(a;) into H(ax) as a Lie subalgebra. Moreover, the root space of 3 in
H(ar) is embedded into the root space of v in H(ax) so that ¥i(B) = ni;ve(e) if Il = 2kj
for some j € N and Yy(B) = nj—1y¥r(a) if | = k(2§ — 1) for some j € N.

Proof. Applying Proposition 5.2 to the above computations, we obtain the first assertion.
For the second assertion, we have only to investigate the simple roots. We notice that
the simple roots of H(a;) are %7]

simple roots of H(a;) by 7, we obtain ipnkj and —ipﬁkj, which are the roots in (5.3)

; and 7%. Assume that | = 2kj. If we multiply the

and generate a copy of H(a;) inside H(a). Now assume that | = k(25 — 1). Multiplying
the simple roots of H(a;) by 7x(j—1), we get ﬁnkj and —ﬁﬁk(jq)’ which are the roots
n (5.4). This proves the theorem. O

We write mult(ag, @) for the multiplicity of a in H(ag) for k& € N.

Corollary 5.6. Assume that we have either ;(3) = nijvr(a) and l = 2kj for some j € N,
or Pi1(B) = M- ¥r(a) and l = k(2j—1) for some j € N. Then we have the inequalities:

mult(a;, ) < mult(ag, @).
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Remark 5.7. An upper bound for mult(ag, @) is given by the homogeneous dimension of
the corresponding free Lie algebra (see [14]). Since the depth (or height) of § is much
smaller than that of a, the number mult(a;, 8) can be considered inductively as a lower
bound for mult(ag, a).

5.2. Automorphic correction of H(a)

In the rest of this section, we will construct automorphic correction of H(a) for a =
3,11,66. Hence, a = a; for each prime p € {5,13,17} and we will write ) = 1 for
convenience. Recall that we need to establish data (1)—(4) (Section 3). We already have
data (1)—(3). More precisely, we put

M=yt (0_1) C by for each Q(y/p), p=5,13,17,

and use the same bilinear form on hg. Then M is of signature (1,1). We take the same
Weyl group W for the reflection group of M, and choose the cone

VEM) ={avt +yy €bp |z >0, y>0}. (5.8)
We set IT = {a1,as} and obtain the Weyl chamber
M={BeVHM)| (B a;) <0, i=12} =Rgows + Reows.

The Weyl vector is given by p = —(w; +wsz). The Cartan matrix is the same A for H(a).
Now we consider the data (4). We have the complexified cone

QVHTM)=M@R+iVT(M) = {(?) Im(z1) > 0, Im(z2) > 0} ch*
2
with respect to the basis {y",7~} and from our choice of V(M) in (5.8). Then
Q(V+(M)) is naturally identified with H?2. We choose the extended lattice L = P(p)® M,
which is essentially identical to L in (2.3). Then the space KT is given by

ot = { _@el + €3 +z} € P(L(C)): » = <21> € Q(V+(M))}

| 2p 29

— { _—zle61 +es+ (Zl)] € P(L(C)): (21,2) € Hz}

22

~{:<le2 Zl)] € P(My(C)): (z1,22) GHQ}.

zZ9 1

The last identification follows from (2.2). The action of SLy(O) on H? = Q(V*(M)) is
compatible with its action on M3(C), and we have SLy(O) = I'r C Oj{. As we observed
in Section 2.2, an automorphic form on 2(V*(M)) is a Hilbert modular form. Hence
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an automorphic correction of H(a) is a Hilbert modular form which can be written as
a product. We obtain natural examples from Section 4 where we considered the works
of Bruinier and others on Hilbert modular forms as Borcherds products [2,4].

Actually, our automorphic correction will be a Hilbert modular form with respect to
the congruence subgroup Iy(p) defined by

To(p) = {(‘C‘ Z) € SLy(O): a,b,d€ O, ce (p)} c 07,

where (p) C O is the principal ideal generated by p. The notation I'y(p) is the same
as the congruence subgroup Iy(p) of SL2(Z). However, it will be clear from the context
which group we mean.

We fix p € {5,13,17} and consider H(ay). Recall that a; = 3 for p = 5, a; = 11 for
p = 13 and a; = 66 for p = 17. We identify H? with 2(V*+(M)) C h* as above. Then
the Weyl group W acts on H?; in particular, we have

r1(21,22) = (n%zz,ﬁle) and 71o(21,292) = (22, 21).
Recall that the Weyl group W also acts on F' by
rluznff/ and rov=v forveF.

For m € N, we define a map 4™ : by — F by (;) — mwv, i.e. ™ = map. Then we
obtain

m me
= (dm) =

(m) _ meo
Y™ (p) p” N

(5.9)

Lemma 5.10. Assume that m = q’fl -~ qFr is the prime factorization of m with distinct
primes q; and suppose that (%) # 1 for alli. Then we have v € ™) (AXL) if and only if
ved L v+20>0and Nv)=-m?/p.

Proof. The “only if” part can be verified through straightforward computations. Con-
sider the “if” part. Since no ¢; splits in F', we obtain v = i%sﬁj for some j € Z from
the conditions N(v) = —m?/p and v € 97!, Recall that e2 = ;. We obtain from the
description of the positive real roots (5.1) that the additional condition v+ 2v > 0 makes
veyp™(AL). o

Remark 5.11. It is important to notice that the same conditions as in the above lemma
appear in the Borcherds lift ¥,,2 in (4.6). In particular, we can write for such an m

H (1—e(vz + vz)) = H (1 —e(vzr + vz2)).
ved~t v420>0 vey(m) (Al
N(v)=—m?/p
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Proposition 5.12. Let ¥,,, be the Borcherds lifts form € N. Define @m(zl, 29) = Wy (29, 21)
and write m = qfl -~ qFr into the prime factorization with distinct primes ;.

1) Assume that (L) = —1 with an odd k; for some i. Then we have
P

U (wz) =¥,,(2)  forwe W.
(2) Assume that (1) # 1 for alli. Then we have
U2 (wz) = det(w)W,,2(2)  for w € W.

Proof. We have only to consider the simple reflections r; and 7. First, consider the
part (1). In this case, the Borcherds product ¥, is of the form (4.5). It is easy to see
that

v>0 = >0 <<= >0

Then we obtain ¥,,(r12) = W,,(r22) = ¥,,,(2).
Now we consider the part (2). From (4.6) and Remark 5.11, we have
@mQ (217 22) = ![/mz (227 21)

mepza mEepz1 _ s(pvv)a(pri)
=e - 1—e(ve +vz
(w5~ gp) T 1= ctoms b 520)

veo !
>0

X H (1 —e(va + Dzl)).

veyp(m (ak)

The product over v > 0 is invariant under r; and ry as in the part (1). Write v; =
("™ (a), i = 1,2. Bach r; sends v; to —v; and keeps the set (™) (A \ {a;}) invariant.
For w = r1, we have

Uy (r1(21, 22))
U2 (0322, 11321) = U2 (T 21, M7 22)
= A H (1 —e(vz + ﬂzg))s(pw)a(pwj) H (1 — e(wﬁzl + Dn%zg))

veo—! (m) (AL
1/E>D>O vey(m) (Ad)
= A H (1—e(va + Dzl))s(pw)a(pw) H (1 —e(rivzs + Fvz1))
vea ! vey(m) (AL
>0

1-— 6(71/12’2 — 5121) _ s(pvv)a(pvi)
=A 1-—
1 1— e(vizo + D1 21) 1;[1< 6(V22+1/z1))

v>0
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X H (1—e(vzs + vz1))

U@p(m)(A;re)

= 7A16(71/122 — 1;121) H (1 — 6(1/2’2 + 1721))5(1)1/17)0,(;;1/17)

veo !
>0

X H (1 —e(vze + 92’1))7

vep(m (Ak)

where we put

A — <m50ﬁle méon®z >
1=e€ -
tr(eo)y/p  tr(co)y/p

We obtain from (5.9) that

= 2
meon = () (M) () = (™) (p) = —T<0
- - = rip) — o) = = :
SN A P (rp) — T (o) = ¥ (p) t0(e0) VP
Combining these computations, we see that U,,2(r1(21,22)) = —W,2(21, 22). Similarly,
we can show that ¥,,2(r2(21, 22)) = —W,,2(21,22). O

We define &,,,(2) = ¥,,,(pz). Then the function @,,(z) is a Hilbert modular form with
respect to Iy(p) thanks to the following lemma.

Lemma 5.13. Let g(z) be a Hilbert modular form for Q(\/p) with respect to SL(O).
Define f(z) = g(pz), where §(z1,22) = g(22,21). Then the function f(z) is a Hilbert
modular form with respect to the congruence subgroup I'o(p).

Proof. By Theorem 4.2.2 in [21], the function g(z) is a Hilbert modular form with respect
to SLy(O). Assume that p is the multiplier system for g. Then we define 1z on Ih(p) by

~(a b a bp a b
u(pc d)—u(c d>, <pc d)efo(p)~
For v € (% 5) € I'(p), we have
o _ _(apz+bp
f(vz2) =g(pyz) = g<7cpz T )
a

(0 ) s+ ot =

c

D 2) N(pez + d)* f(2).

Thus f(z) is a Hilbert modular form with respect to I'p(p) with the multiplier sys-
tem . O
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Since F = by C b*, v — (;), and H? = Q(VT(M)) C b*, (21,22) = (2), the
symmetric bilinear form on h* induces a pairing on F' x H? given by

(v,2) = —p(vzg + z) forv e F and z = (21, 20) € H2

Write m = ¢} - -- ¢* as before. If (4) = —1 with an odd k; for some 4, then we can
rewrite (4.5) and obtain

Pul(z) = [] (1-elpvzn+521))""" "

= I (- e(=w,2)))" @, (5.14)

We write p,, = (™ (p). If (L) # 1 for all 4, then we obtain from (4.6), (5.9) and
Remark 5.11,

D2 (2) = e(p(PmZ2 + ﬁmzl)) H (1 _ e(p(VZQ + l—/zl)))s(Puﬁ)a(:DuD)

veo !
v>0

X H (1—e(p(vze + v21)))

VG@Z)("'L)(A;%

= 6(—(pm, Z)) H (1 _ 6(—(1/, Z)))S(PVD)a(puﬁ)

ved !
v>0
X H (1—e(=(v,2))). (5.15)
vepm (AL

We write f; = q_1+zn>0 a(n)q™. When p = 17, we assume that s(n)a(n) are integers
for all n > 1. This is necessary since s(n)a(n) will be considered as root multiplicities
in what follows. See the remark at the end of Section 4.1. It is known [21] that ¥ is
a cusp form of weight 5, 1, % for p = 5,13,17, resp. and skew-symmetric, i.e., ¥y (22, 21) =
—Wy (21, 22).

Now we state the main theorem of this paper.

Theorem 5.16. Let p € {5,13,17}. Then the Hilbert modular form ®1 provides an au-
tomorphic correction for the hyperbolic Kac—Moody algebra H(ay), where a; = 3 for
p=25,a1 =11 for p =13 and ay = 66 for p = 17. In particular, there exists a gen-
eralized Kac—Moody superalgebra H whose denominator function is the Hilbert modular
form &q.
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Proof. From (5.15), we have

s(pvi)a(pri)
P1(z) = e(—(p, 2)) H (1—e(=(v,2)) prrjatp H (1—e(=(r,2))).
veo ! v ;2
v(ad
We will drop ¢ from the notation. We write ®1(z) = >, b.e(—(u,2)). By Proposi-
tion 5.12, we obtain @1 (wz) = det(w)®1(z) for w € W. Since

451 (U}Z) = Z bwue(_(:uv Z))’

we get
by = det(w)by,. (5.17)

One can easily see that p+ v € V(M) for v € 071, v >> 0 and for v € AJf,. Hence the
sum is over p € V(M) such that y—p € M. Then we can write, using the fundamental
chamber M C V1 (M),

D1(z2) = Z det(w)(— Z m(u)e(—(w(p+u),z))>.

weWw p+rem
veM
Assume that p+v € M. If (p+v,a;) =0 for i = 1,2, then p+ v is invariant under r;,
and m(v) = 0 from (5.17). Thus we may assume (p+v, o;) < 0. Then we have (v, ;) <0
for i =1,2 and v € M if v # 0. Since m(0) = —1, we have

d1(z) = Z det(w) <e(—(w(p),z)) - Z m(u)e(—(w(p—i—u),z))).

weW veMNM

This is exactly of the form required by the item (4) for an automorphic correction in
Section 3. The data (1)—(3) have already been established at the beginning of Section 5.2.
The existence of the corresponding generalized Kac-Moody superalgebra H is a conse-
quence of the theory of an automorphic correction as explained in Section 3. O

Remark 5.18. The automorphic correction @, is reflective in the definition of Gritsenko
and Nikulin [10]. This means that the divisor of @y is a union of rational quadratic
divisors which are orthogonal to some roots of the lattice L = Z @ Z @& 0~'. More
precisely, the divisor of @1 is

U {(21,22) c |2 az1ZQ+1/z1—|—ﬁzg—|—b:0}.

(a,b,v)EL
ab—N(v)=1/p

See [4,21] for more details.
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Remark 5.19. There are some obstructions when we try to interpret @, (m # 1) as an
automorphic correction. When we have @,,, of the form (5.14), we do not have the product
corresponding to the real roots. When the function @,,2 is of the form (5.15), we have
both parts corresponding to the real roots and to the imaginary roots. However, the map
(™) is not an isometry. If we make (™) an isometry by adjusting the bilinear form on F,
the natural lattice would be md~!. Then &,,2 is not an automorphic correction of H(ay).

6. Asymptotics for root multiplicities

In this section, we obtain asymptotics of Fourier coefficients of the modular forms f,,
defined in Section 4.1. Note that the Fourier coefficients of f; are root multiplicities of
the generalized Kac-Moody superalgebra H with some modification. For the rank 3 hy-
perbolic Kac-Moody algebra F mentioned in the introduction, asymptotic upper bounds
for root multiplicities were obtained in [15]. Other related works can be found in [16,17].

We apply the result of J. Lehner [19] on Fourier coefficients of modular forms using
the method of Hardy—Ramanujan—Rademacher to our special case. We refer to [19] for
unexplained notations: I'y(p) has two cusps: pg = oo, p1 = 0 [18, p. 108].

For f,, € Af(p,xp) for x,(m) # —1, let

fm = 5(m>_1q_m + Z am(n)qn
n=0

Then as in [19, p. 314] we need to compute

Alpanm) = 3 v e M) - pr (M),

deD, p

where ad =1 (mod p). This is the Salié sum T'(n, —m;p) [11, p. 323]:
If ptm, then

Alponm) = Tln, —resp) = v ) Lz )(2;)

Since x,(m) = 1, we have A(p,n,m) = /DX 2= (mod p) (?”) Note that if p|n,
then we obtain A(p,n,m) = /p.
If p|m,

Xp(n)y/p, i ptn;
Panm X = .
= 2l e(5) =10 itp|n

Next we need the Fourier expansion of f,, at 0: By [4, p. 54]

fm<plz>fm|Wp(Z) 100 = B anon)”
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Hence
1 . [(VPEnloam(pn)g®, if ptm,
fm 7 Z\/ﬁZam(pn)qP: N s 2
nez s(m)q P +\/ﬁ2n20am(pn)qp7 1p|m

So by [19, p. 314] we have, if ptm,

c n ¢
ple
1
27T (n, —m; (4
- 2 —onsp) (), (A ot
D n b

If p|m,

)

ple

o 2y Mo () ()

c=1

_ % <Zb) %1‘1 <47r\;m> (xp(n) + 1) + error term.

Note that by definition, if x,(n) = —1, a;m(n) = 0.
Now we show that the error term is smaller than the main term. In the case of p|m,

the second term is similar to the first term. So it is enough to handle the case pfm. By
Weil’s bound,

C%T(C),

D=
N

’A(c,n,m)’ < (c,n,m)%c%T(C) < (n,m) C%T(C) < (mn)

where 7(c¢) is the number of positive divisors of ¢. We divide the error term into two
regions: p < ¢ < 4wy/mn and ¢ > 4wy/mn. Here

w3 () () o (BT) 3 7

p<c<L<dm/mn p<c<dm/mn

<8ﬂ'%m%n%(log47ﬁ/ )Il< )
p

Here we used the fact that ZC<I NG < 2y/zlogx.
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On the other hand, since [;(z) < z for 0 < z < 1,

1
A(e,n,m) (m\? [4ry/nm 9 3 1 7(c)
2 E i St ALY e v E
T . (n) Il< " < 8m“m2nz
c>4my/mn
< 487T%m%n%(10g477\/mn).

)
o

Here we used the fact that ZC>T 3) <1222 log x.
c?2

Combining the above computations, we have proved the following theorem:

Theorem 6.1. For a positive integer m with x,(m) # —1, let f,, = s(m)™'¢~™ +
> v am(n)g® € A$(p,xp). Then for any m, an(n) >0 for alln, p|n.
If p|m, we have apm(n) = 0 for alln, and

= 52 ()i (st v (45))

If ptm, we obtain

N ONC= IR 0)

v2=—mn (mod p)
5 27/
+ O(mzn%(logélﬂ'\/mn)ll <77r nm>>
p

For example, let p =5, m = 6, n = 9. In this case, ) .__ (mod p) e(%”) = 2cos %’T.

So ag(9) ~ Z£(6/9)% I (4=¢51)2cos 4= = —35409600. The exact value is —35 408 776.

Let p =5, m =10, n = 9. In this case, a;g(9) ~ (10/9)1/21' (4Trf) 5391 530 000.
The exact value is 5391 558 200.
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